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PREFACE 


"If you have knowledge, let the others candle at it" 

This book is specially designed by keeping in mind the demand of securing top 

class marks as well as the difficulties of an average student in understanding of Text 

Book. A significant feauture of this book is 

• All important definitions . 

• Formulas in the begenmg of every exercise. 

• Complete and comprehensive notes of every chapter. 

• Easy approach towards every solution, 

* 

• The questions are supported with comprehensive diagrams 

• Each and every important question is highlighted. 

• This book is a complete replacement of text book, students need not bother 
about text book when they have it. 

Lach chapter is provided with the important questions at its end, This book is 
a tremendous equalizer with its main focus to save students from any kind of 
perplexity and preparing them for the exarnenitions of all the boards of punjab and 
Federal. Underlying all the aspects, this book will prove to be a great a^set, not just 
for students but for all knowledge seekers. 

A special care has been made to avoid mistakes of every kind; therefore this 
note book has been read repeatedly so that before printing, all sorts of mistakes or 
shortcomings can be overcome, In this regard, I am highly indebted to Prof. Rafique 
Bloach, Prof. Nadeem Iqbal, Prof. Nasir Mushtaq, Prof. Javeed Kahoot, Prof. Farooq 
Khan, Prof. M. Farooq, Prof. Babar Zaheer, Prof. Sadaf Batool, Prof. Hina Sikander 
for exhaustive proof reading and giving their very valuable directions to keep the 
book according to the level of the students. 



I am highly obliged to my worthy principla Prof. Shaukat Ali for his 
motivation and encouragment to write this book. 

It is hoped that this book will serve the purpose well for which it has been 
compiled. I am a staunch believer of the fact that the students will certainly find a 
great boosting difference by comparing it with the other books. 


tion 


This book is dedicated to the sacred one Almighty who bestowed knowledge 
upon me, and endowed me with honour and esteem, and rendered me capacity and 
ability to toil and labour, no doubt I was ignorant and nameless. 


To the Professors 


This book will also be beneficial to our worthy teachers as this will make a 
speedy and quick overview to the lecture. 

Moreover this will be helpful in pointing out and highlighting all the important 
definitions and questions. 

The questions at the end of the chapter are of M.C Qs, short and long questions 
type. Studying the Concepts reviews the content of the chapter and requires that 
students write out their answers. "Testing your skills" of the questions. 

All the convincing comments and patronizingly forwarded Suggestions will be 
thankfully entertained for making this Book more effective. 


Farukh Mahmood 
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NUMBER S\ 


Number System 



Rational number: 


A number which can be written in the form of where P and q e -- 

I 3 at/- Aien n 51 0 510 0 999 etc are rational numbers 
called a rational number e.g.; ----- e tc - Also U - il ' U,S1U ' 

21 510 909 

as they can be written as — - ■ , - ■ e c - 


Irrational number: 


100 ‘ 1000 '1000 

Multan 2010 


A number which can not be written In the form of ^ . where p and q - - !/*<> called an 

irrational number e.g.; V2.V5.V 5./r etc. All the square roots with prime number in it ere 

the examples of irrational n umbers. 

Rawalpindi 2009 

Adedmal which has only a finite number of digits in its decimal part, is | ““•J ■ 
terminating declmal.-e.g.; 202.04. 0.000225. 101.25704. 6.25 are examples of terminating 

deC " nal Slnce all the terminating decimals can be converted into common fractions as 

9(p 04 — so every terminating decimal is a rational number, 

100 


Recurring Decimal 


tt.t -.miiu* 1 1 in i Rawalpindi 2009 

A dec im a I in which one or more digits repeat indefinitely is called recurring decima 

or a periodic decimal e.g, 1.3333 21.134134 etc are recurring 

Such numbers can also be converted into their equivalent common fractions (see Q.6, 
Ex6,8, chapters) So every recurring decimal is a rational number. 


Non-terminating, Non-recurring Decimals: 


nor it is recurring. It is not possible to convert such a decimal into a common fraction, 
all non terminating and non recurring decimals represent irrational numbers. 

For example. . 

7.3205080 (non terminating, non recurring) is irrational, 
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Example 2 Prove that 72 is an irrational number: 

Sol. Suppose s/2 is a rational number. Then it can be written in ^,from. (where 

q 

p,q ez&q^Q) /> — - 72, where p and q has no common factor 

q 

^ p- > p~ - 2q i —> f i) Now R.H.S of (i) is a multiple of 2, therefore L.H.S 

Must also be a multiple of 2, so let. P = 2 P'{P' being an integer) put in (i), then 
(i) =*(2pf =>4/^=2^ 

=> 2/2 - q~ — >{n) 

Now L.H.S of (ii) is a multiple of 2, then R.H.S of (ii) is a multiple of 2, so let 
q = 2q(q'an integer) From the above discussion it is dear that p~2p’and 
l I~~q- This shows that p and q have 2 as their common factor which is 
contradiction to the fact that p & q have no factor in common. Hence our supposition 
that V2 is rational, is wrong. Hence we conclude that is an irrational number 
Example 3 Prove that v3 is an irrational number: Lahore 2009 

Sol. Suppose 73 is a rational number. Then it can be written in ^.from 

q 5 

( p, q f _ h ith q -a 0) i.e — - 73 => p — feq (where p , q has no common factor) 
p 1 -2>q~ -»{/) (squaring) 

Now R.H.S h) is a multiple of 3, therefore L.H.S must also be a multiple of 3, so let 
q = 3 p (q being an integer) From the above discussion it is dear that p and q has 
3 as their common factor which is a contradiction to have no tact that in that 
x/3 is rational is wrong, Hence we concluding that 73 is an irrational number. 

Note: Using the above method, we can prove that 717 7 ,7 n are irrational numbers 

where n is prime. 

Example 4 (i) a. 0=0 Multan 


Sol. 

a.0=a.[l+(-l)j 

additive inverse 


=a.l+( a.l) 

distributive law 


-a+(-a)=0 

additive inverse 

(ii) 

ab=0 > a=0 v 

b=0 

Sol. 

given that ab=0 



Suppose a * 0 then 1 exist 


a 
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111 

Now - (ab)= - .0 => (- .3)b-0 => l.b=0 => b=0 

a a a 

Similarly if b * 0 then a=0 
Hence if ab=0 then a=0 v b=0 

Example 5 

(i) f-a)b=a(-b)=ab 

Sol. (-a)(b)+ab={-a+a}b=0{b)=0 

So (-a)b and ab are additive inverse 

(-a)b=a{-b}=-ab 

(ii) (-a)(-b)=ab 

Sol. {-a)(-b)-ab=(-a)(-b)+{-ab)» (-a)(-b)+(-a)M-a)(-b+b)=-a(0)*0=> (-a)(-b)=ab 


Properties of Real numbers: 


Addition Properties 


Multan 2010 


(i) Closure Property: for all a, b e R,a + b s /fin other words sum of two real 

numbers Is real number. Faisalabad 2009 

(ii) Commutative Property: For all a,b e R,a + b = b + a 


(Hi) Associative Property; Forall a,b,ctR,(a + b)+c = « + (£ + c) 

(lv) Additive identity: OeR is the additive identity of the set of real numbers 

such that o + a = a + o = a, Vc/ e /? 

(v) Additive inverse: If the sum of two numbers is zero, then two numbers are 

called additive inverse of each other e.g., additive inverse of 7 is - 7, etc. 

Thus for all a e R such that £/ + (-«) = (~a) + a = 0 so "a” and a” are inverse of 
each other. 


Multiplication properties 


(i) Closure Property: for all a,b e R,a-b e Rin other words product of two real 

numbers is real number. Faisalabad 2009 

(ii) Commutative Property: Forall a,beR,a-b = b a 

(iii) Associative Property: Forall a,b,c e K,(cf*A)*c = a-(b c) 

(iv) Multiplicative identity: 1 e LR is the multiplicative identity of the set of real 

numbers such that 1 m — a.l = a Va e H. 

(v) Multiplicative inverse: If the product of two numbers is one, then these two 

numbers are called multiplicative inverse of each other e.g., multiplicative inverse of 
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7 is — . etc, thus for all a £ K there is — e R such that a . — — — .a — 1 so a and 

7 a a a 

1 

— are multiplicative inverse of each other. 

a 


istributive Laws: 


FatsaJabad 2009 

For a FI IR a.(h + r ) = a.h + a.c (left d istributive law) 

(a + b)c = a.c \ h.c (Right distributive law) 


roperties of Equality: 


(i) Reflexive property: For all ueK,a — a. i.e, a number is always equal to itself, 
{ii} Symmetric property: For all a,b&l R if a~b=> b~a 

(iii) Transitive property: For all rii.reR. if a=h and b = c=>a~c 

(iv) Additive property: For all a.b.c e R, if a h then a + c = b t c 

(v) Multiplicative property: For all a.b.c e E, if a~b thea.c - h.c 

(vi> Cancellation property w.r.t "+": For all a,b,ceR, if a + c= b+c^>a = h 
(vii) Cancellation property w.r.t "X" : For all a,b,ct R, if a. c- b. c=>a - h 


Properties of inequalities ■ 


(i) Trichotomy property: \/a.b c JR either a = h or a > b or a < b Sargodhri ?008 

(ii) Transitive property: For all a.b.c e E 

(0 it <b and b <c=> a<c (ii) a>b and b>c^> ct>c 

(iii) Additive property: For all a,b,ceR 

(i) if u>b=>a+c>b+c (ii ) if a < b => at 4 - c < b + c 

(iv) Multiplicative property: For all a.b.c e Rwith c> 0 

(i) if a>b ac > be (ii) if a < b => ac < be 

and for all a.b. e R with c < 0 

(/) if a <b=> ac > be (ii) if a> h -•> ac < be 

This shows that if negative number is multiplied to both sides of an inequality then 

the inequality is reversed. 

Note: If reciprocals of both sides of an inequality are taken then the sign of 

inequality changes e g,, — > — ^ 2 < 4 

2 4 
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Exercise 1.1 




M 


1. Which of the following sets have 

closure property w.r.t. addition 
and multiplication? 

id {»} 

Sol Addition 0 + 0 = 0e{0} 

Multiplication 0x0~0e{0} 

{ 0} closed w.r.t V and V 

mi ()} 

Sal Addition !+l=2g{l} 

Multiplication 1 x 3 = l e {l} 

Not closed w.r.t V but closed w.r.t 'x ' 


(iv) {l,-l} {Sargodha 2009, 2011 

Falsa tabad 2008, Multan 2008, 2009 
Gujranwala 2009) 

Sol Addition 1+1 -2 g {1,-1} 

l + (-l) — 0 £ {l, — lj 

{-l) + i = 0g {1,-1} 

(-l) + l-D ^ -2 g {1.-1} 

Not closed w.r.t '+’ 

Multiplication 

1x1 = le{l, - 1} • 

Ix{-1) — - 1 c { 1. 1 } 

-lx] - : -le{l r l} 

(-ljx(-3) = le{l,-l} 


(iii) {0,-1} Sargodha 2009, 

Faisalabad 2008, Multan 2009 

Sol Addition 

0 + 0 = 0 e {0,-1} 

(0) + (-l) = -1 e(Q,-l} 

(-l) + 0 = -l e{0,-l} 

J 

(-l) + (-l) = -2g {0,-1} 

Not closed w.r.t '+' 

Multiplication 

Ox 0= 0 e {0,-1} 

Ox (— 1)= 0 e {0,-1} 

-1 x 0= 0 e {0,-1} 

. (-l)x (-1) = 1 g {0.-1} 

Not closed w.r.t. 'X'. 


Closed w.r.t. T. 

2, Name the properties used in the 
following equations, (letters, where 
used, represent real numbers), 

i. 4 + 9 = 9 + 4 
Commutative w.r.t '+' 

3 „ 3 

ii. (rt + l) + - = n + (l + -) 

4 4 


iii. 

Associative property w.r.t '+' 

(V 3 + v 5) + v 7 = v 3 + (V 5 + v 7 ) 

iv . 

Associative w.r.t '+' 

4.1 + (-4.1) = 0 

V. 

Additive Inverse 

1000 x 1 =1000 

VI . 

Multiplicative Identity 

4.1 + (-4.1) = 0 

vii. 

Additive Inverse 
a -a =0 

viil. 

Additive Inverse 

\2 x v5 = v 2 x -s/5 


Commutative w.r.t, 'X' 
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ix. a(b-c) =ab-ac 

Left Distribution over Subtraction 

*- ( x~y)z-xz-yz 

Right Distribution over subtraction 

xi. 4 x (5 x 8) = (4 x 5) x 8 

Associative w.r.t 'X' 

xii. a(a + b - d) = ab + ac - ad 
Left Distribution 

3. Name the properties used in the 
following inequalities: 
i. -3 < -2 => 0 < 1 

Sol (Add 3 both sides) 

Additive property 
il, -5 < 4 => 20 < 16 
Sol (Multiplying b- 4 ) 

Multiplicative property 
ill- 1 > -1 => -3 > -5 

Sol (Add -4} 

Additive property 

iv. a < 0 => —a > 0 

Sol (Multiply by - 1) 

Multiplicative property 

, 1 1 

v. a>b=z> — < — 

a b 

Sol Multiplicative property or Inverse. 

v j. a > b^> -a < -b 

Sol Multiply by (-1) 

(Multiplicative property) 

4. Prove the following rules of addition: 

a b a + b 

i. - + - = 

C C C 

Sol L.H.s= — + — - a x— = i>x — 
c C C c 

= (a + b)x — 
c 


'x'by — 
ab 


- R.H.S 


a c ad + be 

ii. — + — = 

b d bd 

Sol L.H.S = - + - 

b d 

a c 

- — xl + — xl 
b d 

a f d'] c 

- —x — + — x 

b [dj d 


b 


_ ad be 
bd bd 

— ad x — !— + be x — — 

bd bd 

— {ad + ic)x — 

bd 

_ ad + be 
bd 


_ _ . 7 5 -21-10 

5. Prove that — = 

12 18 36 

7 5 

Sol L.H.S= - 

12 18 

~2-x.-i.xl 

12 18 
= _7_ 3 __ 5 _ 2 

12 X 3 18*2 

_ 21 _]0 

~ 36 36 

= (-2 1 - 1 0 ) x — 

36 


- 21-10 


= R.I/.S 


36 
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Sol 


Simplify by justifying each step: 
4 + 16# 


L,H.S= 


4 + 16# 

4 

= (4+16jt)x 


1 


= (lx4 + 4#x4)x 


1 


®(l+4x) 


X H) 


= (1 + 4*) 


' n 

4 x^ 

, 4 J 

= (1*+4#X1) 

= (1+4*) 


Left Distribution 


Cancellation Law 
Multiplicative Identity 


(ii) 


Sol. 


1 1 

Hi 

i_i 
4 5 
1 1 
4 + 5 

I_I 

4 5 


-xl+^xl 
_ 4 5 

" 1 ' 1 . 

-X1--XJ 
4 5 

15 14 5 4 

-x+-x b~ 

_ 4 5 5 4 _ 20 20 

i x l_i x i _L_i_ 

4 X 5 5 X 4 20 20 


(5 + 4)x 


-L 

20 


(5— 4)x 


20 


i±i = i =9 

5-4 1 


V Identity 


Closure property 


Cancellation property. 
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Oii) 


Sol. 


a c 
+ 

b d 


a t 

b' d 

a c 

+ 

h d 
a c 


a c 

x I + x 1 
b d . 


a . c 

x 1 - x ] 

b d h d 

ad c b 
x + x 

d d b 
ad c b 

b* d d X b 


CiCl 1 bC S 1 l \ 1 

{ad + be) x - 
bd bd _ hd 

ad bc t V U \ 1 

(ad-bc)x ~ 
bd bd bd 

ad + bc 
ad - be 




1 1 

a b 


1 .i- 1 .i 

a b 


. a b ab 

1 b _ I a 

_ (±_b__b a 

ah .\- 1 i 
£//> 

A a 

- ab ab 
ab ' 1 


( b - a)x 


ah 


■lx 1 (ab - 1 ) x 
ab ab ab 

b — a 


db - 1 


NUMBER SYSTEM 


Multiplicative Identity 


Cancellation property 


'X' Identity 


Cancellation property 


Distribution Law 

ft? 


Cancellation Law 




1. Verify the addition properties of complex numbers, 

i. Closure 

Sol Let a + ib . c + id e C then 


(a + ib ) + ( c + id) = (a + c) + i(b + d) e ( 
il. Associative 

a i- ib, c + id, e + if e C then 

[(c/ + ib)+(c + id )] + ( e + if) 

- [( ci + c ) + i (b + d)\ + (e + if ) 

= (a + c + e) + i(h + d + f) 

= (a + ib) + [ (c + e) + i(d + /)] 

- (a + ib) + [ (c + id) + (f + (/')] 

iii. Additive Identity 

(0 + i0),(a + ib) e C * 

then (a + /£) + (0 + /0) = (ti + 0) + /{6 + 0) 

. a + ib e C 

Also :{0+/0) + (fl + /fr) 

- (0 + a) + /( 0 + b) = a + ib e C 

iv. Additive inverse 

(a + ib),(-a - ib) e C 

(a + ib) + (-a ib) = (a-a)+i(b-b) 

0 + 7*0 £ C 

Alsu (-a -ib) + (a + ib) - ( -a + a) + i(a + ib) 

0 + /0 £ C 

v. Commutative 

(a + ib),(c + id) e C then 
(a + ib) + (c+id) 

( a + c) + i(b +■ d) = (c + a) + i(d + b) 

- ( c + id)+(a + ib ) 

2. Verify the multiplication properties of the complex numbers, 

i. Close w.r.t. 'X' 

Sol (a + ib),(c + id) £ C t he n 

(a + ib )( c + id) ~ etc + iod + f be + fbd 
= ac + i(ad +bc)-bd 
- (ac hd) + /( ad + be ) s C 




COLLEGE MATHEMATICS-1 


NUMBER SYSTEM 


Associative W.r.t. 'X' 

{a + ib),(c + id),{e + if) e C 

then[ (a + ib)(c + id)](e + if) - (uc + fbd + ibc + iad)(e + if) 

= \{ac -bd) + i{hc + ad)] {e + if) 

= [e(ac - bd) - f(bc + ad)] + i [f{ac - bd) + e(bc + ad)] 

- [aec - ebd - fbc - fad ] + i \afc - fbd + ebc + ead ] 

= \a(ec -df)- b{cf + de)] + i\a(cf + de) + b(ec ~ df )] 

= {a + ib) [(ec - df) + i{cf + de)] 

- {a + ib) [{c + id)(e + if )] 

Identity 

(a + b\ (1 + iO) e C then ( a + ib)( 1 + /O) 

= a + 0 + ib + 0 = a + ib e C 

Inverse 

( o. ib ^ 

(a + ib), , r— — e C then 

\cr +b ' a~ + ) 


(a 4 ib). 


a lb 1 rt Aa-ib) 

— — Tj " — ~T = (a + >b) , 

a + A - a~ +b~ ) a~ +b~ 

_ a 1 - (ib) 2 _ a 2 + b 2 

~~a r +b 1 ~~d f 7b 2 


= 1 = 1 + 0 / 


a 1 +b ? a 2 +b 2 


(a + ib) 


[a - ib)(a + ib) _ a 2 + b 2 

a 1 +b 2 a' +b 2 

= 1 = 1 + 0 / 

Commutative 

{a + ib), (c + id) e c 

(a + ib)(c + id) = (ac - bd) + i(ad + be) 

= (ca - db) + i{da + cb) 

= (c + id)(a + ib) 

Verify the distribution law of complex numbers. 

(a,b)[(c,d) + (e,f)] = (a,b)(c,d) + (a,b)(e,f) 


Sol 


Distribution law is {a,b)\(c,d) + (e,/)] ={af){t\d) + (a,b)(e, f) 



COLLEGE MATHEMATICS-1 


11 


NUMBER SYSTEM 


L.H.S = (a,b)[(c,d) + (e,f)] 

= (a,b)[(c,d) + (e,fj\ 

= [a(c + e - b(d + /), a(d + /) + (c + e)] 

= (ac + ae-bd- df ), (ad + af) + (be + be) 
- (ac-bd,ad+bc) + (ae-bf,af + be) 

~ (°> b)(c, d) + (a, b)(e, f) 

= R.H.S 


4. 

Note: 


' i 

Simplify the following: 

/ = V— T 

=>i 2 =-l 

;S 


Sol 


ii. 

Sol 

lii. 

Sol 

iv. 


Sol 


i =1 XI 

= (l 2 ) 4 XJ 

= C~1) 4 X/ 

= I X i = /' 

I 14 

/ I4 = 0 ‘ 2 ) 7 =(- 1) 7 =-1 

<-o ,s 

(“O' 9 = = -PJ = ~(i 2 ) 9 J = -(-I) 9 ; = -(-1)./ = i 

-U 

(-I)' 


! I XI 


1 


(/ 2 )'°xi 


1 


1 1 




(-1) ,U XI lx/ I / l -1 




5. Written in terms of I 

i. 

Sol = (A 


II. V -5 

Sol V 5 = V(-l)( 5 ) = - 1 Vs =Vs/ 






WU.5gEWt1EMATICSH NUM BER SYSTEM 



6. (7,9) + (3,-5) 

$pl (7,9) f (3, -5) -{7 ♦ 3,9- 5) 


= (10,4) 

7. (8, - 5 ) - (-7,4) 

Sol = (8 - (-7), -5 - 4) - (8 + 7, -5—4) = (15, -9) 

8. (2,6) (3,7) Multan 2009 I 

Sol =(2 + 6<X3 + 7/) 

= 6+14/ + 18/+42/ 3 
= 6+32/+42(-l) 

= 6 + 32/— 42 
= -36+32/ 

-( 36,32) ; 

9. (5,-4) (-3,-2) 

Sol =(5-4/X-3-2/) 

= - 15 - 10 / + 1 2 / + 8/ 3 
= -15 + 2/ -8 
= — 23 + 2/ 

= (-23,2) 

10. (0,3) (0,5) 

Sol =(0+3/X0 + 5/) 

- (3/)(5/) 

= 15/ 7 =15C-1) 

= -15 
= (-15,0) 


i 
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11 . 

Sol 


12 . 


Sol 


13. 


Sol 


(2, 6) * (3,7) 

(2.6) _ 2 + 6/ _ 2 + 6/ v 3 -7/ 

(3.7) "3 + 7/ " 3 + 7/ X 3-7/ 

- (2 + 6/)(3 -7/) _ 6-14/ + 18/-42/ 1 
(3) 2 - (7/)' “ 9 - (-49) 

_ 6 + 4/ — 42(— 1) 6 + 4/ + 42 

9 + 49 ~ 58 

_ 48 + 4/ _ 48 ,4_ 

58 _ 58 58 

_ 24 ,2_ _ .24 _2_, 

” 29 + / 29 _ 29’29* 

(5, -4) + (-3, -8) Faisalabad 2009 

_ (5,-4) _ 5-4/ 

(-3,-8) -3-8/ 

5-4 -3 + 8/ (5 - 4/ X — 3 + 8/) 

3 - 8/ -3 + 8/ ” (-3 - 8/)(-3 + 8/) 
— 15 + 40/ + X 2/ — 32/ 2 
(-3f-(8 if 
-15 + 52/-32/ 3 
9 — 64(— 1) 


-15 + 52/ T 32 
9 + 64 

(11 II) 

73 ’ 73 ^ 


1 7 + 52/ 
73 


Prove that the sum as well as the product of any two conjugate complex numbers 
is a real number. Federal 2008 

Lei Z = x + iy 


Conjgale = Z = x-iy 

Sum = Z + Z / 

= x + iy + x - iy 
= 2x is real 

Product =Z 2 

= (* + fy)(x-/y) 

= ■ (iy) 2 -x 2 - (- y 2 ) ■ X 3 + y 2 is real 


i 



Find the multiplicative Inverse of each of the following numbers: 
(“ 4,7) Faisaiabad 2008, Multan 2008 


Multiplicative Inverse = 


(V2,-V5) 


(-4,7) 

1 -4-7 i 

— x i 

—4 + Ij — 4 — 7/ 

~4-7f -4-7/ 

~ (~4) 7 -(7 if ”l6-(-49) 

4 — 7i_— 4 — 7z , — 4 —7. 

“ 16 + 49 65 “ 65 *63 

Sargodha 2007, 2010, Gujranwata 2009 


Multiplicative Inverse ~ 


(yj2,-JS) 

* 1 1 V2+//5 

V2->/5r V2-v% X ^ + /V5 

V2+/V5 Jj + iS 

(Jif-(45if 2 -(-5) 

_ V2 + /Vs V2 + /Vs V2 Vs . 
2+5 3 7 ~T + T' 

rvs vs) 


Multiplicative Inverse — - 


0 . 0 ) 

1 1 - Of l-0f 

1 + Of 1 — Or (l) 2 -(f0) 2 

= ^ = 1-/0 = (1,0) 


15. Factorize the following: 

(i) a 1 + 46 1 Sargodha 2008, Multan 2009, 2010 

Sol =fl 2 -'(-46 a ) = ( a 3 )-(/ 2 4fr i ) = (iz) 1 -(260 a 

= (a-2feiXa+2M) 
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(ii) 

Sol 


(ill) 

Sol 


16 . 

(i) 

Sol 


9o ! + 166 2 S' arg odha 2008, Faisalabad 2007 

= 9a 2 + I66 2 = 9a 2 -(-I6b 2 ) = 9a 2 ~(i 2 l6b 2 ) 

= 9a 2 ~{i4b) 2 =(3a) 2 -(i4b) 2 
= (3a ~ 4bi)(3a + 4bi) 

3* 2 + 3j? 2 

= 3.r +3,y : = 3 (jT + y 2 ) 

-3[w 

= 3(jr) J -(/y} ! ) 

= 3(x-iyXx + iy) 

Separate into real and imaginary parts (write as a simple complex number): 

2 - 7 / 

4 + 5/ 

2-7/ 2-7/ 4-5/ 

4 + 5/ 4 + 5/ 4 - 5/ 

_ (2 - 7/)(4 - 5/) 8 - 1 0/ - 28/ + 35/ 2 

(4) 2 -(5/) j 16 -(-25) 

_ 8- 38/ -35 _ -27-38/ -27 .38 

16 + 25 41 ~ 41 1 41 


Oi) 

Sol 


(-2 + 3/) 2 

1 + / 

(-2 + 3/) 2 _ 4-12/ + 9r 1-/ 

1 + / I + / 1 - / 

_ (4 - 12/ + 9(- !))(!-/) 

a + 00 -ft 

_ (4 - 1 2/ - 9X1 - 0 (-5 - 1 20(1 - /) 
0) J -(0 a l-(-l) 

_ -5 + 5/ - 1 2/ + 1 2/ 2 
1 + 1 

-5 - 7/ + 1 2(— 1) -5 -7/ -12 


2 


2 
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m 

Sol 


1 + / 

i _ ( 1 - i _ i-i 1 

1 + 1 _1 + / 1 — i ( l ) 2 — (/) 2 

f -(-!) * i + 1 I f 
~ 2 ~2 2 


Example 1: Find the Module of the following complex numbers. 
I. 1 — /V 3 ii. 3 iii. —5/ 


Solution: 

<o ut z = i~iS , 

falsa labad 2009, Sargodha 2010 

:.\Z\=yl(T) 3 +'(-&? 

- vfTi -• 2 Amt 

(ii) Let Z=*3 

2 =3+0/ 

\Z\^J(y) 2 +(0f ^3 Am 
(hi) Let Z - -5/ . 

7 -0-5/ 

|z| = V(0f+(-5) 2 =5 7«s 

(Iv) Let 7 = 3 + 4/ 

■ |7|-V{3) 2 +(4) 2 

= V25=5 .4h,s~ r ■ * 

Example 2i (Federal board) 

If Z, = 2 + /, Z 2 =3-2/ 

Z, =1+3/, //rewexpmi 

Z~Z^ = (2 W) (1+3/) (2-/)(1 -3/) 

7 3 • 2/ 3-2/ 

2 — 6/ — / + 3/ 2 2-71-3 

' 3-2f 
-1-7/ 3+21 
3-2/ X 3 + 2/ 


NUMBERS YSTEM 


iv. 3+4/ 


3-2/ 
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-3 -2/ -2 it -Hr _ -3 - 23/ + 14 

9-4 i 2 " "'9 + 4 

11-23/ II 23 . 

= 1 Arts 

13 13 13 

Example 4: Express the complex number 1 + /V 3 in polar form. 

Sargodha 2011, Fasaiabad 2007 
Solution: Put r cos/? = 1 — > (/) & r sin # = VI -> (//) 

Squaring & adding (i) & (ii) 
r 2 cos 2 # + r 2 sin 2 0 - (l) 2 + (VI) 2 
r 2 (cos 2 # + sin 2 C?) = 1 + 3 
r 2 = 4 
r = 2 

Dividing (ii) by (i) 

r sin# VI 
r cos# 1 

land — VI 

6 - Tan\Jl>) 

# = 60 " 

Thus 1 + / VI = r(Cos6 + /sin 0) 


. = 2(Cos60 u + /sin 60) A.s 

State Demoiver,s Theorem: Lahore 2009 

Statement: 

(CosO + / sin#)" - Cos(nO) + isin(nd) 


Federal 2009 


Example 5: Find out real and imaginary parts of each of the following complex numbers. 

(i) 

00 


(VI +/) 3 

i-VI/ 
i + VI/ 


Solution (I): 

Let rcosO = VI, & rsin# - 1 where 

rcos~0 + r sin 2 6 - (VI) 2 + 0) 2 

r 2 (cos 2 6 +sin 2 #) = 3 + 1 
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or 



rsin# 1 



6 = 30" 


(V3 + 1) J =[r(cos^ + /sin^)] 3 = r 3 (cos# + /sin#) 3 

- 2 3 (cos# + / sin Of = 8(cos3(30°) + i sin 3(30°) By demoiver's theorem. 
= 2 3 (cos 30" + /sin30") 3 =8 [cos 90" +i'sin90" j 

■ 8[0 + / . l] = 0 + 8; 

Real Part = 0 
1m aginary Part = 8 
Solution (ii): 

Let r^cosQ^ = 1 &r, sin# = -y/3 


n =Vo) 2 +(-v / 3) 2 
r, = VT+3 = 2 


r , j sin#, _ ~\fi 
^cos#, 1 



Also Let r 2 cos0 2 = I & r 2 sin # = 


Let r 2 cos& 2 ~\&.r 2 sin # = VJ 


=* =VG ) 2 +(V3) J 


2 =n/(1) 2 +(V 3) 2 




So 


r 2 = V4 = 2 

R 

0 2 = Tan~ l (—) = 60° 

1 

111 ’ 
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cos(-60 °) + j sin(-6Q 0 ) 

(cos 60° +/ sin 60° ) 3 

= [con-60 8 ) + / sin(-60 o )] S [cos(60°) + i sin(60°) J 5 
= [cos(-300°) + / sin(-300°)] [cos(-300 6 ) + /sin(-300 0 )] By mamw 
- [cos(300°) - i sin(300 fl }][cos 300° -/sin 300° ] = [cos 300° -/sin300°] 2 (/) 
as cos 300° - cos[3 x 90 + 30] « sin 30 = ^ 


sin 300" = sin [3 x 90“ + 30" ] = -cos 30° = 




2 2 ' 


{ i - s i ) s fv 5 ; 

[i+V3iJ'4 H 2 JI 2 J + [ 2 , 

= 1 + 4 , 4 ,-’ J + 4 , + 2 (- i )« l - I + 4 , 

1 4.2 4 4 2 4 4 4 + 2 

_ l - 3 t V 3 ._ 2 V? 

4 2 1 ~4 + 2 1 

+^i 

“2 2 

Theorems Ifz, z, , z 3 be any complex numbers then show that 


(i) 


Sol. 


£$/ Z=a + tb^> \ z \ w y}a 2 +b* 


Also Z = aw6=>|Z| = VC ®) 3 + ("*) 2 * Va 2 + 6 2 

- ^ = -a - => |-z| = V<“«> 2 + (-*)* 

-Z = -a + => |-Z| = + 0) 2 = jj+b 2 


From (1),(2),(3) & (4) we have. 



( 1 ) 

( 2 ) 

(3) 

(4) 
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(ii) (Z)-Z Multan 2009 

Sol. Let Z = a + ib—>(\) • 

=> Z = a- ib 

-=> Z -a + ib—>{2) 

From {1} & (2) we have (Z) = Z 
(ill) 2 Z - \2f Lahore 2009 

Sol. Let Z = a + ib=> Z = a - ib 

L.H.S =Z. Z = (a + ib%a - ib) = (a 2 ) -(ib) 2 

= a 2 — i 2 b 2 

= a 2 +b 2 -+{r) 

RMS - \zf - (/a T +~b 2 ) 2 = a 2 +h 2 ->-(*0 

L.H.S =R.H : S 

(iv) Z, + Z 2 = Z, + Z 2 Sargodha 2008 

Sol. LetZ } =a+ib, Z 2 =e + id 
Z, = a - ib, Z z -c~id 
Now Z, +Z 2 - (a + ib) + (c + id) 

~(a + e) + i(b + d ) 

=> Z[ t Z 2 = (a + c) - i{b + d) *> (i) 

Also Z, +Z 2 = (a —■*#-)+ (i?~firf) ; 

= (a + e).-i(6+i?) 


(v) 

Sol. 


Now 


From (1) & (2) we have Z, + Z 2 = Z, + Z 2 -+ (//), 


Z 


*i 


Federal 2008, Sargodha 2009, Falsalabad 2008 


Let Z, = a + 1‘6, Z, = c + id 


Z x ~ a- ib, 2 2 -c -id 

Z. | a + ib a + ib c- id 
V Z 2 j c + id c + id c - id 

oc-iad+ibc-i 3 bd 

(c) 2 -(idf 



Z i \_ac~ iad + the + bd (ac + bd)- ijgd - be) 


c -id 

v _ ( ac + bd) + i(ad-bc) 

r, J e 2 +d 2 


c 2 +d 2 


Again =ar- - 


Z\ _ g-ib a-ib ; c+id 
Zi ]■ c-id c-id c + id 


_ ac + iad -ibc - i 2 bd ac + iad - ibc + bd 
■ ~ (cf -( 1 id? c*-rd 2 

Z l _ (ac+bd)+i(.ad-bc) //Vi 

z t T^d* : ^ (2) ■ 

From (1) & (2) we have f— 1 = -=- 


(vi) jZj ~-\% l j|Z 2 j 

Sol. Let Zj =a + ib, Z 2 -c + id 

=> | Zj = \[a 2 +h 2 , \Z 2 \~yje l +d 2 
Now L.H.S .[ Z, . Z 2 \ = | (« + /JiXe + W)| 


= | ac + iad + ibc + i a &f| 

= j ac + iad + ibe -bd\ 

- 1 (ac - bd) + i(ad + be \ 

= -sj(ac-bd) 2 + (ad + be) 2 
= V a l c 2 + b 2 d 2 - m 2 , -aebd-+a 2 d 2 + b 2 c 2 + %~aebd- 
= yj.a 2 c 2 + b 2 d 2 +a 2 d 2 +b 2 c 1 =‘Ja 2 c 2 +a 2 d % +b 2 c 2 +b 2 d 2 
-- yja 2 (e 2 +d 2 ) + b 2 {c 2 + d 2 ) 

— yj^a 2 + b 2 y^c 2 + d“ ) 

= 4a 1 + b 2 .Jc^+d 1 


^Z, . 2, \=RJi.S 
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Exercise 1.3 


1. Graph the following numbers on the complex plane: 
(i) 2 + 3 / f 

Sol. 2 + 3/ Compare with x + iy 

Here x - 2, y - -3 


(ii) 2-3/ 

Sol. 2 - 3/ Compare with x + iy 

x = 2, y = - 3 


(HI) -2-3/ 

Sol. Compare with x + iy 
x = -2, y = -3 



t 

V' 
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(viil} -5-6/ 

Sol. Compare with x + 


Find the multiplicative inverse of: 

- 3 / = 0 - 3 / Faisalabad 2008 

Multiplicative inverse = — 1 


Multiplicative inverse 



5 
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- 3 - 5 / 

Multiplicative inverse = — ^ — 

-3 - 5/ 

1 -3 + 5/ _ -3 + 5/ 

~ -3 - 5 / X -3 + 5 i ~ (^3) 2 - (5i)' 
-3 + 5/ _ -3 + 5/ 
_ 9-(-25)“ 9+~25 
-3 + 5/ -3 5i_ 

34 ” 34 34 


(iv) ( 1 , 2 ) Sargodha2009 

Multiplicative inverse _ ^ 

(1,2) 

1 1-2/ 1-2/ 

” 1 + 2/ X 1-2/ ”1-2/ 
1 - 2 / _ 1 - 2 / 

(l) 2 ~ (2/) 2 1 - (-4) 

1-2/ 1-2/ 1 2/ 
1+4 "" 5 ~5 5 

= (I -1) 

S’ 

3. Simplify: 

(i) i"" Lahore 2009, Multan 2010 

Sol. / ,m - i m j = (i 2 f x i = (-1) 50 x / = 1 X / = / 

(ii) (-a/) 4 ,aeR 

Sol. X-ai? =aY =a\i i f =a 4 (-^ = a 4 l = a 4 

(ii.) r* 


Sol. 

(iv) 

Sol. 

4. 

Sol. 


1 _ li _ / / / 

7^7] = 7 = W^—\ 7 "' 

/~ 10 Rawalpindi 2009 

11 111 
i’° a 2 ) 5 (-i) 5 ‘-i x -i“ 

Prove that Z - Z if Z is real 

Suppose Z = a + ib (/) Z -a-ib 
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Given Z ~Z 

a-ih = a + ib => a - a = ib + ib^0 = lib 
=>A = Q 
(0 become 

Z = a + ib=>Z = a+0=>Z = a =>Zisreal 

Z is real conversely suppose that Z is real, 

So Z = a —> (/) 

=> Z = a 

Z=a -> (U) 

Compare (II) and (III) 

Z ~ Z Hence proved. 

5. Simplify by expressing in the form a + bi 
(i) 5 + 2\/— 4 

So1 - 5 + l4-~A = 5 + 2 ^- 1)4 

= 5 + 2/V4 = 5 + 2/(2) = 5 + /4 
(") (2 + VO)(3 + n/o> 


VJ + V-8 V5-/'Vs V5-/V8 
_ 2(41 -i4i) 

(41 ) : -{/V8) 2 5-(-8) 

_ 2(Vs-//8) 2V? 2 V 8 


Sol. 


= (2 + fV3)(3 + /V3) 

- 6 + 2(\/3 + 3/VI + rVJVJ 
= 6 + 5/V3 + (-1X3) = 6-3 + 5^3/ 
= 3 + 5 V 3 / 



Sol. 


2 


2 V5-/V8 

— r=-x— p= ?=■ 


5 + 8 


13 13 



Sol. 


4b — V— 12 4b-i4\l 4b+i4\2 


3 V 6 +/V 12 

=X— = — 
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W6 + ^Vl2 3-j6+i3yf\2 


'(Jsf-it'Jn? 6 -(- 12 ) 
3>/6 +./3V12 3(V6 + /Vl2) 


6 + 12 


18 


Vi ,V4^3 
— + /— -- — 
6 6 


V6 .2V3 


+7- 


JL ^ 
S + SS 


_j_ £\/| 

~V6 + 3 

6. Show that Vz e C 

(i) Z 2 + Z : rs a real number- Faisalabad 2007 

Sol. Take Z =a + ib then Z = a- ib 

Now Z 2 + Z 2 = (a + ifcf + (a - /6) 2 

= a 2 + 2w6 + ( i'6) 2 + a 2 - 2 iab + ( ib f 
-a 1 — b 2 +i 2 2 ~b 2 - Za 2 -2& z which is real. 


(ii) (Z-Z) 2 /s a real number 
Sol. TakeZ = a + ib 

then Z~a-ib 

Now [Z -Z] 3 = [(a + ib) - (a - ibjf 

= [a + ib-a + ibf 

= (2ib) 2 = 4i 2 b 2 ^-4b 2 
Which is real. 

7. Simplify the following 


(i) 


U + ^> 

[z 2 


v 

■j 


= <4)’ +3(y) ! (^/) + 3(^)(^0 a +(^0 J 
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8 



, | 9 

8 1 + 8 7 % 


-1 9 -1 + 9 8 

8 8 _ 8 ~ 8 
^1 Ans 


(ii) 


Sol. 


(iii) 


Sol. 


(iv) 

Sol. 


1 V3. 

2 2 ' 


Y 

> 


<4 - y O’ - <y >’ + 3 <y > ! 3 <~ +(-f 0 5 

=-+ 3 (V— o--(--)+(-— 1 ‘) 

8 4 2 2 4 8 



9 3 

/'+- + 

8 


_-! 3 >5 9 , 3V3 ... -1 3 
8 4 2 8 8 8 /% 

_-l i 9 _ 9 1 9-1 8 1 

’8 8 8 8 ~~ 8 _ 8 _ 

. 1 1 v3 

( “ T*> ( TT° 

2 2 2 2 /V 2 2 2 2 
1 V3. 1 V3. 

. 4 1 + / 

1 22 _ 2 2 


-Ifi. 

J l 

2 2 


i_ ( j) 

4 4 


1 /3 i S \ 2 Ji s 

— b — /) { — ) -( — /) 

2 2 2 2 _ 2 2 

-i V3. -1 V3, 1 Vb. 

— + — - J + 1 1 1 . pr 

-2 2___2 2 _ 2 2 _ 1 , il : 

13'/ r~~ 2 2 


4 4 


/ 


(a + W) ! 


(a +■ ibf ~ a' + 2abi + (/6) J = a + 2 abi - h 2 
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(V) 

Sou 


M 

Sol. 


(v«) 

Sol. 


m) 

SoU 


(a + W ) 2 


(«+#)-* = __1 ! a ! r tf-b>)-2abi 

(a + ib) a 2 + (ib) 2 + 2abi (a 2 -b 2 ) + 2abi {a 1 -b 2 )-2abi 

_ (a 2 ~b 2 )-2abi (a 2 -b z )-2abi 

{a 2 - b 2 f ~(2 abi) 2 a 4 +b 4 -2 a 2 b 2 -(-4 a 2 b 2 ) 

(a 2 -b 2 )-2abi (a 2 -b 2 )-2abi _ (a 2 -b 2 )-lubi 

a* +b 4 -2a l b 2 +4a 2 b 2 a*+b A . + 2a 2 b 2 “ (a 2 +b 2 ) 2 

_ a 2 ~b 2 2 abi Note (o+A) 3 - a 3 +A S +3oA(a + A) 

(a 2 ~b 2 ) 2 (a 2 +b 7 ) 2 -a 3 +A J +3a 2 A+3«A 3 

(a+btf 

(a + ib) 2 = a 3 +3q ! (A/)+3a(A/) 2 +(W) 3 
= a 3 + 3a 2 W + 3 a(~b 2 ) + i 3 b 3 


= a 2 +la 2 bi -lab 2 ~ib 3 = (a 3 -lab 2 )+i(la 2 b-b 3 ) 

<*-/A ) 3 


(a - ibf = ( a 3 + (-A/)) 3 = a 3 + 3a 2 (-/A) + 3 a(~ib) 2 + (-ibf 
- a 2 - 3a 2 A< + 3 a(~b 2 ) - t 2 b 2 




= a 2 - 3a 2 bi - 3aA 2 - (-*)A J 
= a 2 - 3 a 2 bi - lab 2 + /A 3 ~(a 3 - lab 2 ) + i(b 2 - la 2 b) 

Ffdtrol 2007 


(l~yp4)- 3 = (3-/V4)" 3 = (3-2/T 3 = — l —~ 

(3-2/) 

1 

(3) 3 - (3) 2 (20 + 3(3X2/) 2 - (2/) 3 

1 1 



27 - 54/ + 9(-4) - (-/8) 27 - 54/ -36+8 i 

1 ^ -9 + 46/ -9 + 46/ 

-9 - 46 / -9 + 46/ (-9) 1 -(46/) 3 
-9 + 46/ -9 + 46 / -9 + 46/ 

81 -(-21 16) ~ 81 + 2116 2197 

-9 46 
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TtST YOUR SKILLS 


Q#l. 


ill. 


VI, 


vii. 


vltl. 


IX. 


Select the Correct Option 

The property used in inequality a < 0 
a) Additive b) 

c) Multiplicative d) 

Multiplicative inverse of (**®) is: 
a) H> 0 ) b) 


c) 


( 0 ,- 1 ) 


d) 


^—a>0 is; 
Transitive 
Trichotomy 


( 0 , 1 ) 

( 1 , 0 ) 


(10) 


Union of Rational and Irrational Numbers is set of 


a) Real numbers 

c) Whole numbers 

iv, Factors of + 166 2 are 


a) 

c) 

22 

7 

a) 

c) 


(3a + 4b)(3a-4b) 

(3 ai + 4b)(3ai - 4b) 


15 


Rational numbers 
Whole numbers 

The number V2 is 
a) Natural 

c) Irrational 

i-i\» 

1 ' equal to 
1 


a) 

e) 

The numbers 0.142857142857 is 

a) Natural b) 

c) Rational d) 

The number is called: 
a) Natural b) 

c) Rational d) 

Multiplicative identity in complex number is: 
a) (*’0) b j (0,1) 

cl (0,0) 


b) Integers 

d) Complex numbers 

b) (3 a + 4ib)(3a - 4ib) 

d) ( + 4ib)(\[3a - 4/6) 


b) Irrational numbers 

d) Natural numbers 

b) Rational 

d) Integer 

b) -1 

d) 


Integer 

Irrational 


Integer 

Irrational 




(U) 




COLLEGE MATHEMATICS-1 


32 


NUMBEB-SySTEM 


Q, # 1. 

i. 

ii 

111 . 

iv. 

v. 

VI. 

vii, 

viSi, 

IX. 

x. 

XL 

xii. 

xiii. 

xiv. 

xv. 

xvi. 

xvii. 

xviii. 

xix. 


{ 0 ,- 1 } 


Short Questions: 

'+ ' & V 


Does the posses closure property w.r.t 

Find multiplicative inverse of the complex number 
Define Recurring decimal and terminating decimal: 

Prove that Z = Z jff Z j S real. 

State De Mouvre's Theorem, 


ZZ =|Z | 3 V ZeC 

& 


Prove that 


Show that yj is an irrational number. 

*301 

Simplify f * 

What is Closure Law of addition in the set of real numbers. 

Find modulus of ^ ^ 1 
Simplify (5*4) + (-3.-8) 


Z, 


_Z, 


VZ l: 7 2 e C s!l0W ) 

Find Multiplicative Inverse of 
Express * + in polar form. 


Simplify 


For a Real number ^ show that a ^ a ^ 

Factorize + ^ ^ 


VZ .' Z . eC 5how,hat Z ' +Z := Z ' +Z = 

State Trichotomy property 

- - • a 2 +Ab 2 


XX. 


Factorize 
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Sets Functions and Groups 



Set: 


Well defined collection of distinct objects is called a set. Well defined, we mean an 
object that we can separate easily from other objects, 

The object in a set are called elements or members of a set Capital letters A, B, C, D, 
are used as names of sets small letters a, b, c, d, elements of sets. 


(Different ways of describing a set: 


There are three different ways to describe a set. 
i. Descriptive method : A method by which a set is described in words 
For example. N=The set of all natural number. 

II Tabular method : In this form, we have to write all the elements of a set within 
the brackets. For example; the set of all natural numbers can be written as: 

N = {1,2, 3,4, 5,6, 7 

iii. Set-builder form : In this form, we use a letter or symbol for an arbitrary element 
of set and also write the property that is common to all element. For example, the set of 

natural number. Can be written as N = {jc|x/s any natural numbers } 


Some different sets of numbers: 


i. N = set of all natural numbers = {1,2,3, 4 } = set of all +ve integers = Z 

jj. W - set of all whole number = {0,1, 2,3, 4 } = set of non negative integers. 

iii. Z= set of all integers = {0,±1,±2,±3 } 

iv. Z'= setofall-ve integers = {-1,-2, -3, -4 } 

v. 0= set of all odd integers = {±1, +3, ±5, .} 

vi. E = set of all even integers = {0,±2,±4, } 


vii. Q = set of all rational numbers = < xl x = — where p,qeZ and (]^0 l 


VIM. 


jxj*# — where p,q e Z and t/*oj 


Q' = set of all irrational numbers = 
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Order of a set 
Membership of a set: 


Numberof elements in a set is called its order: Lahore 2009 

The symbol used for a member ship of a set is e is read as 

"belongs to" Thus a e A means a is an element of a set A or a belongs to A. If a is not an 
elemen^jfset A. It Is written as a 2 A . 

sets A and B are said to be equal sets if each element of one set is an 
element of other set, written as A = B. 

Two sets said to be equivalent If one-to-one correspondence 
can be established between them 

Example: if A = {l 2 3}; B = [a b c} 

Then one-to-one correspondence between A&B can be established as under 

^ = {123} 

? f T 

B ~ b c} 

set having one element is called singleton set. 
set having zero number of element is called null set or empty set. It is 
denoted by <j> = { j 

set having finite number of elements, 
set having infinite numbers of elements. 

ff each element of set A is also an element set B. Then A is called subset 
of B written as A c B and in such a case B is called SUPER SET of A. 

Empty Set ” t) b " is subset of every set. 

Every Set is sub set of itself. 




Note: (i) 

(ii) 


Power Set. 


The set of all subset of set A is called power set of A, defined by P(A). 
NotC^owei^et of empty set is not empty. 

Faisalabad 2009 

If A is subset of B and contains at least on element which is not in A than A in called 
proper subset of B donated by4c5 


Improper subset: 


if A ts subset of B and A=B then A is Improper subset of B its follow that every set is 
improper subset of its self. y 
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EXERCISE 2.1 


1 . 

i. 

Sol 

ii. 
Sol 

iii. 
Sol 

iv. 
Sol 

v. 
Sol 

vi. 
Sol 

vii. 
Sol 

viii. 
Sol 
lx. 
Sol 

x. 

Sol 

xi. 
Sol 

xii. 
Sol 


Write the following sets in set builder notation: 

{1,2,3 1000} 

{x|;r e jV a x <1000} 

{0,1,2, 100} 

{*1* e W a x < 1G0} 

{0,±1,±2, ±1000} 

{*1* e Z a -1000 < x <1000} 

{0,-1, -2, -500} 

{jf| jc e Z a -500 < jr < 0} 

{100,101,102 400} 

{.v|jrejV and 1 00 < jc < 400} 

{-100,-101,-102, -500} 

{*|*e Za-500 < jc<-100} 

[Peshawar, Lahore , Quetta , Karachi} 

H* W' a provincial capital of Pakis tan } 

[January, June, July } 

{ x l * ,s Month of Calender year beginning with J } 

The set of all odd natural numbers. 

{jfjjt is an odd natural number } 

The set of all rational numbers. 

\x\xzQ) 

The Set of all real numbers between 1 and 2. 

sIaI <x<2 } 

The set of all integers between - 100 and 1000 

6 Z a-100< JC <1000 } 
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2. Write each of the following sets in the descriptive and tabular forms: 

I. {*1* N 

Soi Tabular Forms: {1,2, 3, 4, 10} 

Des, Form: set of first ten natural numbers. 

ii. {*] x £ A r a 4 < x < 12} 

Sol Tabular Forms: |5, 6, 7, 11} 

Des. Form: set of natural numbers between 4 and 12. 

iii. |jrj;c e Z a-5< x < 5} 

Sol Tabular Forms: {—4,— 3,-2, — 1,0, 1,2, 3, 4} 

Des. Form: set of all integers between -5 and 5, 

iv. | x\ x e E A 2 < x £ 4} 

Sol Tabular Forms: {4} 

Des. Form: set of even numbers between 2 and S. 

v. |a|.v e P a x < 12} 

Sol Tabular Forms: {2, 3, 5,7,1 1} 

Des, Form: set of prime numbers between 1 and 12. 

vi. | Jtj x e O A 3 < .v < 12} 

Sol Tabular Forms: |5, 7,9,1 1} 

Des. Form: set of odd integers between 3 and 12. 

Vli. |jt|jc e .E A 4 < x < lo} 

Sol Tabular Forms: {4, 6,8,1 0} 

Des. Form: The Set of even integers from 4 to 10. 

viii. | x\ x e E a 4 < x < 6] 

Soi Tabular Forms: | } 

Des. Form: The Set of even integers between 4 and 6. 

ix. {jcI x € O a 5 5 x £7} , , „ 

1 1 •* Rawalpindi 2009 

Sol Tabular Forms: {5,7} 

Des. Form: The Set of odd integers from 5 up to 7. 

x. G O a 5 < x < 7} 

Sol Tabular Forms: j } 

Des. Form: The Set of odd integers between 5 and 7. 
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xi. | jc| x e N a x + 4 = Oj 

Sol Tabular Forms; { } 

Des. Form: The Set of natural numbers x, satisfying x + 4 = 0 

xii. fxU e Q a x* = 2} 

l 1 ^ ’ Multan 2010 

Sol Tabular Forms: ( j 

Des. Form: The Set of rational numbers x, satisfying x~ ~ 2 

xiii. { jc|jc e R a x = 

Sol Tabular Forms: 1 

Des. Form: The Set of real numbers x, satisfying x = x 
x - x is satisfying by all real numbers. 

xiv. { jcJ A" e Q a x = -jt} 

Sol Tabular Forms: {0} 

Des. Form: The Set of rational numbers satisfying x — —x 

:: x - -x =;• 2x = 0 or x = 0 

xv. |jc| x e R a a - * 2} 

Sol Tabular Forms: M -{2} 

Des. Form: The Set of real numbers x, except 2 

xvi. {*| x e M a x g Q] 

Sol Tabular Forms: Q' 

Des. Form: The Set of real numbers x, which are not rational so it will set of 
irrational numbers. 

3. Which of the following sets are finite and which of these are infinite? 

i. The set of students of your class. 

Sol Finite 

ii. The set of ail schools in Pakistan. 

So! Finite 

ill. The set natural numbers between 3 and 10, 

Sol Finite 

iv. Set of rational numbers between 3 and 10. 

Sol Infinite 

v. The set of real numbers between 0 and 1. 

Sol Infinite 

vl. The set of rationales between 0 and 1. 

Sol Infinite 

vii. The set of whole numbers between 0 and 1. 

Sol Finite 
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viii. 

The set of all leaves of trees of 

4. 


Pakistan. 

* 

Sol 

Infinite 

i. 

ix. 

P(N)i 


Sol 

Infinite 

Sol 

X. 

P{a,b,c) 

ii. 

Sol 

Finite 

Sol 

xL 

{1, 2,3,4 } 

III. 

Sol 

Infinite 

Sol 

xli. 

{1,2,3 ,100,000,0000} 


Sol 

Finite 


xiii. 

{.*|* e R a x * jcj 

iv, 

Sol 

Sol 

Finite 


xiv. 

{jc|jt € R A x 1 = -16} 


Sol 

Finite 

f 1 \ 

V. 

Sol 

XV. 

{jcjx e Q a x 1 =5} 


Sol 

Finite 

jf' i. t fc 

Vi. 

xvi. 

{jr|* egAO^jc^l} 

Sol 

Sol 

Infinite 




vii. 



Sol 

5. 

Is there any set which has no proper subset? 1 

Sol 

Yes, <f> is set which has no proper subset. 

6. 

What is the difference between | ( 

a,b) and {{ 

Sol 

{ 0 ,^} is a set with 0 elements and {{a,*}} i 

7. 

Which of the following sentences are true and 

I. 

{ 1 , 2 } ={ 2 , 1 } 


Sol 

True 


ii. 

Us {{ 2 , 1 }} 


Sol 

True 


III. 

{«} = {{*}} 


Sol 

False 


Iv. 

{•MM} 



Write two proper subsets of each 
of the following sets: 

{a,b,c} 

W.W 

{«.!} 

{»}.{'} 

N 

* = {1,2, } 

m-m 

z 

Z = {0,±1,±2..„. } 

W.{2> 

R 

M = set of real numbers 

{'}.{=} 

W 

W = set of whole numbers 

0M2} 

{jcjjre0AO£jci 2} 

0M2} 

> name the set. Lahore 2009 
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Sol True 

v * fle {{*}} 

Sol False 

vl. ^ e {{«}} 

Sol False 

8. Whait is the number of elements of the power set of the each of the following sets? 

'• { } 

Sol Power set of { } has elements = T = 1 

n . {0,1} 

Sol Power set of {0,1} has elements = 2 1 = 4 
ill. {1,2, 3,4, 5, 6, 7}- 

Sol Power set of {1,2, 3, 4, 5, 6, 7} has elements =2 7 =128 

iv. {o, 1,2, 3, 4, 5, 6, 7} 

Sol Power set of {0,1, 2, 3, 4, 5, 6, 7} has elements = 2* = 256 

v. {«,{*,<:}} 

Sol Power set of {o,{£,c}| has elements = 2 2 = 4 

vl. {{«,*}, {i,c}, {tf,c}} 

Sol Powersetof {{o,6},{6, c },{^,c}}haselements =2 3 =8 

9. Write down the power set of each of the following sets: 

Sol (0 {9,1 1} Power setis {^{9},{l 1},{9,1 1}} 

(«) {+,-,x,+} S arg odha 2010 

Power setis {<*, {+},{-}, {x} ,{+},{+,-}, {+,x},{+, + },{-,x}{-,+},{x,+} 

{+*-»x},{+,-,+},{+,)C,+},{-,x,-r},{+,-,X,-f-} } 

m {#} 

Sol Power set of {^} is = {^, {^|| 

(^ v ) {“if*’ 4 -'}} 5argorfAo2009 

Sol Power set = [<j>{a} ,{*,<■} >{a{b,c}} 

10. Which pair of sets are equivalent? Which of them are also/equal? 

i. {a, A, c), {1,2,3} 

Sol Equivalent 
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li. The set of the first 10 whole numbers, {0, 1,2, 3 9} 

Sol Equal 

lii. Set of angles of a quadrilateral ABCD, set of the sides of the same quadrilateral 

Sol Equivalent 

iv. Set of the sides of a hexagon ABCDEF, set of the angles of the same hexagon: 

Sol Equivalent 

v. {1,2,3, 4 }, {2, 4,6,8 } 

Sol Equivalent 

*'• {LL 3, 4 -},{li“± } 

Sol Equivalent 

vii. {5,10,15 5555}, {5,10, 15,20... } 

Sol Neither equivalent nor equal sets. 


Union of two Sets 


Union of two sets A and B, denoted by A\JB j s the set of all elements, which 
belongs to A or B; symbolically; J 

Example: lf A =* { 1, 2, 3,} ; B = {2, 3, 4, 5} , then A U B = {l, 2, 3, 4, 5} 


Intersection of two sets 


A and B denoted by A ^ E , is the set of all elements, which belong to both A and B: 
symbolically; A f\ B = |x|x e A a x e /?} 

Example: If A — {l,2,3^;^ = {2,3,4,5}, then Ar^B = {23\ 


Disjoint Sets 


If intersection of two set A and B is empty. Then sets A and B are called Disjoint Sets. 
Example: Ot~\E - <j> Where 'O' is set of odd integers 'E' is even. 


Overlapping Sets 


If the intersection of two sets A and B is non-empty but neither is subset of the 
other, then such sets are called overlapping Sets. 

Example: Let A- {1,2,3, 4};fl = {3,4,5,6};^n B=overlapping set = {3,4} 


omplement of a Set 


If U is universal set, then U/A or U - A is called Complement of A, denoted by 
A' or A L . Thus A'— A' — U-A 

Symbolically A' = {x| jf e V a x & A} 

Example: If U — N , then E —O and O — E 
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Difference of Two Sets: 


The difference A- B or A t B of two sets A and B is the set of elements which belong to A 
but do not belong to B. 

Symbolically A-B - Ai B - \x\x & A /\ x £ i?} 

Example: If .4 = { 1, 2, 3, 4,5} ; if = {4,5,6, 7} ; — # = jl,2,3j 

Note: A- B * B- A because B- A = {6.7} 

(named by "JOHN VENN" The English Logician and Mathematician (1834-83) A.D ( it, 
is the picture representation of given sets in the form of rectangle and circles). In Venn 
Diagram, rectangular region represents universal set U and circular region represent given sets. 
Venn Diagrams of given Sets. 

1. AkjB 

When A and B are disjoint sets OR when AnB = <f> 


2 . AuB 

When A and B are overlapping set OR when A n B * <f> 




4. AnB 

When A and B are Disjoint Set i.e A n B = 0 


© © 


s. AnB 

When A and B are overlapping sets i.e, AnB*<f> 
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6 . 

When Ac. B 


7. A- B = A / B when Ar\B = <p 
When A and B are Disjoint sets i.e., Ar\B = <f> 



8. A-B 


Faisalabad 2008 


When A and B over lapping sets i.e when 


9. A-B 

When B and A- B-<f> 


10. A-B 

When Be. A and A- B*<j> 

Note: Shaded area gives required region or required result 



Number of elements: 


(i) No. of elements in set A is denoted by n (A), 

(") If A and B are disjoint sets then n(AuB) = r?( A) + n{ B) 

If A and B are overlapping sets, then n{A\jB) = n(A) + n(B ) - n(A n B) 

(iv) if A^Buhen n{AuB) = n{B) and n(AnB) = n{A) 

(v) n(A-B) = n(A)-n(Ar\B) 

| vj j n{B-A) = n( B)-n(AriB) 
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1. Exhibit A'U B and AC\B by Venn Diagrams in the following cases: 


i. A^B 

Sol ,4 O B : when A c B 

Dotted region represents A\jB 



ii. flc/l 

Sol: Au B : when flC;l 

Dotted region shows/iu# 


.4 n # = ? when A c B 
Doted region represents Ar\B 



AnB-1 when 5c A 
Doted region gives A n B 




iii. AuA' 

Sol : A u A 1 = 7 

Dotted region represents 

AvA'=U 



iv, A and B are Disjoints sets. 

Sol :A u B - ? When A and B are disjoint sets. 

Shaded region represents A \jB 



v. 

Sol 


= 7 when A and B are disjoint sets. 

Blank region represents AoB. Because 
according to the condition Ar\B = 0 






Shaded region gives A B Shaded region gives A n B 

2. Show A — Band B— A by Venn Diagrams when: 

i. (a) If A and B are overlapping (b) If A and B are overlapping set, then 

Sol A- B - 7 B — A = 7 



Shaded region gives A — B Shaded region gives B— A 


ri. (a) A- B~7 If Ac^B (b) B ~A - ? If A c B 

Sol 



Which is Venn diagram of A — B Which is Venn diagram of B — A 


iii. (a) A-B-7 If B^A (b) B -A = ? // B c A 

Sol Its Venn diagram is Its Venn diagram is 



m 
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. 3. Under what conditions on A and B are the following statements true? 


i. 

AuB-A 

ii. 

AuB=B 

Sol. 

I/BqA 

Sol. 

1/A^B. 

Iii. 

X 

II 

4Q 

1 

T 

hr. 

AnB**B 

Sol. 

If AnB = # 

Sol. 

IfBcA 

V. 

h(A\jB) = n{A)+n(B) 

vi. 

n(A‘r\B)=‘M{A) 

Sol. 

If A and B is are disjoint sets. 

Sol. 

If AcB 

vli. 

A-B=A 

viii. 

tt(AnB) = 0 

Sol. 

If A and B disjoint or A n B = ^ 

Sol. 

IfAn8*4 

lx. 

AuB = U Multan 2009 

x. 

AuB=*3uA 

Sol. 

If B = A* or ff = A 

f 

Sol. 

It Is always true. 

xi. 

*3 

¥ 

II 

c 

X 

w 

FI 

£ 

xif. 

U-A = $ 

Sol. 

If B C. A 

Sol. 

IfU = A 

'4. Let 





U = {IZ$... 10}, ^ = {2,4,6,8,10}, 5= {1,2,3, 4, 5} md C = {l,3,5,7,9} List 

the numbers of each of the following sets. 

i. A r 

Sol. AT =U- A = {1,2,3 10} -{2, 4, 6, 8, 10} = {1,3, 5, 7,9} = C 

ii. JT 

Sol. =U-B = { 1,2,3 1 0} - { 1, 2, 3, 4, 5} = [6, 7, 8,9, 10} 

iii. /4wB 

Sot. /4uB={2,4,6,8,10}t/{l,2,3,4,5} 

=4>^uB = {l,2, 3,4,5,6,8,10} 
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Iv. A-B 

Sol. A-B = {2,4,6, 8. 10} -{1.2, 3. 4, 5} 

or ^-£ = {6,8,10} 

v. AnC 

sol. AnC = {2,4, 6,8,10} nj 1,2, 3. 4, 5} 

Ar%C={ }=</> 

vi. A 1 u C L 

Sol. A L u C = { 1, 3, 5, 7, 9} u{2,4, 6, 8, 1 0} 

A c uC -{1,2, 3,4, 10} 

vii. A‘\jC 

Sol. /UC-{1, 3. 5, 7, 9} u { 1 3, 5, 7, 9} 

j 4‘ - uC = {l,3,5,7,9} 

viii. U c 

soi. ir=u-u 

- {12,3, 10} -{1,2.3, 10} - ^ 

the single sets of equal to the following 

ii. Ar\U 

Sol, Ar\U =set of common elements -A 


S. Using Venn diagrams, If necessary, find 

i. A' 

Sol. :.A’~U-4 



iii. AW 

sol. ;.AkjV = U 

Shaded region shows A u U 



iv. A\J<j> 

Sol. Aufi=A 

Shaded region shows A KJ <f> 
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Use Venn diagram to verify the following: 

A-B = AnB' 

from Venn diagram of A - B and A n B‘ 
We see that A- B - A 


Ar\B c 


ii. (A-B)‘ n/? = B 

Sol. Use diagram to verify {A - B) L r-.B — B 


Case-1 When A and B are overlapping 


Here 


From Venn diagram (A Bf C\B 



COLLEGE MATHEMATICS-1 


48 


SET FUNCTIONS AND GROUPS 


Case-11: When A and B are disjoint sets ; then 


A-B = 

(A - By — 

(A-BynB = 




.TV VALVvV v.\ V \ \ L S \ WV\' :.\V , V T ^ 

\Vw\S\W-\VAVi 
^ \ ',ww\ASSV\S'iSVlWiSV\V\'i 

,v-.v> ^ v ws y \yv\s w y>; >: *v»v 

iWSWiSNWW,'' W\SVW\\« ^ 

.v,^ L V'\wr;.w.-AWA'.v;Avr 


From Venn diagram (A — By P B — B 



IPROPFRTIES OF UNION AND INTERSECTION 


(Sargodha 2008, Lahore 2009) 


A'u B = B\J A; 

A n B = 3 n A; 

(AuB)uC = Au(BwC); 

(An B)nC. = AniBnCy, 
A\j(BnC) = (AuB)n(Au C); 

An(BuC) = (AnB)^j(AnC) 
(AuB)’ = A'r\B'\ 

(AnB)' = A'<jB'\ 


Commutative property of union. 
Commutative property of Intersection 
Associative property of union 
Associative property of Intersection 
Distributive property of union over 
Intersection (Faisalabad 2009) 

Distributive property of intersection over union 

De Morgan's Laws.( Faisa,abad 2008 > 
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1. Verify the commutative properties of union and intersection for the following pairs of sets: 
i.(a) A^jB = B\jA 


A =* {1,2, 3, 4,5}, 5 = {4,6,8,10} 

Sol. AvB = {1,2, 3,4, 5}u{4, 6, 8,10} ={1,2,3,4,5,6,8,10} I 

B\j A ~ {4,6,8,10} u{ 1,2, 3, 4,5} = {1,2,3,4,5.6,8,10} 2 

From 1 & 2 A u B = B u A 

i. (b) AnB = BnA 

AnB = {l, 2, 3, 4, 5} n {4, 6, 8, 10} = {4} >1 

5n^ = {4.6,8,10}n{l,2,3,4,5}=> Sn/f = {4}->2 

From 1 and 2 
A n B = B n A proved 

ii. jV 

Sol. A' = set of natural numbers 2 = set of integers 
Given sets are N and Z then 
ZuA = Z 
AuZ = Z 

N nZ = N 

Zn A = A 
So A u Z = Z u A 
ortfif A n Z = Z n A 

iii. /I = { jc| jt e R A .v £ 0} 5 = R 

Sol. /f u 5 = {jr| x e R a x > 0} u R = R 

Su J 4 = Ru{xj.veRAA:£0}=R 
A n B = {x| x e R a ,v > 0} n R 
= {*[* € K a x 5: 0} 

J3 n ,4 = R n {*[ x € R a x > 0} 

= {x|jreR a'x>0} 

Au B = BuA 
and An B = Bn A 
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2. Verify the properties for the sets A,B and C given below: 

i. Associative Law of Union 

A = {1, 2,3,4} 

B- {3. 4,5, 6. 7, 8} 

C ={5.6.7. 9.10} 

Sol. Associative Law of union Au(Bu f ) - (A u B) uC 

L.H.S — A u (B w C) 

- {l,2, 3,4} u [{3, 4, 5, 6. 7. 8.} u {5. 6 7, 9, 1 ()}] 
= {l. 2,3.4} u {3, 4, 5, 6, 7, 8, 9, 1 0} 

- [t, 2,3. 4,5 10} ->I 

R.H.S=(4u/7)^C) 

- [{l, 2, 3, 4} u [3,4, 5, 6, 7,8,} j u {5, 6, 7. 9, 1 0} 
= {i. 2,3.4, 5.6, 7, 8} u{5, 6,7, 8, 9, 10} 

"{1.2, 3, 4, 5 10} >2 

From 1 and 2; 

/lu(«uQ = (^ufi)uC 

ii. Associativity of intersection 
Sol. 4 n(B a C) - (4 n 5) n C 

L.H.S — 4n(/fnC) 

, - {1)5,3, 4} a {3,4, 5,6, 7,8,} n {5, 6, 7, 9, 10} 

= {1,2,3, 4} a {5,6,7} 

= { } 

R.H.S= (A A B) A C) 

= [{1,2,3,4}a{3,4,5,6,7,8,}]a{5,6,7,9,10) 

= {3.4} A {5,6, 7,9.1 0} - { } —> 2 
From 1 and 2 

J A ( £ A A) - (,4a £) a C 

iii. Distributivity of union over intersection 

Sol. A u(flnC) - (4ui?)n(4uC) 

L.H.S=4u(/f AC) 

- [ 1, 2.3.4} A [{3, 4.5,6, 7,8,} A {5,6, 7, 9, 1 0}] 

= {1, 2, 3, 4} w {5, 6, 7, } = (1,2,3, 4, 5. 6, 7} 1 
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R.H.S = (A u B) n (A u C) 

* [{l f 2, 3, 4} U {3, 4, 5, 6, 7, 8,}] n [{ 1, 2, 3,4} u {5, 6, 7,9,1 0}] 

'«{l,2,3 1 4,S,6.7,8}/ri{1.2,3 1 7,9,10} = {1,2,3, 7} 

From land 2 LH.S = R.H.S. 

Iv. Distributativty of n over u 

Sol. Ar\(B\jC) = (Ar\B)<u(AnC) 

l.H.$=An(B<jC) 

= {1,2,3, 4}n[{3 f 4,\d,7,8,}u{5 f 6 1 7,9,10}] 

. «{1, 2,3, 4}n{3, 4,5, 6, 7,8,9,10} 

LH.S ={3,4} -»1 

R.H.S = {^nS)u (A.r\ C) 

= [.{ l, 2, 3, 4} n (3, 4, 5, 6, 7,8,} ] u [{ 1, 2,3, 4} n {5, 6, 7, 9,10}] 

-IMM } = {3.4} **2 

From l and 2 we get. 

LH.S = R.H.S 

Part ii. A = $\ B= {0} ; C = {0,1,2} 

Sol. Given^*^; {0}; C ={0,1,2} then 
' (a) Associativity of union;^ u(5uC)=(4uB)uC -» I 

Puttifig value ih 1, we get^u[{0} O{0,l,2}J = [(^ u{0})]u{0,l,2} 
=>^u{0,l,2} ={0} u{0,l,2} 

{0,1,2} = {0,1,2} 

LH.S * R.H.S 

b. Associtlvhy of Intersection A n (B h C) = (A n B) n C -> / 

Sol. Putting values in 1, we get 

f»n[{0}n{0.1 > 2j] = {(^n{0})n{0,l,2} 

>n{0} =.^n{0,l,2} 


. LH.S = R.H.S 

c. Distributive Law of uover n 
Sol. A u {B n C) = (A u B) n (A u C) 

iM.S=A\J(Br\C) 

= <iu[({0}n{Q f l,2})] 


-> 2 
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= 0u{O} = {O} ->1 

R.H.S - {A u B) n (A u C) 

= [({ }^{0})]n[({ }w{0J,2})] 

= {0} .^{o:i f 2} -{0} -» 2 

From 1 and 2; L.H.S = R.H.5 
d. Distributive Law of nover L2 

Sot. Ar\{B^C) = (Ar\ E)VJ{Ar\C.) 

L.H.S^n(5uC) 

= *n[({0}u{0,l,2})] 

-^n{0,l,2} = <f> ->1 
R.H.S =(vlni?)w(/lnC) 

= [Wo{0})]U^n{0,l,2})] 

— — (f> —>2 

From 1 and 2 
L.H.S = R.H.S 
Part-iii. N ,Z,Q 

Sol. Given N < Z <Q 

N = {1)2,3, 4, } 

Z - {0,±I,±2,±3, } 

Q - Set of rational numbers 

a. Associativity of Union 

Sol. N u(2u0 = (AfuZ)u0 
NkjQ = Z^jQ(\'N<Z^Q) 

Q = Q 

L.H.S = R.H.S ,ved 

b. Associativity of Intersection 

Sol. Nr\(Zr\Q) = (N r\Z)nQ 

^ NnZ = Nn Q (\ • N <Z<Q) 

' N = N 

=> L.H.S = R.H.S proved 

c. Distributivity of <Jover n 

Sot. Nv(Zr\Q) = (NuZ)n(NvQ) 

^HkjZ-Z r\Qf: N<Z<Q) 

Z = Z 

=$ L.H.S = R.H.S proved 
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d. Distributivity of n over u 

Sol, N n (Z u £) = (N n Z) u (N n Q) 

=> XnQ = W u W(v jV < Z < Q) 

N = N 

=> L.H.S = R.H.S proved 

3. Verify De Morgan's Laws for the following sets: 

U = {1,2.3 20}, A = {2,4,6 20 )and B = {1,3,5, ,19} 

Sol.(i) We have to prove (A n B)' - A' u B' 

L.H.S = (A n B)' 

Where Ar\B = {2,4,6, 20} n {1,3, 5, 19} 

AnB=4 > = { } 

( AnB)' = U-(AnB) = U-<f> = U -» 1 
R.H.S = /ufi 1 
Where /l' — f/ - /I 

= {1,2,3 20} -{2, 4, 6 20} 

A' = {1,3,5, ,19} 

B' = U-B 

= {1,2,3 ,20} -{1,3,5 19} 

B' = {2,4,6 ,....,.20} 

A'U B‘ = {1,3,5 1 9} u {2,4,6 .20} 

A' kj B' = {1,2, 3, 4 20} = U -> 2 

From 1 and 2 
L.H.S = R.H.S 

ii. We have to prove that ( A U B)' = A'r\B' 

Sol. L.H.S =(AvB)' 

Au B = {2,4,6 20} u {1,3, 5 19} ={1,2,3 20) =V 

(AuB)' = U-(AuB) = U-U = <l> ->1 

R.H.S= A' n B' 

Where A' = U - A 

A' = {1,2,3, 4 20} - {2,4,6 20} 

A' = {1,3,5 19} 

B' = u-B = { 1,2,3 ,20} -{1,3,5 19} = {2,4, 6 20} 

->7 

From 1 and 2 ^ L.H.S = R.H.S 
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4. Let U = The set of the English alphabet; 

A - |.vj .v is a vowel ] , B = {_>■ j y (v a consonant }■ 

Verify De Morgan's Laws for these sets. 

Sol. We want tq prove that 

(A u BY =. M r\ B' 

L.H.S =(i4u5)' 

Now (.4 vj B) = | xj x is a vowel j lv | _pj y is a consonant J 
A kj B ~ Set of English alphabet - o 
{A\JB)‘=U (AuB) = U-(J = { } -+1 

R.H.5= A'n B’ 

Where A' - U - A - U - |x| x is a vowel} 

A’ - [y\y is a consonant [ 
and B 1 — U — B = 11 ■ | is a consonant J 
B' -- j.ij x is a vowel} 

Then A' n B' - \ vj V is a consonant} n is a vowel j 

A'nB’ = { } -> 2 

From 1 and 2 
L.H.S = R.H.S 

5. With the help of Venn diagram, verify the two distributive properties in the 
following cases w.r.t union and intersection. 

■■ (a) A c B. A r\ C — 0 and B and C are overlapping. 

Sol, A u (B n C) = (Avj B)n(Au C ) 

Venn diagram of Au(Br\ C) Venn diagram of (A uB)n(AuC) 

U 







From Venn diagram. It is clear that AKj(BnA) - (AuB)n(AuC) 


(b) An(fruC)^(AnB)\j(AnC). 

Sol. Venn diagram of A n (SuC) Venn diagram of (An B) u(A nC) 



From Venn diagram. It is clearthat An (13 u C) = (A n£)u (A n C) 


(a) A and B and are the overlapping, B and C are overlapping but A and C are 
disjoint. 

Sol. A u (BnC) = (A 0 B) n (A u C) 








I 





From Venn diagram obviously Au(BnC) = (Au B)n(AuC) 

(b) An (B uC) - (A n B)u (A n C) 

Sol. Venn diagram of An(BuC) Venn diagram of (L4ruB)u(j4nC’) 



From Venn Diagram it is clear that yfn(fiuC) = (ifn 5)u{j4nCJ 


6. Taking any set, say A = { 1 , 2, 3, 4, 5 } verify the following: 

i. A\jS5t = A 

Sol. LH.S = iu0 

= {1,2,3, 4,5} u0 

= {1,2,3, 4,5} = R.H.S 

ii. A U A = A 

Sol. L.H.S = A\J A — A 

= {1,2,3, 4, 5} u {1,2,3, 4,5} 

= {1,2,3, 4,5} = A = R.H.S 

AnA~A 
L.H.S =AnA 

= {l,2 ) 3,4,5}n{l,2 J 3 > 4 1 5} 

= {1,2,3, 4,5) — A = R.H.S 


mi, 

Sol. 






7. If U — {l,2,3,4,5, .... .,20} and A = {l,3, 5, ,19} verify the following; 

I. AuA —V Mulatan2008 

Sot. L.H.S = A u A = {1, 2, 3, 4, 5 20} - {l, 3, 5 .,.,19} 

Where A' = [/~A = {2,4,6> ,20} 

lhs =JuA' = {1,3,5 .‘, 19 } u{2,4, ..,20} 

. ={1,2, 3, 4, 5, 20} =£/ 


II. 

AnU~A 


Sol. 

L.H.S =Ac\U 

. 


= {1,3,5 

19} n {1,2, 3,4 


= {1,3,5 

.........19} = A^R.HS 

III. 

AnA'*0 

Faisalabad 2007 

Sol. 

Ar>A* = 0; 



LH.S =AnA f 



= {1,3,5,.: 

1?} n {2,4,6 


= { } = 0 = X.H£ 

8. From suitable properties of union and intersection deduce the following results: 
i. An(AuB) = Av(AnB) 

Sol. LH.S = An(AuB) 

= (AnA)u(AnB) (using Distributive law) 

= Av(AnB)vAnA=A 
= Au(AnB) 

= R.HS 


AKj(AnB)~ AniA’uB) 

LH.S =Av(AnB) 

= (A\j A)r\(Au B)[ Distributive law) 

= An(AkjB) \-AvA=A 
■ =R,H£ 

Using Venn diagrams, verify the following results: 

AnB'=*A If AnB = 0 , 

New if A n B r A then we have to show that Ar\B = 0 in Venn diagram 
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An 3' - A is shaded in Venn diagram. This is possible only if A and Bare disjoint 
An B — 0 Conversly suppose that A n B = 0 i.e A and B are disjoint we have 
to show that A n B r = A 


0 

AnB' -A 
Since AnB-0 

=> An B 1 = A as shaded in Venn Diagram. 

ii. (A-B)v'B~AvB 
Sol. Given sets are (A - B) u B and A u B 
Their Venn diagrams show. 

(A - B) u B = A u B 




iii. (A~B)nB 

Sol. Given sets are A B and B. Their Venn diagrams show (A — B) n B 



m 

1 

u 

t-B)nB 

i 

■J 


(A-B)nB~0 

{ no elements is common is shaded region of A - B & B) 
* 

iv. A U B = A U (A’ n B) 

Sol. L.H,S=^u5 






COLLEGE MATHEMATICS-1 


59 


SET FUNCTIONS AND GROUPS 



R.H.S= A (A‘r\B) 
A'~ 


A'nB = 


A^(A'nB) = 


Logic 


Logic is the discipline that deals with the methods of reasoning. OR logic provides 
rulesandtechniques for finding that given argument is valid. 


Uses of logic 


1. Logical reasoning is used in Mathematic to proves theorems. 

2. In Computer Science to verify the correctness of programs. 
^Ir^hysical science to draw conclusion from experiments. 


itatement 


t^^^jeclarative sentence that is either true (T) or false (F) but not both. 


Examples: 


i. Earth is round 

ii. 2 + 3 = 5 

are statements 

iii. Do you speak English? It is question. So it is not statement. 


Proportional Variables 


The letters (p.cj.r.... ) that can be replaced by statements are called 

proportional variables. 

P = It is raining q = It is cold. 


Induction 


To draw general conclusions from limited number of observations, Or experiences is 
called Induction. 


Example 


A person gets penicillin injection once or twice and experiences reaction soon 
afterwards^He generalizes that he is allergic to penicillin. 


Deduction 


To draw general conclusion from well knows facts is called deduction. 


Example 


All men are mortal. We are men. Therefore, we are all mortal. 
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[Logical Connectives 


Symbols that are used to combine statements or proportional variables. 


LIST OF SYMBOLS 


Symbol 

u 

How to be read 

Symbolic 

expression 

How to be 
read. 

1 

not 

-P 

not p (Negation of 
P) 

A 

and 

pr^q 

p and q 

r~" " 

V 

Or 

pvq 

p or q 


If then implies 

p->q 

If p then q 
p implies q 


Is equivalent to If 
and only it. 

p^q 

p if and only if q 
p is equivalent to q 


Compound Statement: 


Two or more sentences are connected to form a compound statement, e. g "It is 
raining and it is cold" is a compound statement in which p = it is raining; q - It is cold. 
Then r = It is raining and it is called compound statement. 



A table to drives truth values of a given compound statement in terms of its 
component parts is called Truth Table. 


Negation: 


It is denoted so - p means "not p" 



Conjunction of two statements p and q is true only if both p and q are true other 
wise false, It is denoted by p a q 

Truth Table 


P 

Q 

P a? 

T 

T 

T 

T 

F 

F 

F 

^ * - 

T 

F 

F 

F 

F 
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Disjunction: 


Disjunction of two statements p and q is denoted by p v q (p or q). 

Disjunction i.e pv q is false only when both p and q are false, other wise true, 


Truth Table 


p 

Q 

pvq 

T 

T 

T 

T 

F 

T 

F 

T 

T 

F 

F 

F 


Conditional statement: 


The statement " p q " is called a conditional statement OR implication of p and q 
In a conditional statement. P is called Hypothesis or anticident and "q" is called Conclusion 
or consequent. 

p — > q is false only when p is true and q is false. ( p —*■ q ) otherwise true 


Truth Table 


P 

Q 

P q 

T 

T 

T 

T 

F 

F 

F 

T 

T 

F 

F 

I 


Biconditional 


The statement p q is called bi-conditional. It is written p q and q <-> p It is 

also called equivalent " p q " read as p if and only if q. tf p and q both are same, then 

p q is true otherwise false. 


Truth Table 


P 

Q 

p-*q 

T 

T 

T 

T 

F 

F 

F 

T 

F 

F 

F 

T 


Converse & contrapositive of conditional statement: 


Let p (/ be a given conditional statement, then. 

i. q — > p is called Converse of p — > q 

il. - p q is called inverse of p -» q 

iil. - q p is called. contra positive of p q 









COLLEGE MATHEMATICS-! 


62 


SET FUNCTIONS AND GROUPS 


Truth table: of converse, inverse and contra positive of giv*n conditional 


p 

q 

~P 

~q 

Given 

conditional 

p q 

Converse 

p 

Inverse ~ 

- p^>~q 

Contra 

positive 

~q-+~ p 

T 

T 

F 

F 

T 

T 

T 

T 

T 

F 

F 

T 

F 

T 

T 

F 

F 

T 

T 

F 

T 

F 

F 

T 

F 

F 

T 

T 

T 

T 

T 

T 


Imp. note: 


Truth table shows that conditional and contra positive are equivalent. So any 
Theorem may be proved by proving its contra positive. 

Converse and inverse are equivalent to each other. 

Prove that in any universal the empty set <p is subset of any set A. 


Proof: 


Let U is universal set. Then V* e U,x £ 0 — > x e A 

Here p (Hypothesis) = x e 0, is false and q (conclusion) = x s A. 

V Conditional ( p -» q) is false only when p is true and q is false and p q is true 
in all other cases. Implies that Conditional x £ A is true => 0 q A (any set) 


Faisalabad 2009, Sargodha 2011 

A statement which is true for all possible values of variable involved in it is called a 
Tautology. 


Contradiction or Absurdity: 


I Faisalabad 2009 

A statement which is always false is called contradiction. Or absurdity. 


Contingency 


A statement which can be true or false depending upon the truth values of variable 
in it is called contingency. 


Quantifier 


The word or symbol, which convey the idea of quantity or numbers called 
quantifier. 

In mathematics two types of quantifier are generally used. 

i. Symbol " V "mean for all is called UNIVERSAL QUANTIFfRE. 

ii. Symbol " 3 "mean there exist is called EXISTENTIAL QUANTIFIRE, 








COLLEGE MATHEMATICS-1 


63 


SET FUNCTIONS AND GROUPS 


1 


EXERCISE 2.4 


1. Truth table: of converse, inverse and contra positive of given conditional 


Part 

Conditional 

Converse 

Inverse 

Contra positive 

L 

~ p-*q 

q-> ~ p 

p->~q 

-q-+P 

fit 

q-*p 

(Multan 2009) 

p q 

~ q p 

~ p^~q 

Hi. 

-p-+~q 

(Sgd 2008,09) 

“ q p 
* 

p -*q 

q-> p 

iv. 

~q^>~ p 

- p — q 

q-+ p 

p q 


2. Construct truth table for the following statement: 
i. (/»-►- P)v(p ->q) 

Sol. 


p 

q 

“ P 

P~>~ P 

p->q 

(P p)v(p->q) 

T 

T 

F 

F 

T 

T 

T 

F 

F 

F 

F 

F 

F 

T 

T 

T 

T 

T 

F 

F 

T 

I 

T 

T 


ipA P)~yq Multan 2009 

Sol. Truth table of {p/\ - q) —> q 


p 

q 

“ P 

l 

< 

(P*~q)^>q 

T 

T 

F 

F 

T 

T 

F 

F 

F 

T 

F 

T 

T 

F 

T 

F 

F 

T 

F 

T 


III. 

Sol. Truth table of - {p -» q) <-»{,Pa ~ q) 


P 

q 

p^q 

~{p^>q) 

-q 

> 

1 

■ft 


T 

i 

T 

F 

F 

F 

T 

T 

F 

F 

T 

T 

T 

T 

F 

T 

T 

F 

F 

F 

T 

F 

F 

T 

F 

T 

F 

T 
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Show that each of the following statements is a tautology: 
(p A q) -» p Multan 2008, Faisalabad 2008, 


Truth table 

j /T 



ipvq) 


Faisalabad 2007, Lahore 2009, Sargodha 2010 


-(p-Hf) 


pvq p^y (p vq) 

f " r 7 

_r ' t 

T T 

F ! T 

Multan 2009, Rawalpindi 2009 


p 

q 

p-+q 

~{p->q) 

~(P -*<!)-> P 

T 

T 

T 

F 

T 

T 

F 

F 

T 

T 

F 

T 

T 

F 

T 

F 

F 

T 

F 

1 L_ 


~ q/\{p-+q) 


p 

q 

~q 

p->q 

~qA(p-*q) 

~ P 

T 

T 

F 

T 

F 

F 

T 

F 

T 

F 

F 

F 

f 

...J 

F 

T 

F 

T 

F 

F 

T 

T 

T 

T 


gA(/7->rf) 

T 

T 


Since all the values of ~ <y a {p - p are true. So - q a (p -» q) 

tautology. 
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4. Determine whether each of the following is a tautology, a contingency or an 

absurdity: 

L P*~ P Multan 2008, 

SOt. pA- p 


p 

~ P 

PA~ p 

T 

F 

F 

F 

I 

F 


all value of pA- p are false. So it is absurdity. 

* 

». P 0? P) 

Sol. 


P 

<7 

p 

p -> (<7 -> /?) 

T 

T 

T 

T 

T 

F 

T 

T 

s F 

T 

F 

T 

F 

F 

I 

T 


iii. ?v(~ijv/>) Multan 2010, Sargodha 2008 

Sol. 


p 

9 

~q 

~qw p 

qv(~qv p) 

T 

T 

F 

T 

T 

T 

F 

T 

T 

T 

F 

T 

F 

F 

T 

F 

F 

T 

T 

T 


Prove that p v (~ P a ~ q) v (p A q) = p v (~ P a ~ q) sargodha 2008 

5ol. Truth table 


P 

? 

- P 

~ <7 

~ pA~q 

PA? 

pv(~ pA~q) 

R.H.S 

pv(~ pA -q)v(pAq) 
L.H.S 

T 

T 

F 

F 

F 

T 

T 

T 

T 

F 

F 

T 

F 

F 

T 

T 

F 

T 

T 

F 

F 

r* 

1 

F 

F 

F 

F 

T 

T 



T 

F 

T 

. T 


Since last two columns are same. 
p v (~ pA ~ p) v (p a q) - p v (~ pA - q) proved. 
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Examples: Give logical proofs of following theorems: 

i. (Au B)’ = A' r\B' 

Sol. Its logical form Is - {p v q) pA ~ q 


v no. of variable = 2 
v no. of rows of truth table = 2 Z = 4 


~~P~^ 

9 

~ P 

~q 

pvq 

-(pvq) 

- pA -q 

T 

T 

F 

F 

T 

F 

F 

T 

F 

F 

T 

T 

F 

F 

F 

T 

T 

F 

T 

F 

F 

F 

f 

T 

T 

F 

T 

T 


v last two columns are same 
v -(pvq)=-pA~q 
=> M u B)' = A‘ n B' proved. 


II. A n (Jf w C) - (A n B) u_(/4 n C) Faisalabad 2007, 

Sol. A n (B u C) = (A n B) (A n C) 

pA(gvr) = {p/\ q) v (p a r) 
v no. of variable = 3 
y no. of rows = 2 3 =8 


■ 

H 

H 




L.H.S 

PA(tfVf) 

R.H.S 

(pAq)v(pAr) 

T 

T 

T 

T 

T 

T 

T ’ 

T 

T 

T 

F 

T 

F 

T 

T 

T 

T 

F 

T 

F 

T 

T 

T 

T 

mm 

F 

mm 

F 

F 

F 

F 

F 

L £_ 

T 

mm 

F 

T 

T 

F . 

F 

mm 

T 

mm 

F 

F 

T 

F 

F 

F 

F 

T 

F 

F 

T 

F 

F 

F 

F 

F 

F 

F 

F 

F 

r F 


*.■ last two columns ate same 
=> A n (B u C) = (v4n 13) u (*4 n C) proved. 
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11 EXERCISE 2.5 " | 


Convert the following theorems to logical form and prove them by constructing 
truth tables: 


1 . 

Sol. 


(AnB)' = A'^B' 


Faisalabad 2008 


Its logical form is ~ (p a q) =~ /)v - q 


'2' variable, so rows = 2 2 = 4 


p 

9 

~ P 

~q 

p a q 


l 

> 

1 

T 

T 

F 

F 

T 

F 

F 

T 

F 

F 

T 

F 

T 

T 

F 

T 

T 

F 

F 

T 

T 

F 

F 

T 

T 

F 

T 

T 


last two columns are same 
~ (P a q) =~ pv - q 
=> (A n B)' - A' u B' proved. 

2 . {Au B)vC = Av(BuC) 

Sol. Its logical form is (pv?)vr = /iv(</vr) 
v no. of variables = 3 


no. of rows of truth tables 2 3 = 8 


P 

<7 

r 

pvq 

q v r 

(pvq)vr 

pv(qv r) 

T 

T 

T 

1 

T 

T 

T 

T 

T 

F 

T 

T 

T 

— 

T 

T 

F 

T 

T 

T 

T 

T 

T 

F 

F 

T 

F 

T 

T 

F 

T 

T 

T 

.T 

T 

T 

F 

T 

F 

T 

T 

T 

T 

F 

F 

T 

F 

T 

T 

T 

F 

F 

F 

F 

F 

F , 

F 


v last two columns are same 

=>(pv?)vr = ji)v(?vr) 

=> (A u 5)uC = A u(B uC) proved. 
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3. (AnB)r\C = Ar\{Br^C) Federal 

Sol. Its logical form is {p a q) a r - p A (q a r) 
v no. of variables = 3 

no. of rows of truth tables 2 3 = 8 


p 

<7 

r 


q /\r 

(pAq)Ar 

pA(qAr) 

T 

T 

T 

T 

T 

T 

T 

T 

T 

F 

T 

F 

F 

F 

T 

F 

T 

F 

F 

F 

F 

T 

F 

F 

F 

F 

F 

F 

F 

T 

T 

F 

T 

F 

F 

F 

T 

F 

F 

F 

F 

F 

F 

F 

T 

F 

F 

F 

F 

F 

F 

F 

F 

F 

F 

F 


V last two columns are same 

-=> {p a q) A r - p a {q a r) 

- =>(AnB)nC = Ar\(Br\C') proved. 


4. 

Sol. 


P 


r 

pvq 

q A r 

p v r 

pw(qAr) 

{pvq)A{pvr) 

T 

T 

T 

T 

T 

T 

T 

T 

T 

T 

F 

I 

F 

T 

T 

T 

T 

F 

T 

T 

F 

T 

T 

T 

T 

F 

F 

T 

F 

T 

T 

T 

F 

T 

T 

T 

T 

T 

T 

T 

F 

T 

F 

T 

F 

F 

F 

F 

F 

F 

T 

F 

F 

T 

F 

F 

F 

F 

F 

F 

F 

F 

F 

F 


v last two columns are same 


A^J{Br\ C ) = (^u5)n(^u C) Faisalabad 2007 

Its logical form is p v (q a r) = (p v q) A (p v r) 

■/ no. of variables = 3 
*.• no. of rows = 2 3 = 8 


=> p v (g a r) - (p a q) a (p v r) 

=> ^ u (5 n C) = (/luS)n(^u C) proved. 


Binary Relation: 


Sargodha 2009 

Let A and B be two non empty sets. Then any subset of Cartesian product A x B is 
called Binary relation or simply Relation from A to B. 
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Let A = {1,2} and B = {c/,6} ; Then 
AxB = {(1,0), (1,6), (2,a), (2,6)}, Then. 
R = {(!,«), (2,6)} , is called Relation from A to B. 


Domain R 


Range R: 


Function: 


Set of 1 st element of ordered pairs in R is called Domain R. 


II. 

iii. 


Set o f 2 nd elements of ordered pairs in R is called Range R. 

Rawalpindi 2009 
Let A and B he two non empty sets, 
if 

F is relation from A to B i.e F is a subset of Ax B 
Domain F = A 

Wo two ordered pairs of F have same l sl elements. 

Then F is called a function from A to B and is written as F: A — ► B denoted y = /(x); 


Example: 


Let A = {u,b,c) ,B - {1,2,3} 

then let F is a relation A to B, such that 

AxB = {(a, 1), (a, 2), (a, 3), (6, 1), ( b , 2), (6,3), (c, L), (c, 2), (c, 3)} ; 
Now since / = {(a, I); (6, 2), (c, 2)}; 

A / 

i. f is subset of A x B 

Dorn / = A 

ii. No two ordered pairs of / have same 1 st element.' 

=> '/'Is a function from A to B. 

Lahore 2009 



Onto function 


Range of f: 


(Subjective function} a function / : A B is said to be onto function if Range / =B. 


i.e Every element of Set B is the image of some elements of set A, as shown in fig-2 

f 



t* 
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Into function: 


_ Multan 2008, 2009 

A function / : A — » B is said to be into function if Rang & 8 or Range / c: B as 

shown in fig.l 

Multan 2008 

A function / : A — > B is called ( 1 - 1 ) function if different elements of A has 
different images in B as shown in fig. 3. 

/ 



Bijective function: 


Injective function: 


(Range / = B and 1 - 1) A function f which is both one-one and onto is called 
Bijective function, 


[Range f * B and 1 - 1) A function / which is both one-one and into is called 
Injective function. 


Linear function: 


The function / {(x,^)]^ = mx + ' s called linear function. Where y = mx + c is 


straight line. 


Quadratic function 


The function /|(x,_y)|>’ = ax 2 + bx + cj is called quadratic function. 


inverse of a function 


(i). If function Is given in tabular form. Then its inverse function is obtained by 
interchanging the components of each ordered pairs, e.g. of / = {(1,2), (3, 4)}, then 

/■' ={(2,l),(4,3j} 


Identity function 


The function / = {(x, _y)| y = x j is called identity function. 


Square root function 


The function defined by the y = s/x; x > 0 is square root function. 

If a vertical line cut the graph of a relation at a single point. Then such relation is 

called function. 
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I. 

Sol. 


EXERCISE 2.6 


For A - 1 1, 2.3, 4} ,flnd the following relation in A. State the domain and range of 
each relation. Also draw the graph of each. 

{(*’'*’>1 ^ Multan 2009 

^ = { 1 , 2 . 3 , 4 } 

=> Ax A={ (1, 1), (1, 2), (1, 3), (1, 4), (2. 1), (2, 2), (2, 3), (2, 4), 

(3, 1), (3. 2). (3, 3), (3, 4), (4, 1), (4, 2)(4, 3), (4, 4)} 

According to the condition 

* = {(1,1),(2,2),(3,3),(4,4)} 

Dom. R = jl, 2,3.4} = A 
Range /? = {!. 2, 3, 4} = A 


y 


4- 

p (4.4} * 


3- 

(3.3) • 


2- 

- (2-2) • 


1- 

- U-i>» 

i i i i 


o- 

1 1 1 1 w 

12 3 4 


ii. 

Sol. 


* = {(*..V)|.l' + * = 5} 

,-.A = {1,2, 3, 4} 

A x A = {(1, 1),(1, 2X(1,3). (1. 4), (2, 1), (2, 2), (2, 3). (2, 4), 
(3,1), (3, 2), (3, 3), (3, 4), (4,1), (4, 2X4, 3), (4, 4)} 

According to the condition 

* = {(!, 4), (2, 3), (3, 2), (4,1)) 




COLLEGE MATHEMATICS^ 


72 


SET FUNCTIONS AND GROUPS 


Dom. R = {12,3,4} 
Range R = {)» 2,3,4} 


m. 


iv. 

Sol. 


4 - 

- • (1,4) 

3 - 

• (2,3) 

2- 

•(3,2) 

1" 

• (4,1) 


| i 1 1 ► 

0" 

— 1 i i 1 r 

12 3 4 


+ < 5 } 

Sol. -'.A = {1,2, 3, 4} 

(1. 1) , (1, 2), (1, 3), (M)s (2, 1), (2, 2), (2, 3), (2, 4)," 

(3. 1) , (3, 2), (3, 3), (3, 4), (4, 1), (4, 2X4, 3), (4, 4) 

According to the condition 

R = {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (3, 1)} 4 7 


Ax A -- 


4 

it 

1 


• * * 

*-Hr 


Ax A = ■ 


{U,jO|* + .v> 5 } 

:.A = { 1,2, 3, 4} 

(1,1), (i, 2), (1, ^ h (A Ufl v* l 

[(3, 1), (3, 2), (3, 3), (3, 4), (4, 1), (4, 2X4,3), (4,4) J 

According to the condition 

R~{(2, 4), (3, 3), (4, 4), (3,4), (4, 2), (4, 3)} y 

Range R = {2,3,4} 

Domain /? = {2,3,4} 4^ 


^ X 
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2 . Repeat Q.l When A = R, the set of real numbers. Which of the real lines are 
functions. 

I- = 

Sol. Ax A - Rx R = e /f} 

Orr = { (-1-1), (0,0), (1,1), { 

Here Domain = R & Range = R 

This relation is function, because any vertical line cut only at one point. 


y 



li. {<* f j,)|* + * = 5} 
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R = {(a, 1), (b, 3),<c, 5)} 

both condition are satisfied. So is a function. 

R is one - one and onto so R is bijective function also 


different element has different images so is one-one. 

Range R = B so is onto => function { 1 - 1 ) & on to i.e, bijective function 


No two ordered pairs of R have same 1 st element 
Domain R = A 

R’ is a function from A to B. 


Find the inverse of each of the following relations. Tell whether each relation and its 
inverse is a function or not: 

{(2,1), (3. 2), (4. 3), (5, 4), (6, 5)) Multan 2008, 2010, Sargodha 2011 

R - {(2,1),(3,2),(4,3),(5,4),(6,5)} 
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Since no first element is repeated in any pair of R and R' 1 . So both R and R _1 are 
functions. 


ii. {( 1, 3), (2, 5), (3, 7), (4,9), (5, 1 1)} Sargodha 2010 

sol. i? = {(1, 3), (2, 5), (3, 7), (4, 9), (5,1 1)| 

Since no first element is repeated in any pair of R and R So both R and R _I are 
functions. 


ill. |(x,^)j>' = 2jr + 3;jre A} Multan 2008, Faisalabad 2009 

Sol. R - | (jc, v )| y - 2jc + 3; x e R } It is a function. 


iv. 

Sol. 


.R-' 



x - 3 

~Y~ 


,x e R 


It is also a function. 


{(•*■> jOfy = 4ax\x > o} Fa is a la bad 2008, Sargodha 2009 

R - {(x,y)J,v J - 4ax;x > Of It is not a function because for each x > 0 there 
are two different rules of y. 


v. 

Sol. 


R~ l 



~ 4 ay ■=> y — ■ — x\x>0 
49 


It is a function. 


{(.v,y)|.t 2 +/-9,|x|<3,|>-|<3} 

R - {(*. jOp 1 +/ - 9.|.v| < 3, J vj < 3} 

R~' +X 1 = %\x\<3,\y\ <3} 

both R and R' 1 represent same circular disc. As any vertical line will cut it more than 
one point. So R and R 1 are not function. 


Unary operation 


A mathematical procedure that changes one number into an other. OR It is an 
operation which when applied on a single number to give an other number. 

e.g. \J 4 =2, Here ' V 'is Unary operation. 


Binary operation 


It is an operation which when applied on two numbers give 3 rd number. Generally 
we use symbol * " (Star) for a binary operation,. 


i-E’ r + V \ - \ and '-s- 1 are used as Binary operation in different sets of numbers. 





r 
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■ 

1 . 

ft 

Sol: 


EXERCISE 2.7 


Complete the table Indicating by a tick mark those properties which are satisfied by 
the specified set of numbers. 


Property 

Set of 
number 

Natural 

"N" 

Whole 

Integers 

"Z" 

Rational 

"Q' 

Real R 

Closure 

+ 


/ 

/ 

y 

y 



S 

y 

y 

/ 

y 


X 






Associative 

+ 

y 


/ 

y 

y 



V" 

vX 

y 

y 

y 


X 






Identity 

+ 

X 

y 

y 

/ 

y 



y 

v' 

y 


/ 


X 






Inverse 

+ 

X 

X 

y 

y 

y 


X 

X 

X 

X 

X 

X 

Commutative 

+ 

/ 

y 

y 


y 



✓ 

y 

y 

✓ 

y 


X 







2 . 

Sol 


What are the field axioms? In what respect does the field of real numbers differ 
from that of complex numbers? 

A non empty set F is called field if 
It is abelian group under '+' 

Non zero elements of F from abelian group under <* ' 

Distributive Laws held i.e. 


& 


3. 


u.(b + c) = a.b t a.c 
( b + c).c - a.c + b.c 

Also set of real no's is subfield of Set of complex numbers. 

Show that the adjoining table is that of ' X ' of elements of the set of residue 
classes of modulo 5. 


Sol 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

0 

1 

2 

3 

4 

2 

0 

2 

4 

I 

3 

3 

0 

3 

1 

4 

2 

4 

0 

4 

3 

2 

1 

e zero's in C 2 

and R : are obtained by multiplication ol 

1,2, 3, 4 with '0' 


It is a multiplication table. 

v every element is less than 5. So the table is a multiplication table of the set of 
elements residue classes modulo 5. 
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4. Prepare a table of addition of the elements of the set of residue classes modulo 4. 


+ 

0 

1 

2 

3 

0 

0 

1 

2 

3 

1 

1 

2 

3 

0 

z 

2. 

3 

0 

1 

3 

3 

0 

1 

2 


Sol Clearly {0,1- 2,3] is the set of residues classes modulo. 

We add the pair of elements as in ordinary ' + ' if answer is equal or greater 
then 4 then we subtract 4. 

5. Which of the following binary operations shown in tables (I) and (It) is commutative: 



* 

a 

b 

c 

d 

a 

a 

c 

b 

d 

b 

c 

d 

b 

a 

c 

b 

b 

a 

c 

d 

d 

a 

c 

d 


Sot In table -i * :a*b-c 

b*a-b 
^>a + b*b*a 

=? O.O. ’* ' is not commutative 
in Table - II 

a *b-b*a = c 

a * c -c* a = b 
a * d = d * a - d 
' b*c=c*b=b 
b *d = d * b - a 
c*d = d*c = c 

6. Supply the missing elements of 3"* row of the give tables, so that the B.0 '* ' may be associative. 


V 

a 

b 

c 

d 

a 

"" T ■' 

a 

b 

c 

d 

b 

& 

a 

c 

d 

c 

? 

? 

? 

? 

d 

d 

c 

c 

b 
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Sot. We want to find c*a,c *b,c*c,c*d from table 

c = d*b 

c*a = (d*b)*a 

= d*(b*a) 

- d *b = c 


c* a = c 


Again 

c - d *b 


c * c =* (d * b)* c 

A $ so dative = d * (b * c ) 

= d *c = c 


c * c = c 


Again c = d * b 
c*b={d*b)*b c*d = (d*b)*d 

= d*(b*b) v Associative = d*(b*d) 

= d * a = d - d * d - b 


c * b = d 


c* d - b 


So third row will be completed as 3”* row. 


7. What operation is represented by adjoining table? Name the identity elements of the 
relevant set, if it exits. Is the operation associative? Find the inverse of 0,1, 2, 3, If they 

exit. 



70 + 0 = 0,0 + 1 = 1,0 + 2 = 2,0 + 3 = 3 

(iii) The operation is associative 
e.g. (1 + 2) +3=1 +{2 + 3) 

3+3=l+l => 2=2 

Similarly it can be verified for any other choice of elements, 

(iv) v 1 + 3 =3 + 1=0 1 and 3 are inverse of each other. 

2+2=0 also 0+0=0 

A non empty set which is closed under given Binary Operation '* ' is called groupoid 
it is denoted as (S'*') 
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BBS 

The { is closed under addition, since 

E+E-E ' ; 0+ % = 0 

E + Q - O ; O \ 0 = E 

|£,Oj is groupoid 

Multan 2008, Faisalabad 2008, Sargodha 2010 

A non empty set is called Semi group if 

i. ft is closed under given Binary Operation 
si The Binary Operation is associative, 

The set of Natural nos N under Binary Operation ' + ' is semi group, 
i. i.e B.O ' + ' is defined in N. 

T for any three elements a , h , c f e N 
(a + b) + c - a + (b t<) 



i-e associative Law holds 


onoid 


A non empty set is called Monoid. 

i- it is closed w.r.t given Binary Operation 

if- Binary Operation V is associative 

The set has identity element w.r.t Binary Operation V 

ASSESS 

if Z' ={0,1,2, 3, } 

i Z 1 is closed w.rJ r + 1 


ti. 

Ill 



iL 

iii. 


iv. 


Binary Operation r + f is associative, 

O' is identity element w.r.t to Binary Operation ' + " 

. . Given set is Monoid. 

A non empty set G is called a group w.r.t Binary Operation f * T 
It is closed under Binary Operation f * T if 
> 9 - V C; a * b e G 

Binary Operation is associative 
V a , b s c e G ; f a * h ) * c - a * (b * c } 

G has Identity elements w.r.t 
Binary Operation 

i.e V a t G 3e £ G s.t a * e ~ e * a = a then 'e' is identity 
element w.r.t Binary Operation. 

Every element of G has an inverse in G .W.r.t Binary Operation, i.e. 
a * a = e 
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where a'eG is called inverse of a e G w.r.t Binary Operation * 


A group G under Binary Operation ' *' is called Abelian group if Binary Operation is 
commutative i.e. Va,freG; a*b=b*a 


Finite Infinite group 


A group G is said to be finite if it contains finite no. of elements. Otherwise G is an 
infinite group, 


Reversal Law of Inverse: 


Theorem. If a, b, are elements of G then show that ( a b )' 1 = b~'a 
Sol. abb 'a 1 = a{bb~ x )a' i Associative Law Faisalabad 2007, 08 Sargodha 2008,11 
-- aea 1 (Inverse Law) 

= eta’ 1 ' (Identity Law} 

=e 

b~ l a~ ] ,ab ~ b '(« [ a)b 
Also — b'eb 


- e 

=>ab and b~ ] a ‘are inverse of each other. 
Thus inverse of ab is b~'a~' 
i. e ( ab)~ l =b~ l a 1 



Federal 


If (G,*)is a group. Then there is a unique inverse f?- each element of G. 
Let (G,*)be a group and. V a e G Let d and o"are the inverse of a ■ 

Then d*a=e I if d is inverse of a. 

Also a"*a=e II if a" is inverse of a 

By Association Law in G. 


( d*a ) *a* = d* (a* a’) 

=> (e>* a’ = d*(e) use {I, II) 

a" = a' (',■ e is identity) 


Hence a', a" are same inverse of each element of a in G . 
Theorem: If (G,*)is a group with e its identity then e is unique. 

Proof. Suppose e and e' are two identities. 

Then e'*e = e *e' = e'-> l (e is identity) 

e'*e = e*e' =e-> II (e' is identity) 
Compare (I) & (II) => e = e‘ 
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EXERCISE 2.8 


1. Operation © performed on the two member set G = {0,1] is shown in the adjoining 
table. Answer the questions. 


+ 

0 

1 

0 

0 

1 

1 

1 

0 


I. Name the identity element if it exists? 

Sol. 'O' is identity element, 

ii. What is the inverse of 1? 

Sol. -,*1 + 1 = 0 {i.e identity element) 

=>lnverse of 1 is 1. 

HI. Is the set G, under the given operation a group? 

Sol. 

i. Since all the elements of table e G so B,0 " + " is dosed. 

ii. Clearly B.O is associative. 

iii. Identity element w.r.t ' + ' is ' 0 'e G. 

iv. Additive inverse of each element of G belongs to G. 

=>(G, +> is a group. 

iv. Ablelian or non-Abelian 

Sol. 

VI, Oe a 

=> 1 + 0 = 0 + 1 => 1 — 1 
=> G is commutative w.r,t '+' 

=> Group G is abelian {i.e commutative) w.r.t. '+' 


2. The Operation © as performed on the set {0, 1,2,3} is shown in the adjoining table 
show that set is an Abelian group? (Multan 2010, Faisalabad 2008, Sargodha 2009) 


Sol. 


j. 

Ii. 

iii. 


© 

0 

1 

2 

3 

0 

0 

1 

2 

3 

1 

1 

2 

3 

0 

2 

2 

3 

0 

1 

3 

3 

0 

1 

2 


Since all the element of table belongs to the set {0, 1, 2,3] . So =>is closed w.r.t '+' 

It is clear the set is associative w.r.t '+' 

'O' is the additive identity. 
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iv. Each element has inverse because 1 + 3 = 3 + I 

v. Vl,0eG = {aU3},I+0 = 0 + l = ] 

=> G is abelian. 


= 0 and 0 + 0 = 0 and 2 + 2 =0 


For each of the following sets, determine, whether or not the set forms a group with 
respect to the indicated operation. 

Set Operation 

The set of rational numbers x 

The set of rational numbers + 

The set of positive rational numbers x 

The set of integers. + 

The set of integers x 


i. 

ii. 

iii. 

iv. 

v. 


Sol. I. 


n. 

Sol 

iti. 

Sol, 

iv. 

Sol. 

V. 

Sol. 

4. 


Q= Set of rational no's, 
is not a group w.r.t "x " 

Since inverse of 0 w.r.t 'x ' does not exit 

. (£?,+) is a group. 

Set of +ve rational nos. x 

it is a group w.r.t, 'x' 

The set of integers + 

■ it is a group w.r.t. '+' 

The set of integers x 

If is not a group. Since multiplicative inverse of zero does not exist. 

Show that the adjoining table represent the sum of the elements of the set { E, 0} 


Sol. 

Answer I 


Answer 1 1 


What is the identity element of this set? Show that this set is an abelian group. 


E + E = E (even) 

E + 0 = 0 (odd); 

0 + 0 = E (even) 

Here 'E' is the identity element. 

i. Table shows that set satisfies the closure taw w.r.t. Because al 
elements of table e{£,0} 

ii. The set is associative under V 'E' (0+E)+0=0+(Q+E) 
=>0+0=0+0=>E=E 
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iii. E is identity e {£,0} 

iv. Each element has inverse (0+E=E+0-0 and E+E=Q and 0+0=0) 

v. Commutative Law holds. (0+E=E+0) 

So set {£, Oj is abelian group. 

5. Show that the set 5= when or 1 - 1 is an Abelian group w.r.t. ordinary 

multiplication. Multan 2009, Faisafabad 2008, Lahore 2009, Sargodha 2007,08 

Sol. From multiplication table. 


X 

1 

CO 

ai 1 

1 

1 

(O 

co 2 

Q) 

CO 

or 

1 

co 1 

ay 

1 

QJ 


Table shows that set shows closure law w.r.t "x" 

1 ,a},(o 2 e= S 
{\.(o).cu 2 
c o.co 2 =\.ar 

3 % 

CO = CO 

1 = 1 

^associative law of 'x' is satisfied. 
f l r is identity element w.r.t. 'x' 

Multiplicative inverse of 1 is 1 

G).a ) 2 = co 2 xo = l 

=> co and or are inverse of each other. 

Commutative law holds in the given set. (!xco = to * 1) 

S is an abelian group w.r.t 

6. If G is a group under * and a , b 6 G , find the solution of the equations: 

0) a * x = b (ii) x *a = b Faisalabad Z009 

Sol. {i} a*x = b — KO 

v a e G, so a 1 cG pre multiply (i) by a~ l 

a ' *(a*x) = a"‘ *b 

(a~ ] * a)* x - cf' *b ( Associative) 


SoL 


i. 

ii. 


in. 

iv. 
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II. 

Sol. 


7. 

Sol. 


Sol. 


iii. 


IV, 


Multan 2009, 10 


(Associative) 


e*x = a 1 *b 
x = a~ ] *b 
x*a~b Hz') 

Post Multiplying by Cl ' 

(x *«)*«'' = b *a 1 
x*( a* a ] ) = b*a' ] 
x*e=b*a~' 
x ~ b*a~ [ 

Show that the set consisting of elements of the form a + \j3b (a, b. being 
rational) Is an abelian group w.r.t addition. 

Let S in a set which contains the elements of the form a + V3 b where a, b are 
rational. 

For ci + 43 b,c+ 43 deS a,b,c\d are rational 

(ci i \f3b)+(e+\3 d)=(ci+b)+(b \ d)\!3 gS so dosed 
Association Law of V for 

a A- 43b c !■ \>3d, e + 43f e s $,( a,b,c,d,e,f e Q 
then: 

l. H .s --=[(«+ 43b) + (c + M] +(e+Sf) 

— ^ il + <■' + 4^ {b + d ) J h- (t J + 4if ) 

=(a+p+e)+43(b+d+f) ->(/) 

R.H.S 

= (a + 43b ) -1 J^(c + 43d- -i-e + 43 / ) 1 - (a + 4ib) + (c+e)+*/3(d 3 /)j 

= (a t ¥c+e)+43(b+d-\-f) ->(//) 

/ =// Hence Addition is Associative 
Va + dlbeS 3 (0 + V3(0)) as identity element w.r.t 

Foreach ( a + y3b) e S 3(-a \4 b) e S 

■v./ (a + 43b) a- (- a - 43b) - a + (-a) 1 43 (b ~.b) - 0 + v3 0 

So inverse of each element of S is in S: 

For each £7+ V3 h^C ~\~ \4d Ei S 
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a + V36 + c + = (a + c) + V3(f/ + b) ->(/) 

= (c+ a) + V3 {d + b)~ (c+ yf3d)+(ci + V 3b) 

(a + -J3b) + {c + 'jld) = (c + J3d) + (a + VJ) 

Sot, Hence S is Abelian group under addition. 

8. Determine whether (P(S), *), where ^stands for intersection is a semt group, a 
monoid or neither. If It is a monoid, specify its identity. 

Soi. Let P(S) power set of S i.e. consisting of all subsets of sand * =i '~'then for 

A, Be P{s) 

i. Since A* B ^ An Be P(s) => P(s) Is close under n 

il. Since n is always associative. 

iii. AeS AnS = Aso every setts identity element It self in P(s) UNDER * P(S) is 
monoid. 



Sol. We want to find c*a, and c*b. 


a * a = c >(/) 

Now 

c * a = {a* a)* a 

= a * (a ? a) v Associative 

= a* c 
c*a - b 

c*b = (a*a)*b 

= a *(a*b) Associative 

-a*a 
c*b = c 

10. Prove that all 2x2 non singular matrices over the real field form a non abelian 
group under multiplication. 

Sol. Let S be the set of all 2x2 Non singular matrices over R. so let 

i. AB is also matrices of same order so e S 

Multiplication is closed In S. 

11. Since Matrix multiplication Is Association. 

v (A.B).C = A(B.C)V A, B,C e S 
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SET FUNCTIONS AND GROUPS 


III. 

IV. 
SOI. 


The unit Matrix I = 


I Ol 
0 1 


e S I is the identity element is S. 


The inverse of each element of S exists in S. 


'V A = 


a b 
c d 


.-i adiA 

A 


J 

d - b 
—c a 


ad ~ be 


which eS 


AH four condition are satisfied. Hence S is a group under the multiplication 
since AB * BA 

s is not abelian group under multiplication. 
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SET FUNCTIONS AND GROUPS 


TEST YOUR SKILLS 


Marks: 50 


ii. 


Q # 1. Select the Correct Option 

i. The statement written as p iff q is denoted by 
a) b) p*+q 

c) q — > p cl) P A q 

The Tabular form of the set {jr|xe p a* < 12} is: 
a) {3,5,7,11} b} {1,2,3,5,7,11} 

{2,3,5,7,11} d) {3,5,7,9,11} 

> q be given conditional then ~ i\ — p is called 
Converse b) Inverse 

Reverse d) None of these 

A and B disjoint set then A B is equal to 
a) A b) B 

c ) <P d) U 

If a,b are elements of a group G then {ab) is equal to 


( 10 ) 


m. 


IV 


v. 


vi. 


vii. 


viii. 


IX. 


x. 


c) 

Let p 

a) 

c) 


a) 


-i L -i 


u'b 


b) v b 


c) ab d) b ' a 

If A 1 is the complement of the set A then (A n..4')equala 

a) A b) A 1 

c) U d) ip 

The Set {(fl,£>)} is called: 

a) Infinite Set b) Singleton Set 

c) Set with two elements d) ■ Empty 5et 

The numbers of all subsets of a set having three elements is : 

a) 4 b) 6 

c) 8 d) 10 

If A cr B then A - B is: 

a) At b) B 

c) (p d) A 

If A and B are two sets then AC\{A^J B)~ 

a) A b ) B 

c) <p d ) B 
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§ET FUNCTIONS AND GROUPS 
(2 X 20 = 40) 


Q#2. 

i. 

iL 


iiL 

iv. 


v* 

vi 


v\l 

vrii, 

ix. 


x, 

Q#3. 


Q# 4. 


Short Questions; 

Convert De Morgan's Laws to logical form: 

For S - {1, — 1 9 / 9 — /} write its multiplication table: 

Define Semi Group: 

Show A n B by Venn Diagram where A and B are over lapping: 

What is Proposition 

^ ^ ^ ® group with e its identity then show that e is uniciije: 

Construct truth table of (p A ~ p) q \ 

What is Tautology? 

Find the inverse of relation v={(U3),(2,5),CJ,-7),(4 f 9),(5 J l I)} 

Write power set of {+, x f 

(a) Convert ( A n B) = A u B into logical and prove by constructing the truth 
table: 

(b} If a, b are elements of a group G then show that ( ab ) 1 = b~\r' 

(a) Prove that pv(~ p A - q) v (p a q) = pv(- pA - q) 

(b) Prove logically A<j(DnC) = (Au h)n(A<jC) 
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MATRICES AND DETERMINANTS 


Matrices and Determinants 



Matrix: 


An arrangement of different elements in the form of rows and columns, within 
square brackets is called Matrix, It is always denoted by capital Alphabets, 

'l 1 


e.g A = 


3 2 




5 3 1 ~ 

1 6 8 


Order: 


Order of Matrix tells us about no of rows and no of columns. 
Order of Matrix = no of rows x no of columns. 

J 1 3' 


If A = 


1 -1 


then order of /l = 2x 3 


Row Matrix: 


A matrix having single row is called row matrix, 

e.g A~[\ 3 7 ], 5 = [1 6 3 ] 


Column Matrix: 


A matrix having single column is called Column Matrix. 



5 


e.g A- 

1 



4 


(square Matrix: 


e.g A = 


2 3l 
1 7 


, 5 = 


117 

-1 5 1 

7 4 6 


ectangular Matrix: 


The matrix in which no of rows is not equal to the no of columns is called 
Rectangular Matrix. 

r l 5 2 " 


e.g A = 


3 7 1 







1M 
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MATRIX 


Diagonal Matrix: 


Multan 2008 

A Square matrix having each of its elements equal to zero except at least one 
element in its diagonal is called diagonal matrix. 


e.g A ~ 


calar Matrix: 


A diagonal matrix having 






' 1 0 0" 

"3 0 1 


‘0 O 1 




, B- 


, c = 

0 5 0 

_° 5 - 


.0 9_ 


1 

^r 

1 

o 

o 


e.g A = 


5 0 
0 5 


B = 


same elements in its diagonal is called a Scalar matrix. 
3 0 O' 

0 3 0 
0 0 3 


Identity Matrix 


A scalar matrix having 1 as its elements in the diagonal is called an identity matrix. 


e.g A = 

SSI 




I 

0 

o' 

"1 o' 

, B = 

0 

1 

0 

0 3 


0 

0 

1_ 




A matrix in which all elements are equal to zero is called Null matrix or zero matrix. 


e.g A- 


’ 


o 

o 

o 

L 

'0 0“ 

, i# = 

0 0 0 

_° o_ 


0 0 0 



L J 


qua! Matrixes: 


Two matrixes are said to be equal if they are of same order with the same 
correspondence elements. 


e.g A - 


a h 

■ I 1 

c d 


, * = 


3 1 

4 7 


If A-B then a = 3, 6 = 1, c = 4, d -1 


Upper Triangular Matrix: 


Multan 2008, 2009 

TTaNTeiementTbeiow^ main diagonal of a square matrix are zero then it is called 
upper triangular matrix. 


e-g 


'2 

5 

6" 


"1 

0 

f 

0 

4 

3 


0 

2 

3 

_0 

0 

1 _ 


_0 

0 

4 


4 
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MATRIX 


Lower Triangular Matrix: 


Multan 2009 

li all elements above the main diagonal of a square matrix are zero then it is called 
Lower triangular matrix. 

'I 0 0“ 

e.g 


2 8 0 
_3 5 7 


\ma£ixwhi£iis either upper triangular or lower triangular is called a triangular matrix. 
^^^A^beasquarematrix if A 1 ~ A then "A" is called symmetric matrix. 


kew Symmetric Matrix: 


Let "A" be a square matrix if A' = -A then "A" is called skew symmetric matrix or 
Anti symmetric matrix . 

Sargodha 2008, 2009, Multan 2010 

Let "A" be a square matrix if (A)' ~ A then "A" is called Hermitian Matrix. 

Multan 2009 

Let "A" be a square matrix if (A)* — —A then "A" is called Skew Hermitian Matrix or 
Anti Hermitian Matrix. 

mii'.udiuj gra 

■■MyiLUAiiiAUUi 

^ non zero entry in any non zero row of an matrix is called leading entry. 

Multan 2008 

(i) First non zero element of each row should be 1. 

(ii) All elements under this 1 should be zero 

'I 0 ] [1 5 6 2] [l 0 0 

0 ,1 „ 0 10 6 , 010 

.0 0 I L o 0 0 1 0 0 1 



'0 1 

7 

e.g 

0 0 

1 


0 0 

0 

[Reduce Echelon Form:] 


First two conditions are same of echelon form 
All elements above leading entry (1) should be zero. 

”0106 

0 0 15, 01 0 Oefc 

0 0 0 0 

Federal, Faisalabad 2008 

Number of non zero rows (not all elements zero) In the echelon form of a matrix Is 
called Rank of the matrix. 


Rank: 


"I 

5 

0 

o' 

- 

0 

0 

1 

0 

1 

^0 

0 

i 

0 

1_ 




"1 

0 

0 

2 

5 

0 

1 

0 

0 

- 

_0 

0 

I 

3^ 
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MATRIX 


Example: 


Sol. 


Solve the following system of linear equations. 

3x i ~ x 2~ l Faisalabad 2008 

*, +.V, -3 

The matrix form of system is 


■3 

-1 


.r. 


] 

1 

1_ 


_ X 2 _ 


_3_ 


A 


Now |i4| - 
adjA 


X 

X 

3 -1 

1 1 


=B 

=A 1 B 


= 3 -(-!) = 3 + 1=4 


1 

-1 


1 , 1 

' 1 

r 

■— r adj A~~ 

Ml « 

-1 

3_ 


X = A~'L i 


1 

' 1 

r 

T 

1 

1+3 

1 

V 

X = - 

4 

-1 

3_ 

_3_ 

" 4 

-l + 9_ 

” 4 

.8. 



1 1 

— *s* 

H 

1 j 

= 

'4/4' 
_8 / 4 _ 




_ r 

2 _ 

11 

v * 

ii ii 



-> v ->rr-fTV<r^ 

* 

* ‘ F ^ 


EXERCISE: 3.1 


1 1 

II 

rl 

2 3' 

! 5_ 

and B = 

'1 7' 

6 4_ 

, then show that 


i. 4A-3A- A 

'2 3 

Sol. L.H.S= 4/4 - 3/4 = 4 

L'» 5 

8 12 
4 20 

2 3 

1 5 

II. = 


-3 


2 3l 

l 5 



"6 

9’ 


8-6 

12-9' 

( 

* 

.3 

15 


4-3 

L 

20-5. 


- A~ R.H.S. 
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MATRIX 


Sol. 


2 . 


Sol. 


Sol. 


it. 


Sol. 


L.H.S= 35-3.4=3 


i i 
6 4 


-3 


" 3 

21" 


~6 

9 ' 


18 

12 


3 

15_ 



2 3 

1 5 J 
t 

18-3 


6 

21-9 " 


‘-3 

12" 

3 

Eo 

1 

ui 

L. _ 


15 

— 3_ 


R.H.S. =3(5-^) =3 


"1 

T 


'2 

3' 

6 

4j 


1 

5_ 


If A = 


= 3 

i 

1 


1-2 7-3 

6-1 4-5 

Ol 


= 3 


-1 4 
5 -I 


-3 12' 

15 -3 


=> L.H.S = R.H.S 


- 1 


, Show that A 4 — / 2 Note i read as iota i — sf~. 1 i 2 — - ] 


A 2 - A x A - 
A 4 = A 2 x A 2 = 


i 

0 “ 

r * 

i 

0 " 


1 

-i 

] 

-d 



0-0" 


"-1 0" 

0 + /-J 


_ 0 '5. 


Multan 2008, 2009, Sargodha 2009, Faisalabad 2008, Lahore 2009 

t 

- 

"-1 0 ] f -1 O ' 

0 “ J j X . 0 “1. 

"1 + 0 0 + 0 " 

1 0 + 0 0 + 1 

1 o' 


3. Find x and y if. 


0 


1 


.x + 3 1 


“ 2 1 

-3 3y~4 


-3 2 

=> x + 3 = 2 


=$■ x — 2 - 

and 3y- 4 = 2 

! 

3 y 

"jc + 3 1 


'y i 

-3 3y~ 4j 


-3 2x 


^ ^ 2 * Hence proved 


Sargodha 2011 


x — -1 


y = 2 


Sargodha 2008 


->/ 


jc + 3 = >> 

3^ - 4 - 2.v 

=> 2*-3,y + 4 = 0 >11 

Put I in II 

2jc - 3(.t + 3) + 4 = 0 => 2x 3a - 9 + 4 ~ 0 — x — 5 = 0 => x - -5 
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MATRIX 


Sol. 


Or 


Put value of x in I. 
x + 3 = >’=$■ -5 + 3 = v 

If A 

4A -3B 

4A-3B = 4 


2 = y=> 


-2 


'-1 

2 

3' 

and B ~ 

r 0 

3 2 

1 

0 

2_ 


_1 

-1 2 


, find the following matrixes. 


Multan 2007 



'-1 

2 

3' 



'0 


3 

2' 




: 4 





-3 








1 

0 

2 



1 


-1 

2j 





4 

8 

12' 


'0 


9 

6’ 


! 

4 ^ 

1 

O 

8-9 

12-6' 


4 

0 

8 _ 


_3 


3 

6_ 


_ 4-3 

0 + 3 

SO 

\ 

CO 

'-4 

-1 

6' 











.1 

A + 3(B-A) 

A + 3(i? - A) = 


'-1 

2 

3“ 

/ 

+ 3 

"0 

3 

2" 


"-1 

2 

3 1 ' 

1 

0 

2 _ 

\ 

1 

-1 

2 

_ 


1 

0 

2 i 


"-1 

2 3l 

+ 3 

'0 + 1 3-2 

_ 1 

1 

■CN 

O 

1-1 -1-0 

'-1 

2 3' 


r l 1 -1' 

_ 1 

0 . 2 _ 

+ 3 

0 -1 0_ 


2-3' 

2-2 


-1 

1 


Find x and y if 


2 

1 

2 

1 


5 

-3 

0 

y 


2 

0 

O' 

2 _ 

Jr 

3 


+ 2 


3 

-3 


* y 

2 -lj 


-3 

0 


-1+3 2+3 

1+0 0-3 


3-3 
2 + 0 


1 


-2 

6 


'2 0 
.1 >- 

X 

+ 2 

1 x 

y 


"4 

-2 : 

3^ 


0 2 - 

l 

-J 


J 

6 1 

'2 0 

X 


'2 2x 

2v 


"4 -2 



+ 




— 


J ^ 

3 


0 4 

— 

2 _ 


_1 6 

"2 + 2 

0 + 2x 

x + 2y 


'4 


■2 3' 

1 + 0 

y + 4 

3-2 


\ 


6 1. 
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Or 


6 . 


'4 ' 2x ; 

x+2,y 


jc y + 4 

3-2 



4 - 2- 3 
I . 6 1 

=>2x = —2 .==» Ijy _=•— ll A- >>+4 = 6 => >’ = 6 4 g»- j ~y- = % 

A = [ a ^]^ 3 Show that: ' 

X(pA) = (X/j)A 





0,, 

fl l2 

«i3 

Sol Xe/ 


% 

°22 

a 23 





% 

a 33. 



r 

a u 

°12 • 

% 

X.X7.S = X(//^)= 


JU 

«2I 

^22 

a 23 



l 

a 3J 

«32 

%3 


V 



Mi 

^«12 

/^13 


Xpa u 

Xfta n 

Xpa iy 

-A 

^° 2 . 

/*»22 


= 

Xm 2] 

Xpa n 

XWn 


■ A"!! 

^%2 



Xfict^ 

Xfia^ 

Apa* 3. 


=<#0 


a, 


a 


ti 


a 


31 


ii. 


Sol 


{X + fi}A — XA + fiA 


«12 

«n 


<*22 

<*23 

= lXft)A = l 

a 32 

<*33 _ 

/ 


«tl 


■ + ft} 

«n. 

^22 ^23 


> 

**32 %3 _ 

(X + fi)a n 

(* + /*)% 

(X + pia# 


(X + /r)a„ 

(A + ^> a 3J 


(X + fj)a^ 

X(f x | + yia u Xa n + jia u Xa n + fua {i 

^ + Ao 22 + fta n Xa n + /ra IS 

7^31 1^32 ^ a i3 + flQ^ - 
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lit. 

Sol 



Mi 

Mi 

Mi 


Kn 

Mi 

Mi , 

= 

Mi 

M> 

A fl 23 



/"V 

^«2J 


Mi 

M 

Mi _ 



^32 



<*n 

a, 2 

% 



Pn 

Ojj 

<hl 

,®22 

^23 

+ /U 

*21 

^03 

°23 

_a 31 

a J2 



%1 

% 

o»._ 


= A 


AA-A = (A-l)A 
IM&XA-A 




* 


r 

■«» 


*13 


a 

ii 

0 I2 

a n 

■X£ 

A 

*21 

*22 

®23 


*21 

a n 

*23 




*32 

*33 v 


L fl 

31 

*32 

1 


Mi 

Ao, a 

M 3 


*[t 

% 

O, 

- 

Mi 


AOjj 

— j 

% 

*22 

a, 


Mi . 

Aa J2 

A*n. 


_*31 

*32 

*3 


Ao,, -o n 

Mi~ a il 

Adj, “0 31 

CA-1M, 
(A-IH, 
(A -IK, 


*12 

^22 

^32 


=(A-1) 


0,1 


*%2 


*22 


“*I2 

A* 13 


~ *22 

AOji 

~ *23 

“«32 

Afljj 

“Ojj 

■1)0,2 

(A-lKj 


(A- 


1)o 32 

(A- 

*)«33 

*13 



*23 

= (A“ 

\)A = 





7. ^=[o ff and if = [* ? a show that A(^4 + B) = XA+XB. 


Let 
A = 




"«ll 

0,2 0, 3 ' 


» = 



■VI 

1 

£ 

*22 *23, 

) 

JL* — 

_^21 

hi 

f 


Sol. 
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L.H.S = 


8 . 

Sol. 


9. 

Sol. 



rr 


X(A + B) = X 


a. 




a 


to 


a 


'22 


*\i 


■*23 _ 


”\i 

Ai 


u n 


"23 J 


= X 


i b u 


\_ a 2\ + b 2i °22 + b tt a 23 "*■ ^23 J 

Xa ]2 +Xh l2 Aa| 3 +^ 3 


Xa u Xa u Xa n 




= x 


[Ao^j+AAj, A&22+A&22 A&n+A&gj L^21 ^°23j -L^5zi ^2 

= + XB — &/f*5 


" j 



% 

%" 

+ X 

6,, 


ba~ 

_0h 

a 22 

**23. 

b i\ 

b n 

b 23 _ 


~t: 

-t i] 


and .4 1 = 


& A 2 = 


0 0 
0 0 

0 0 
0 0 


Now/1 2 = Ax A == 

(Compare I and II) 
=> I + 2a = 0 & 


find the values of a and b. 

>7 Faisaldbad 2007, Lahore 2009 

— >// 


'] 2" 

'l 

% 


'1+2 a 

2 + 26 ' 

a 6_ 

a 

b 


+ 

$S 

1 

2a + 6\ 


1 + 2i? 2 4* 26 ; 


'0 0“ 

a±ab 2a + b 2 


° 0. 


2 + 26^0 


a = —1/ 2 => 2b - — 2 =* 6 — — l 


If >4 = * M and /4 5 = j find the values of a and b. 

L« *J Lo ij 

•f. ‘a * tl 


A = \~ 'I & ^l 2 = 
.4 2 = A x 4 = 

(Compare I and II) 


l -1 
a b 


1 -1 
a b 
I - a -1-6 
a + a6 -a + 6 2 


>/ Multan 2008 

1-a -1-6 

a-¥ab -i» + 6 3 

1 9' 

0 1 


11 


1 -1 
0 3 


a = 0 

& 

II 

O 

II 

-d 

1 

1 

2" 

and B = 

2 3 

O' 

1 

1 2 

-r 


6 = ~1 


then show that ( A + B )* -A' + B 1 


10 . 


IM = 


& 
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Sol. 


Sol. 


A = 


i -l 

0 3 




2 3 
1 2 


Multan 2010, Sargodha 2008 



_ . ( 

"1 

-1 

2 


'2 3 


0" 

/ 

\ 


L.H.S M + SV = 

0 


1_ 

+ 

[l 2 


-L. 





3 



i 


' 

fl + 2 -1 + 3 

2 + 0' 

/ 

’3 

2 

2" 

r 

’3 

r 

=L 








— 

2 

5 


0+1 3+2 

1 - 1 _ 


1 

5 

0_ 





u 








_2 

0_ 


R,H,S= A* + B' = 


1 -! 

0 3 


'2 3 

1 2 


1 

0' 


'2 

f 


1 + 2 

0 + f 


'3 

r 

-1 

3 

+ 

3 

2 

- 

-1+3 

3 + 2 

- 

2 

' 5 

2 

1_ 


_0 

-1J 


2 + 0 

l-li 


2 

0_ 


=>L.H.S = R.H.S 


11. Find A 3 if A = 


A = 


1 

5 


1 1 3 

5 2 6 

-2 -i -3 

3 


-2 -1 -3 


A 1 = Ax A = 


" 1 

1 

3" 

1 

1 

3" 

5 

2 

6; 

5 

2 

6 

-2 

-1 

-3 _ 

-2 

-1 

-3_ 



r 1+5-6 

1 + 2-3 

3 + 6-9 



" 0 0 0' 

- 

5 + 10-12 5 + 4-6 

15 + 12-18 

= 

3 3 9 


-2 -5 + 6 

-2-2+3 

-6-6 + 9 _ 


-1 -1 -3_ 



'00 o' 

"11 3' 



A~ 

1 = A l xA = 

3 3 9 

5 2 6 





-1 -1 -3 _ 

-2 -1 -3 _ 
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I . 

Sol. 


H. 


Sol. 


■ 0 + 0+0 

0 + 0 + 0 

0 + 0 + 0 ’ 


" 0 

0 

0 ’ 

3 + 15-18 

3 + 6-9 

9 + 18-27 


0 

0 

0 

-1 +5 + 6 

- 1 - 2+3 

- 3 - 6+9 


0 

0 

0 


= o . 


■ 5 

i 



3 

i 

i 


12 3 


Find the matrix X if; 

X = 

X A- B 
=+ X - BA ' 
5 2: 

-2 1 
1 -2 
2 5 


Multan Z008 


->/ 


Now |^t~ 
adj A - 


,A ' = 


- 5 - (-4) - 5 + 4- 9?t0 
adj A 1 


w 


1 -2 
2 5 


& 

1 

J ! 

-i 

5 " 

1 

"1 

—2 


_ I 2 

3 _ 

9 

_ 2 

5 ^ 


'- 1+10 

2 + 25 ' 

_ 1 

'9 

27 ' 


j 3 " 

12 + 6 

— 24 + 1 5 _ 

~ 9 

18 

L 

-9 


2 -1 


A = 


9 


5 2 
-2 1 

^ 3f = B 
^>X = ^"'5 
5 2 

-2 1 


2 1 
5 10 

>/ 


Ml* 

adj .,4 — 


= 5 - (- 4 ) = 5 + 4 = 9*0 


A~ ] = 


1 -2 
2 5 

adj A 1 


1 -2 
2 5 


1 

'1 

-2 

'2 

1 

9 

J 

2 

_ 

5 _ 

_ 5 

10 


9 


' 2-10 

1 

O 

i 

_ 1 

-8 

-19 


'- 8/9 

- 19 / 9 ' 

_4 + 25 

2 + 50 _ 

9 

29 

52 _ 


_ 29/9 

52 / 9 _ 


MATRIX 
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MATRIX 


13. Find the matrix A if; 


Sol. 


5 

-l" 


'3 

-7" 

0 

(1 

A = 

0 

0 

3 

1 


_7 

2_ 


Sol. Suppose 


A = 


b 

d 


then 


'5 

-1" 

r . h 


"3 -7' 

0 

0 

c/ 6 


0 0 

3 

1 

_c d_ 


_7 2_ 

ut 1 r 
£ 

1 

n 

L 

5b -d " 


"3 -7" 

0 + 0 

0 + 0 

- 

0 0 

3a + c 

36 + rf 


1 2 

=> 5a - c 

<3 

rn 

II 

5b-d --1 


^>3a+c = l & 3b + d = 2 
Solve above equations 
5a- / =3 ~>I 

■3 a + / = 7 -*// 


5b- / = 7 
3 b + / = 2 


-A III 
—> IV 


8a 


= 10 


86 


= -5 


a = 5/4 


b = - 5/8 


/becomeS — 1-c = 3^>c = — -3=> 
v 4 J 4 


c — ■ 


13 


III become 5 
Hence A = 


f — \-d = -l =>£/= — + 7 

8 J 8 


rf-3i 

8 


5/4 

13/4 


-5/8 

31/8 


2 -1 
-1 2 

if . ^ = C 


/I = 


ft -3 8 

3 3 -7 

>A = B~'C 


>/ 




COLLEGE MATHEMATICS-! 


MATRIX 




adj ' B = 


2 -1 
-1 2 

“2 1 

1 2 


= (2X2)-(-1X-1) = 4-1=3*0 


{I become) A = B l C = - 


_ adjB _ 1 

'2 r 


1 

B\ 3 

1 2 


_I 

'2 f 

ro 

3 Si 

3 

1 2 

3 3-7 


_1 

'0+3 

—6+3 

4_ 

16-7" 

l_ 

,_1 

'3 

-3 

_i 

9' 


'1 

-1 3" 

”3 

0+6 

-3+6 

8— 14_ 

”3 

6 

3 

-6_ 

33 

,2 

1 -2_ 




r cos# 

0 

-sin# 

cos# 0 sin# 

14. 

Show that 

0 

r 

0 

0 1 0 



rsin# 

0 

cos# 

— rsin# 0 rcos# 


= rl, Faisalabad 2008 



rcos# 

0 

-sin# 

cos# 

0 

sin# ’ 

Sol. L.KS= 

0 

- r 

0 

0 

1 

0 


rsin# 

0 

cos# 

-rsin 

#0 

rcos# 


rcos 2 #+0+r sin 2 # Q+0+0 

0 + 0+0 - 0+r + 0 

rsin#cos#+0-rsin#cos# 0+0+0 
r(cos 2 # + rsin 2 #) 

0 


0 


0 

r 

0 


r cos # sin # + 0 - r cos #sin # 
0+0+0 

rsin 2 #+0+r cos 2 # 

0 
0 

r(sin 2 #+rcos 2 #) 


r 0 

0* 


’i 

0. 

o' 

0 m 

0 

= r 

0 

I 

0 

0 0 

r 


0 

0 

1_ 


= r/ 3 
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EXERCISE: 3.2 


Sol. 


Sol. 


ii. 


Sol. 


If A ” [ a y ] 3M *then show that (i) I } A ~ A (ii) AI 4 = A 


a, 


a 


'31 


then A - 
I y 4 = A 
L.H.S - I 3 A = 


<3j , +0 + 0 

0 + a 2| +0 


% 

^13 a u 


'10 0 

a 22 

a 2 3 ^24 

&/j 

0 1 0 

a i2 

a te _ 


0 0 1 

' 1 
o 
o 

1 

Q l j £2 ]2 

«J3 

1 

0 1 0 

®2l ^22 


a 2t 

0 0 1 
_ _ 

_ a 3l a 32 

<hl 

0,4 _ 


< 3 p +0 + 0 
0+ rt, 2 + 0 


fl, 3 + 0 + 0 tf,.,+0 + 0 


0 + ctj-j, + 0 


0 + a 2A + 0 


0 + 0 + t/j! 0 + 0 + CJ,, 


0 + 0 + <7 ?3 0 + 0 + a 3 „ 




On 


a \A 




a 2i 

O 22 

O 23 

O 24 

— A Hence Pr oved 

n 



a n 

On 

1 

cT 




AI a = A 


ai 4 = 


a-. 




_ 

1 

0 

0 

*12 

0 13 

Oy 4 

0 

1 

0 

a n 

°23 

O J4 

0 

0 

1 

0,2 


«34-_ 

0 

0 

0 


a u + 0+0 + 0 
a 2] + 0 + 0+0 
^31 +0 + 0 + 0 


0 + <3p + 0+0 

0 + q^2 +0 + 0 
0 + a i2 + 0 + 0 


0 + 0 + tfp -*-0 + 0 
0 + 0 + <?., + 0 
0 + 0 + f&y + 0 


MATRIX 


0 + 0 + 0 + CJ, 
0 + 0 + 0 + c7- 
0 + 0 + 0 + u 


3*1 J 



o u 

«i 3 

^13 

-^14 



— 

o 2 1 

^22 

«23 

^34 

= ^ Hence 

Al 4 = A 


_«ji 


«33 

<v 




Find the inverse of the following matrices: 
3 - 1 " 

Multan 2010 
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MATRIX 


Sol. 


il. 


Sol. 


in. 


Sol. 


I. 

Sol. 


A = 
adj A - 


3 ~1 

2 1 

“ 1 


13 -1 

:2 1 


-2 3" 

-4 5_ 

Let A = 

adj A = 

2i / 
i - i 

Let A - 


-2 


-2 

-4 


then |4j = 

So A'' = 


- 3 - (-2) =3+ 2 -5*0 


Ml 


1 

' 1 

r 


5 

_-2 

3^ 



1/5 1/5' 

-2/5 3/5 


then | .4j - 


-2 3 

-4 5 


= -10 - (- 12 ) - 10 + 12 - 2 * 0 


" 5 -3" 

S„A^t fjA 

'5 -3" 

= 

5/2 -3/2' 

_4 -2. 

Ml 2 

4 -2_ 


2 -1 


2i 


i -i 


Multan 2009 

then |j4j - 


12/ i 
i —i 


- ~2i 2 - i 2 - —3/ 2 - -3(- 1) = 3 



L_ A 

+ / 

1- 

— / i 


-/ / 3 (73" 

adj A = 

-/ 2/ _ 

me« ^ =■ , , = — 

Ml 3 

-/ 2/ 


-/./3 2//3 


3. Solve the following system of linear equations. 


2Xy - 3x 2 = 5 
5x, + x 2 =4 
In matrix form 

‘2 -3" 


. 113 5 

X = A'B = — 

17 [-5 2 J |_4 

_ i r 5+i2i_j_r i7 _ 

X ~]i -25 + 8 ”17 -17 


5 1 

* 2 


_4^ 


l_ 

II 


>1 


L, 

l] 


L_ * _ 



n _ A/ = 






A" 


A' 1 

J3 / 

_-l_ 


3_ 


-1 


Mh 


2 -3 
5 1 


• A',= 1 & X 2 = -1 


= 2- (-15) = 2 + 15-17*0 
' 1 3' 

-5 2 


adj A = 


, adj A _ \_ 
“ Ml *17 


1 



COLLEGE MATHEMMSJ 


ii. 

Sot. 


4 . 


4x, +3x s «5 
3*,-^ =7 
In matrix form 


-X| 


" 2 

3- 




matrix 

= 2|Jp2 ~ I 


1 

■Ch 

3' 



5 

L3. 

-1_ 

1 

1 


1_ 


A X = B=>X = A-'B 

Ml= 

aeff A = 


Hi. 

Sot. 


3*-5^-l 
~tx+y s-3 
In matrix form 


4 3 


"3 -5* 

X 


* f 

3 -lj 

= -4-:9=-13^0 

-2 I _ 

y. 


~3_ 


-1 -3' 

-3 4 

.-i _ ad} A 1. pi 

\4 ~ -13. [-3 
Now X = A~ 1 B 


-3 

4 


1: 


= 3-10 = -7 0 


A X = B=>X = A-'B 
3 -5 
-2 

"1 
2 


Ml= 

adj A = 


a-=-L 

’-1 -3 

'5* 

^ 1 

“l 5' 

-13 

-3 4_ 

7 

1- J 

Ml “ -71 

2 3_ 


13 




-1 

13 


-5-21 1 
-15+28 
-26 
13 


X~' 


I become 
_t_ 

-7 
x 


’1 5' 

r>' 

_ i 

1-15 

2 3^ 

a 

7 
1 

17 

i 

2 - 9 


X = 


HA 


A-B 


L-lj 


M 

x -2 


-7 


-14 

-7 

& 


UJ 
^ = 1 


1 

b* 

1 

i 


’2 1 - l ' 


h * 

1 

1 

3 2 5 


1 3 4 

and C * 

-1 2 o 

[-1 0 4 . 


-1 2 1 . 


3 4-1 


then find 



1 -> 

2“ 


2 

1 

-r 

Set. A — B * 

3 

2 

5 

- 

I . 3 

4 


.-1 

0 

4 



2 

l 


1-2 

-1- 

1 

2+l1 

r-i 


3-1 2-3 5-4 

- 1 + 1 . 0-2 4-1 


2 

0 


-2 

-1 

-2 



cm LEGE MATHEMATICS-1 


MATRIX 


r 2 1 -1] r 1 -1 2' 

Sol. B-A= 1 3 4 - 3 2 5 
-1 2 lj [-1 0 4_ 

2-1 1 + 1 -1-2] [" 1 2 -3 

= 1-3 3-2 4-5 = -2 1 -1 

-1+1 2-0 1-4 0 2 -3 





' 1-2 -1-1 2 + 1] 1 3 -2* 

3-1 2-3 5-4 - -1 2 0 

-1 + 1 0-2 4-1 3 4 -1 

_ -4 L_ 



'-1-1 -2-3 3 + 2] [-2 -5 5" 

- 2 + 1 -1-2 1-2 -3-3 1 

0-3 -2-4 3 + l_ -3 -6 4 


A-(JS-C) 



'1-1 2 ] r 2-1 1-3 -1 + 2 ~ 

3 2 5 -1 + 1 3-2 4-0 

-1 0 4 -1-3 2-4 1+1 _ 




COLLEGE MATHEMATICS-! 


MATRIX 



’ 1-1 

-1+2 

2-1" 


'0 

i C 

- 

3-2 

2-1 

5-4 

- 

1 

i * i 


-1+4 

0 + 2 

4-2_ 


is 

u 

2 2_ 


s. 

I. 

Sol. 


If A* 


i 21 
l -i 

(AB)C = A(8C) 


B = 


-/ 1 
V i 


and C - 


2 / 

rl 


-1 


then find 


Multan 2007 


LH.S =(AB)C- 


r i 2 / 

■- 

/ r 

[ 2 / 

-r 


2 


L. 


i / 2 /+ 2 / i l 

' 2 / 

-i 


2 , 1-/ 3 

J 


/_ 



R.H.S =A{BC) = 


r i-2i 2 
-C-D+4(-l) /+2(-l) 
-/-2(-l) l-(-l) 

-6/-/ ? + 2/ 3+/\-2/ 

-2i 2 + 4/ -2/ / - 2 + 2/ 
1-4/ 2-2/ 

2 + 2 / ’ 3/ -2 
/ 


2i 

-/ 


-1 
/ ■ 


-3 

-/+ 2 


;-6/-(-i)+2/ 

-2(~I)+4/-2/ 


2 /] 

n 

“ 2 / -it 

-/J 



t%> 

'I 


j-2 

2 


2 / -1 
-/ / 


,3+.(-l)-2/ 

3i-2 


2/ 

-/ 


- 2; 2 -/ ' ./+/ 
4/ 2 -/ 2 — 2/ +/ 2 



’/ 2/' 

-2(-l)-/ 2/ 


.1 

_4(— 1) — (— 1) -2/+(-l)_ 


II. 

Sol. 


/ 2/ 

"2-/ 

2/ 


2/-/" -6/ 

K> 

i-j 

1 

PH, 

tJ 

. 1 
K> 
1 

1 -/ 

_-3 

- 2/ - 1 j 


2-7+37 

2/ + 2/’ 4“ i 


-4/-(-l) 

— 27“ — 27 


'1-4/ 

-2(-l)-2/ 

2+2/ 

3/ + 2(-l)_ 


2+2/ 

3/ -2 


• 1-4/ 2-2/ 

' [2 + 2/ 37-2 

(A + B)C = AC+BC 


Hence LH.S= R.HS 


L.H.S 




T/ 2 f 


-/ r 

[2/ -f 



2/ /_ 

H ■■ f ’- 



COLLEGE MATHEMATICS-1 


MATRIX 


6 . 

i. 


sol. 


II. 


111 . 


/.— / 2 / + 1 

1 + 2 / -/ + /■ 

r « ■ 


2 / -1 
-/ / 
0 +/ + 2/ 3 
2/ + 4/--0 -1-2/+0 

2-i —2+/ 

2/ -4 -1-2/ 


0 -/- 2 / 

i .■> 





r 

r 

0 1 + 2/ 

"2 i -f 


1+2/ 0 

— / / 


~-/-2(-l) 

i+2(-if 


2/ + 4(-l) , 

-1-2/ _ 



i 2 i 

'll -l 


r -/ f 

" 2 / -r 

-AC+BC = 



[2/ / 



_! -/ 

-/ « / 


-1 1 


2i~ -2/ 2 
2/+/ 3 
0 

2/-.1 
0 

2/ — i 

‘2-i 

2/ -4 


— / + 2/~ 
- l -/ 3 
-i+2(-l) 

-1 + 1 
-/-2 
0 

i- 2 
- 1-2 1 


- 2 / 2 -/ 
4/ 3 -/ 2 
-2(-l)-i 


/+/ 

* 2/ + i 3 _ 
2 / 


4(-l)-(-l) -2/+H) 

2—/ 2/ 04 2—i 

— 2i — 1 J ~ [_2/ — 1 — 3 

Hence LH.S = R.H.S 


— / — 2 + 2 / 
0 - 2/ -1 


If A and B are square matrices of the same order, then explain why in general; 
(A + Bf *A 2 + IAB + B l Faisalabad 2007 

l JI.S = (A+ Bf =(A + BXA + B) 

, =A 2 +AB + BA + B 2 


i Since A B * BA in general so A B+ BA * 2 AB 
Hence {A + Bf * A 1 - 2/15 + 5 2 
(/4-5) 1 >v4 , -2/45+5 2 

/..//.S = (/}- Bf =(A -B%A -B) = A 2 - AB- BA + B 2 
Since AB * BA in general so, - ^5 -BA* —2AB 
Hence(A — Bf * A 1 —2AB + B 2 
(A + B)(A — Bj* A 2 — B 2 Rawalpindi 2009 
LHS ^(A + B)(A-B) = A 2 -AB- BA + B 2 
Since AB * BA in general so 
{A + B)(A-8)*A 2 -B Z 
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matrix 


Sol. 


If A* 


A = 


2-130 
1 0 4-2 

-3 5 2 -1 


then find AA* and A* A, 


2 

1 

-3 


AA‘* 


-I 

0 

■S 

-1 

0 


3 0 

4 -2 

2 -l 

3 

4 



' 2 

1 

-3 


-r 

0 

5 


3 

4 

‘ 2 

t 

0 

-2 

-1 } 


-3 5 2 -1 


][ 2 

1 

-3 

-1 

0 

5 . 

3 

4 

2 ' 

\ 0 

-2 

-1 



"4 + 1 + 9+0 

2-0+12+-0 

-6-5+6-0 ' 


"14 

14 

-5" 

- 

2-0+12-0 

1+0 + 16+4 

— 3 + 0 + 8 + 2 

= 

14 

21 

7 

* 

-6-5+6-0 

—3 +0+8 + 2 

9 + 25 + 4+1 j 


-5 

7 

39_ 


Now A 1 A = 


2 

-1 

3 

0 


1 

0 

4 


-3 

5 

2 


-2 -1 


r 2 

-1 

3 

0" 

i 

0 

4 

-2 

[-3 

_ 

5 

2 

-1_ 


' 4+1+9 

-2+0-15 

6+4-6 

0-2+3 ' 


"14 -17 

4 

1 1 

-2+0-15 

1 +Q+25 

-3+0+10 

0+0-5 


-17 J26 

7 -5 

6+4-6 

-3+0+10 

9+16+4 

0-8-2 


4 

7 

29 -10 

. 0-2+.3 

0-0-5 

0-8-2 

0+4+1 J 


1 

-5. 

-10 



3X-2A = B if A = 


2 3 -2 

-11 5 


andB = 


Sol. 


3X-2 A±B- =>3X=2A + B 

2 3-2 
-I' 1 5 


1 If 

X = -(2A + B) = - 2 
3 3 


2-3 1 

5 4-1 


-3 1 

4 -1 


3 


T 4 

6 -4" 

+ 

‘2 

-3. 

r 

Lli 

4 + 2 6-3 -4+1" 

I- 2 

2 10 


> 

4 

-i 

J 3' 

-2 + 5 2 + 4 10-1 



COLLEGE MATHEMATICS-1 


MATRIX 


ii. 


9. 

I. 

Sol. 


^ 1 

'6 3 -3" 


*3 1 -1* 

= 3 

_3 6 9 


1 2 3. 


2X - 3A = B if A- 


1 -1 
-2 4 


andB = 


I 


3 -1 0 

4 2 1 


2X -3A= B =$2X=3A + BttX = -(3A + B) 

2 

5 

6 



"I 

*3 

-1 

op 

+ 

4 

2 



*3 

-1 

°T 

+ 

4 

2 

d 

1 

6+0] 

1T6 


JT- 


12 15 


—6 + 4 12 + 2 15+ 1 
3 -2 3 * 1 . 


1 6] 

.-2 14 16 


.-I 7 8J. . 

Solve the following matrix equations for A: 


A- 


A = 


4= 


■ 2 3* 


"-1 

-4 

_-l -2 . 


3 



2 3 

-1 -2 


2-1 3-4 

-1 + 3 -2 + 6 


-1 -4 

3 6 

"4 


A = 


A = B~'C- 


B A=C 

, \B\^ 


-1 


4 3 
2 2 


= 8 — 6 = 2*0 


A = ~ 


2 

A-± 

2 


' 2 -3 
-2 4 


1 1 

2' 


udj B = 


2 -3 
-2- 4 


2-6 

-2-12 

B -i _ ddj B 

2 -31 

-2+8 ' 

2 + 16 

|Zf| 2 

1 

7 


-4 

6 


14 

18 


A = 


-2 -7 

3 . 9 
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MATRIX 


Sol. 


A 


3 1 

4 2 

3 1 

4 2 

3 1 

4 2 


-1 2 
3 1 

'-1 2 ' 

3 1 


+ 


2 0 
-15 

2 ■ 0 
-1 5 


i r ■ 


-1 + 2 2 + 0' 

A 

r 3 r 


n 

o' 

3-1 l+5_ 


_ 4 2^ 


2 

6_ 


Now 


£ = 


3 1 

4 2 


= 6-4 = 2 * 0 


/12J = C 
.4=cr‘ 


adj B = 

i 

^ = C5' 1 


'2 -f 


'2 -1" 

-4 3_ 

2 

_-4 3_ 


'1 2' 

l 

'2 -f 

_ 1 

'2-8 

-1 + 6 

2 6 

- _ 

2 

-4 3_ 

”2 

^4-24 

-2 + 18 


x-i 

2 


-6 5 

-20 16 


A = 


'-3 5/2 

-10 8 


Example: 


A = 


Sol, 


Find the cofactors A liJ A llt & A 32 if 
1 -2 3 

-2 3 1 

4-3 2 

-2 1 
4 2 

ll 3 


+ =(-!) 


1+2 


also find j^J 

= (— l) 3 [ — 4 — 4j =-l(-8) =|s] Ans 


4i=c-r 2 

4,=(- o m 


= (-I) j [2 - 12] = K-10) - pfol Am 

=.{-l) ; [l + 6] = (-i)(7) = Ez] Am 


|4 2 

1 3 

-2 1 

and |/f| 4" ct 3 ^A 3 -, 

= (-2)(8) + (3)(-10) + (-3)(-7) 
= -16-30 + 21 =-25 Ans 
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MATRIX 


Important Question: Write any two properties of determinants. 

Sol. Property 1. If a square matrix A has two identical rows or two identical columns 
then | A\ - 0 

Property 2: If all the entries of a row (or a column) of a square matrix. A are zero, then 

Mb 0 

Proof 2: Prove that If all entries of any row (column) of a square matrix are zero; 

then value of determinants is zero. 

'0 0 0 


Sol. 


Let A = 


“31 


a. 


a 


■32 


'*23 





0 

0 

0 














&21 “23 


a 2] 

@11 

+ 0 

a u 

“22 

lj „ 

@2 1 

@22 

^23 

-0 

-0 









u v a 33 


a 3i 

“n 


“31 

“32 


“31 

a n 

«33 








- 0 - 0 + 0 =0 


Proof 1: Prove that If any two rows (column) of a determinant are identical then 

value of determinant is zero. Multan 2009, Lahore 2009 

.a b c 


Sol. 


Let A — 


A \ = 


a h c 
a y z 
h c 


a 

a b c 
a y z 


= a 


b c 

y ? 


-b 


a c 

a z 


4" c 


a b 
a y 


- a(bz- yc )-b{az ac) + c ( ay - ab) 
= abz - acy - abz + abc 4 acy - ahc 


^0 


proved. 
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MATRIX 



= 5(-2 + 3) + 2(6 - 6) - 4(3 - 2) 

= 5(1) + 2(0) -4(1) = 5 -0-4 = 1 


Sol. 


iii. 


Sol. 


iv. 


Sol. 


5 
3 
-2 

= 5 


2 -3 
-1 1 
1 -2 
-l 1 
1 -2 


Faisalabad 2009 


3 1 

-2 -2 


+ (-3) 


3 

-2 


-1 

1 


= 5(2 - 1) - 2(-6 + 2) - 3(3 - 2) 

= 5(1) -2(-4) -3(1) = 5 + 8-3 = 10 

1 2 -3 


-13 4 

-2 5 6 

3 4 

5 6 


Multan 2008 


= 1 


-2 


1-1 

-2 


+ <-3) 


1 

-2 


3 

5 


a a-l 
a-l a + l 


+ a 


a a + I 
a-l a 


= 1(1 8 - 20) - 2(-6+ 8) - 3(-5 + 6) 

= -2-4 -3 = -9 

a + I a — I a 

a + l a-l 

a a + l a-l = (« + /) -(a-l) 

, . a a+l 

a — l a a+l 

= (a + l)[(a + l) 2 -a(a-l)^-(a-l)\ L a(a+l)-(a-lf^+a[cr ~(a-l)(a t +l)^ 
= (o+/)[«‘ +/“ + 2 al-a 2 + aQ-(a-l)[a 2 +al-a 2 -l 1 +2 a/j t- —a 2 +/ 2 J 

- {a + I)(l 2 + 3 al ) - (a-l)(3ul -l 2 ) + al 2 

— al' + 2a' l + /' + 3 al 2 - 3 a'l + a! 2 + 3a/ 2 -l } +al 1 
= 9a/ 3 
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MATRIX 


v. 


Sol. 


VI. 


Sol. 


2 . 


Sol. 


ii. 


Sol. 


1 2 -2 

-1 1 -3 

2 4-1 

1 -3 

4 -1 


-2 


-1 

2 


-3 

-1 


+ (- 2 ) 


-1 

2 


= 1(- 1 + 1 2) - 2(1 + 6) - 2(-4 - 2) 


= 101)- 

2(7) 

la 

a 

a 

b 2b 

b 

C 

c 

2c 

= 2a 

2b 

b 


c 

2c 


-a 


2c 


+ a 


2b 

c 


= 2a(4bc - be) - a(2bc - be) + a{bc - 2 be) 

= 2a{3bc) - a(bc) + a(-bc) 

= babe - abe - cibc - 4 a be 

Without expansion show that, 

6 7 8 

L.H.S = 3 4 5 =0 Sargodha 2011, Faisalabad 2007 

2 3 4 

C 2 - C, and C\ - C 2 


(Because C\and C, are identical} 



6 1 

1 


= 

3 1 

1 

= 0 = R 


2 1 

1 


2 

3 

-1 


1 

1 

0 

= 0 

2 

-3 

5 




2 

3 -1 

L.H.S = 

il 

1 0 


2 -3 


Sargodha 2009, 2010 Faisalabad 2008, Multan 2009 


Add C, in C- 



COLLEGE MATHEMATICS-! 


lit. 


Sot. 


Sol. 


2 3 2 
= J l 1 
. 2-3 .2 
' ll 

L.H.S » 


mm 

Q = R.H.S (Became C, and C ? are identical} 


2 3 

!4 5 . 6-0 

1. 8 9 

Cj-C, and C,-C 2 
1 1 1 


Sargodha 2006, Multan 2010 


= 4 1 1 
7 1 1 
Show that 


= 0 


{Because C, and C, are identical) 


"ll 

"l* 



*IT 

«» 

«u 


"ll 


>13 



ZJ 1" 

= 

*« 

fl l*' "*3 

+ 




«3I 

% 





"33 


"31. 

*J2 



L.H.S = 


"ll "l 2 "l 3 ^ a i 3 

a 3 , fl 23 +cr aj 

"31 «U+-«U 


opening from C\ 


= ("l 3 +«j 3 ) 


22 


a 


32 


-(fla.+ Ois) 


= O t 


= o,- 


I"2I "’2 


" 3 t «32 




"ll % 
«H «32 


-a 


23 


"ll 

1 i 

23 j 


a 3j ^32 


12 


4 32 


+ (%+«33) 


*21 




0,1 o l3 


"31 "32 


+o, 


33 


matrix 


■12- 


"ll "ll 


+ «23 


"l! "l 2 


Wjl Or 



"22 


"it 

"l 2 ; 

+%j 


"| 2 : 

+ «I 3 

" 2 ! 

"22 

i 

23 

"u 

"l 2 

+ «jj 

"ll "12 

" 31 ' 

^32 

1 

"31 

">2 


% 

"as! 


^31 

^32 


"31 

"32 


^ 2 | ^22 



"n 

"|2 "13 


"ll 

"i> 

q ]3 

= 


"22 "S 3 


C? 2 | 

"21 

&23 


'fin 

"32 "33 


"31 

032 

Ci i} 


F 



matrix 


2 3 0 2 1 0 

it. 3 9, 6 =91 1 2 Multan 2007, Lahore 2009, Faisalabad 2008 
2 IS 1 2 5 1 

2 3 0 

Sol. L.H.5= 3 9 6 

2 15 1 

2 3 0 ’ 

= 31 3 2 Take 3 common from R t 

2 15 l] 

2 1 01 |2 1 0 

= 3.31 1 2 (Take 3 Common fromC) = 9 1 1 2 =r.h.s 

2 5 1 2 5 1 

a + l a a 

rii. a a+l a =/ 2 (3tf +/) Multan 2010, Faisalabad 2008 

r 

a a a+l 

\ - 

a+l a a 1 

Sol. L.H.$= a a+l a Add R 2 , R j in R\ 

a a a+l 

3 a+l , 3 a+l 3 a+l „ 

= a a+l a 

a a a+l 

11 1 

— (3a + }) a a+ 1 a (Take Common from (3a + if) ) 

a a a+l 

c 2 -c,,c;-c, 

1 0 0 . .. 

V 0 

= (3 a + l) a l 0=(3 a+l) 1 - 0 + 0 =/ 2 (3a + /) = R.H.S 

a a l 1 J 
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MATRIX 


IV, 


Sol. 


Sol, 


1 

1 

1 


X 

1 

1 

X 

y 

z 


X 

y 

z 

yz 

zx 

xy 


X 1 

y 

z 1 



i 

1 

1 

ii 



LH.S 


xyz 
yz zx xy\ 


1 

xyz 

xyz 

xyz 


x 

2 


y 


X 

xyz xyz xyz 

xyz 

2 2 2 
xyz 

1 I 1 


xyz 

1 1 I 

7 1 

x y z' 


= (-)(-) 


1 I I 

xyz 

2 2 : 

xyz 


Faisalabad 2009 


xC„yC 2 , zC } 


Take common xyz from if, 


Interchange if, and R , 


Again Interchange if, and if. 


1 1 1 

xyz | = r.h.S 
X- y- z 

b+c a a 
b c+a b =4 ahc 
c c a + b 

b+c a a 

L.H.S =| b c+a b 

c c a + b\ 


Expand by if. 



COLLEGE MATHEMATICS-! 


matrix 


ui. 


Sol. 


vii. 


Sol. 


= (2>+c) 


|c+a b 
c a+b 


-a 


I b b 
I c a+b 1 


+a 


b c+ct 
c c 

= {b+ c)[(c + a)(a +b)-bc\- a[b(a +b)-bc]+ a[bc-c(c + a)] 
-(b+cXac+bc+er +ab)-a(ab+b 2 -bc)+a(bc-c 2 -ac) 
=abc+b z c+c?b+ab 2 +cte? +bc 2 +(?c+abc-a 2 b-cth 2 +abc+abc~ac 1 -cfc 
= 4afo=R.H.S 

I* -1 a 

*=« 3 +V 


b 

a 


L.H.S = 


= b 


b 01 
■a b 


o 

% 

b -1 
I a b 
a ^ 

\a 


a, 

oi 


Expand by J?, 


(- 1 ) 


1 


+a 


a b 
I a 


= b(b 2 - 0) + 1 (ah- 0) + a{a z - b) 
-b 2 +ab+a 2 ~ab = a 2 +b 2 = ft.H.S 

Ircos^ 1 -sin 
0 I 0 
rsin^ 0 cos^ 

|rcos^ 1 
1 


LH.S = 


— — 0+ 1 


-sin^j 

0 i 0 

|rsin^ a cos^ 

= r cos 2 ^ + r sin 2 $ 

- r(cos 2 ^+sin 2 0) = r( 1) = rR.H.S 


rcos^ -sin^ 
rsin^ cos^l 


~ 0 Expand by R 2 



a 

b+c 

a+b 

vii>. 

b 

c+« 

b+c 


c 

a+b 

c+a 


= a 3 + b 3 +v } - 3 abc Faisalabad 2008 



COLLEGE MATHEMATICS^ 


MATRIX 


Sol. 


xi. 


Sol. 


L,H,S' ! 


a b+c a+b 
b c+a b+c Add C 2 in C, 
c a+b c+a ‘ 

a+b+c b+c a+b 
a+b+c c+a b+c 
a+b+c a+b c+a 
1 b+c a+b 
-(a+b+c) 1 c+a b+c 
1 a+b c+a 
1 b+c a+b 
=(a+ft+e)0 a-b c-a 
0 a-c c-b 
\a-b c~a\ 


Take(a +b+c) common from C, 
■ 


= (a+b+c)[l 


— o+o] 


a-c c-b\ 

= (a+ b + c ) [((tf - b)(c -b)-(a- c)(c - a))] , 

= (a+b+c%ac-ab-bc+b z —ac + a 2 + c 2 -ac) 
= (a+b+c)(a 2 + b 1 +c 2 -ab-bc-ca) 

= a ? +6 3 +c*-3abc = R.H.S 

a+A b e 

a b+A c ? = A 2 (a+b+c+ A) 
a b c+A 
a+A b c 
l.h.s * j a b+A c 
a b , c+A 

a+b+c+A b c 
a+b+c+A ■ b + A c 
a+b+c+A b c+A 


Add C 2 , C 3 in C } 



MATRIX 


X. 


Sol. 


1 b e 

- (a+b+c +A) I b+A c Take Common (a+b +c + X) from C, 
J b c+A 

lb c 

= {a+b+c+A)Q A 0 ft 

0 0 A 


-ia+b+c+A) 



- 0+0 


Expand byC, 


=( fl + A + c + A )[ A 2 - 0 - 0 + 0 ] 

- A 2 ( a + 6 + c + A )= ft . H.S 

111 

a b c =(a-b)(b-cXc~a) 
a 2 b 2 c 2 

lit 
L.H.S = a h c 
a 2 b 2 c 2 
10 0 

= o b~a c-a C 2 -C,,.Cj -€, 

_2 j.i 2 2 2 

a b-~a c —a 


(Take common A- <7 from C,, c- afrom C 3 ) 

1 0 0 0 0 

= ti b-a e-a ~{b-aXc~a) a 1 1 

a 1 (h~aXb + a) (c~a)(cta) a 2 b+.a c + a 

= (b-a)(c-a)[ 1 1 1 -0+0] 

\b + a c+a\ ■ 

^{b u )( c - a)(c \ a b ^ a ) - 

= ( b - a)(c - a)(c - b) 

= [-( o - 6 ) ]( c ~ #)[-(£-<•)] 

= (a-b)(b + c)(c-a) = R.H.S 





matrix 


b+c a a 2 ' 

xl. c+a b b — (fl +6 +c){fl — b)(b—c)(c — hj) Sargodha 2009 

a+b e c 2 

b+c a a 1 

Sot. L.H:S = b b 3 

a+b c c 2 

a+b+c a a 3 ' 

= a+b+c b b 3 add C 3 in C, 
a+b+c c c 2 , 

1 a a 2 ' 

= (a+b+c) 1 b b 2 . take common (a+b + c) from C, ’ 

1 c c 2 

I a a 2 

-(a+b+c) 0 b-a b 3 -a 2 R 2 -R i , R 3 -R\ 

0 e— a c 2 -a 2 

■ / , b 2 ~a 2 1 ' ■ - 

= (a+b+c)[ 1 „ , -0+0] 

jc — a c~ -a~ * 

Expand by C, 

= ( a+ A + c)| ft "° < A - 8 ^ +a ) 

* c-a ( c-aXc+a ) 

-(a+b+c%b~a)(c-a) ^ c + a ' Take Common (b - a), (c - a) from R n R 2 

= (a + h+c)(b-a)(c-a)(c+a-h-a) 

= (a + b + c)(b — a)(c — a)(c — b) 

= {a + b + c)[~(q - d)](c - a) [-(£ - c)j 
= (a + b + c)(a - b){b - e)(c - a) =R.H.S ? 


I 



COLLEGE MATHEMATICS-! 


MATRIX 



‘ 1 

2 

-3~ 


' 5 

-2 

s' 

4. If >4 = 

0 

-2 

0 

and B = 

3 

-1 

4 


-2 

-2 

1 


-2 

1 

- 2_ 


Sol. 


ii. 


Sol. 


, then find; 


and \A\ Faisalabad 2007,08,09 Sargodha 2007,08, Multan 2007 

1 2 -3| 


Mr 


0 -2 

-2 -2 


= 1 


-2 

-2 


-2 


0 

-2 


+(-3) 


0 - 2 . 
-2 -2 


\l+2 




= l(-2+0)-2(0-0)-3(Q-4) 
= - 2-0 + 12 = 10 

0 d 


-2 1 

1 -31 

2 1 
1 -3 
0 0 

|H 


4c -H)* 1 


= -(0+0) = 0 
= (1 - 6) = -5 
- (-1X0-0) *0 


Lahore 2009, Gujranwala2009 


B = 




5 

3 

-2 

5 

3 

-2 


-2 5 
-1 4 
1 -2 
-2 5 
-1 4 
1 -2 


= 5 


-1 4 

1 -2 


-(- 2 ) 


3 4! 

•2 -2 


+ 5 


3 -1 

-2 -1 


i+i 


B 2l = (-l) 


B,, = (-1) 


: . ~ 


-2 5 

1 -2 
5 5 

-2 -2 
5 -2 

-2 i 


= 5(2 - 4) + 2(-6 + 8) + 5(3 - 2) 
= -l-0+4+5=-l 

= -(4-5) = l 
=(-10 + 10 ) = 0 . 

= -(5-4) = -l 


1 



COLLEGE MATHEMATICS-1 


MATRIX 


Sol. 


Sol. 


Without Expansion verify that: 

a P + y 1 


P Y + a 1 
Y a + P 1 


= U Sargodha 2009, Multan 20X0, Fsd 2008, Gujranwala 2009 




a p + Y 1 


L.H.S = 

p Y+& 1 




Y a + P 1 



a+P + y 

p + y 

■ 1 

= 

a + P + y 

Y + ct 

1 


a + P + y 

a + p i 




1 p + Y 

= 1 

(i a + p + Y ) 

1 y + a 




j a + p 


Add C\ in C\ 


Take (a + //.+?') Common from C\ 


= {a + P + y)( 0) = 0 (Because C, and C\ are identical) 

1 2 3 a 

= 0 Multan 20O*y 2008, 2009 


2 3 6a 

3 5 9a 


L.H.S = 


1 2 3a 

2 3 6a 

3 5 9a 
1 2 1 

2 3 2 

3 5 3 

= 3a(0) = 0 (Because C T S and C' 3 are identical) 


= 3a 

C 


Take Common 3_vfrom (\ 



1 a 1 

a / be 



iii. 

1 b 2 

bi be 

= 

0 


1 c 2 

dab 





1 a 1 

a 1 be 

Sol. 

L.H.S 

- 

1 k 

2 

b ( be 



l c 2 

e / ttb 


CQU.EGE MATHEMATICS-! 


matrix 


1 


Multiplying C 3 .by a&cand ^-outside 
jl a 2 (abc)a/ be 
b 2 (abc)b l be 
c 2 (abc)c ! ab 
,2 I 


. abc 


1 

abc 

1 


a 
b 3 


c 3 c 3 


(0) = 0 (Because C 2 and C 3 are identical) 


iv. 


Sol. 


a-b 
b-c 
C-tf 

L.H.S = 


abc 

b—c c—a 
c-a a~b 
a — b b—c 
a-b b-c 
b—c c—a 
c-a a-b 
AddC„ C, in C 


federal 


c-a 

a-b\ 

b-c 

i 


a—b + b — c +c — a 

b-c 

c-a 


0 

b-c 

c-a 

b-c+c-a+a-b 

c-a 

a-b 


0 

c-a 

a-b 

c-a+a-b+b-c 

a-b 

b-c 


G 

a-b 

b-c 


v. 


Sol. 


be 

a 

a 

LH.S = 


= 0 (Because C, is zero) 
ca ab\ 


l 

b 

b 

be 

J_ 

a 

a 


l 

e 

c 

ca 

]_ 

b 

b 


= 0 


ab 

l 

c 

c 


Multiplying Rj by abc and divide outside 



COLLEGE MATHEMATICS-1 


125 


MATRIX 


Sol. 



be 

ca 

ab 


I 

abc 

abc 

abc 

1 

abc 

a 

T 

c 

abc 


a 

b 

c 



be ca ub 
be ca ah 
a b c 


= (0) - 0 Because and R-, are identical. 

ahe 



mn 

i 

p 


1 

P 

P 

vi. 

In 

m 

nP 


1 

nP 

up 


Im 

n 

ip 

\ 

1 

,P 

tP 


L.H.S = 


Iftw 

fmn 


mn 

l 

In 

m 

bn 

n 

Imn 

P 

Imn 

7 

m 

Imn 

T 

/7“ 


l 2 
m 2 

i 

n~ 


p 

nr 

3 


l x R ]7 m x , n x R \ 


m 

2 


P 

3 

m 

3 

n 


- Taking common from C ] 


i 2 r 


in 


nr 


= R.H.S 



2a 

26 

2c 


vii. 

a + b 

26 

h + c 

= n 


a + c i 

b + c 

2c 




2d 

2b 

2 c 

Sol. 

L.H.S = 

a + b 

2b 

b + c 



a + c 

b + c 

2c 



COLLEGE MATHEMATICS-! 


matrix 


ix. 


Sol. 


= 2 


= 2 


Take 2 common from R. 




= 26c 1 


a b c 

a+b 2 b b + i H 
a+c b+c 2c 
a b c 

b b b 

C _C V 

!« b c 
I 1 
II 1. I 

— 0 Because R 2 , and R 3 are Identical 
2 -1 
3 —3 
5 4 


Take common b from R, 



7 2 6 


7 

2 7 


7 

viii. 

6 3 

2 

- 

6 

* 

5 

+ 

6 


-3 5 

1 


-3 

5 -3 


-3 



7 

2 

7 


7 

2 

-! 

Sol. R,H.S = 

6 

3 

5 


6 

3 

-3 



-3 

5 

-3 


-3 . 

5 

4 


Add C. of Both. 



7 

2 

7-1 


7 

2 

6 

= 

6 

3 

5-3 

= 

6 

3 

2 


-3 

5 

-3+4 


-3 

5 

l 


1 


-a 0 c 
0 'a - b\ 
b -c 0 

— ab 0 be 
0 ac — bc\ 
ab - ac Q 
—ab +ab ac— ac 
0 ac 

ab -ac 


abc 

1 

_ctbc 


= L.H.S 


Rawalpindi 2009 


,Ri*.b,R 2 xc.^j xa 


bc—bc\ 

—be 

0 


Add R^ in % 


c from 



COLLEGE MATH EM ATtCS-i 


Sol. 


II. 


Sol. 


1 

abc 

1 


0 

0 

ab 


0 

ac 

~ac 


0 

■bc\ 

o 


(0) = 0 {Because /?, is zero) 


abc 

Find values of x if 
3 1 x 

-1 3 4 =-30 

x 1 0 


4l 


1 0 


-1 


-1 41 
x 0 


+x 


-1 3i 
.x 1 


Sargodha 2008, Multan 2009 


= -30 


3(0 - 4) - 1(0 - 4x) + x(-l - 3x) = -30 

-12+4X-x-3x 2 *=-30 

-3x 2 + 3x- 12 +30 = 0 

-3jr+3x+18:=Q 

+ by -3 

x 3 -x^6=0=^X 2 — 3x+2x-6=0 
x(x-3)+2(x-3) = 0 
x(x-3)+2(x-3) =0 
x-3=0 or x+2 = 0 

x=3 or x = -2 
1 x-l sl 

= 0 


!-l x+1 2 
2 -t x 
lx+1 2l 
-2 


-(*- 1 ) 


2 

X| 


+3 


Federal 

l-i x+l! 
2 -2 


= 0 


l(x 2 + x + 4) - (X - lX-x - 4) + 3(2 - 2x - 2) = 0 
x 2 +x+4+x 2 +4x-x-4-6x = 0 
2.r 2 — 2.r — 0 :=> 2x(x-l)=0 

2x = 0 or. xM = 0 

x = 0 or x - 1 


MATRIX 


POIUSE MATHEMATICS-1 


Hi. 


Sol. 


1 

12 


2 * 

jc 

6 


1 

2 

Jtf 


= 0 


>h 3 

-2 

2 

2 

+1 

2 x 

6 x 


3 

X 


3 6 


Faisalabad 2009 


= 0. 


(x 2 -12)- 2(2x - 6) + 1(1 2 - 3x) * 0 
x 2 —12— 4x +12 4- 12 — — 0 . 

x^x+^'Q 
X 2 — 3 jc — 4x +12 = 0 
x(x-3)-4(x-3) = q 
(x-3Xx -4)=0 
x-3=Q or x-4^0 
x=3 or x = 4 


7. 


Sol. 


Evaluate the following determinants: 

3 4 2 7 | 

2 5 0 3 

1 2 - 3 5 | 

4 1-2 6 

3 4 2 7| 

12 5 0 3 

12-3 5 

4 1 -2 6 
1-12 4 

2 5.0 31 

12-35 
4 1-26 

1-12 4 

0 7 -4 -5 

0 3-5 1 

0 5 -10 -10 


R.-R, 


R 2 -2R ]t R,-R ]t X.-4/i, 


v mxm 



COUJESE MATHEMATICS-! 




Sol. 


in. 


= 7 


7 -4 -5 

3 -5 1 

5 -JO -101 
-5 I 
-10 -10 


-0+0-0 Expand by C, 


-(- 4 ) 


i i 
5 -id 


+(- 5 ) 


-5 

-id 


= 7(50 + 1 0) +4(-30-5)-5<-30 + 25) 
= 420-140+25 
= 305 

2 3 1 -If 

4 0 2 1 

5 2 -1 6 

13-7 2 -2 


2 3 

6 -r' 

117 20 

-1 -13 

6 

= -H) 


l -1 
1 ‘ 0 


5 

0 

3 

20 


0| 

0 


+jRj, + 6/ij, - 21!, 


+0-0 + 0 Expand from C 4 


17 '20| 

-1 -13 


6 

-.1 


17 

-1 -13 
6 . * 3 3 

= 17 20 5 =31 

-I -13 0 

= 3 [(—22 1 -(-20)] - $[<-78 - (-3j] + 0 
= 3(-201)-5(~75) 

= -603 + 375 = -228 
3 9 1 1 

0 3-1 2 

9 7-11 

-2 0 1-1 


3 

-13! 


+ 0 Expand by C, 


Sol. 



COLLEGE MATHEMATICS-! 

-3 9 1 1 

-3 12 0 3 

6 16 0 2 
1-9 0-2 
-3 12 3 

= ll 6 16 2 -0+0-0 

1 -9 -2 




8 , 


Sol 


R 2 +R ty j^+R ll R A ~R l 


Expand from C\ 


-3 

16 2 

-12 

6 2 

+3 

6 16 


-*9 -2 


1 -2 


I -9 


■- -3(-32 + 18)- 1 2(- 12 - 2) + 3(-54 - 1 6) 
= -3(- 1 4) - 1 2(~ 14) + 3(-70) v 
-42 + 168-210 = 0 


Show that 


LH.S= 


x I I 1 
ll X 1 1 

ll 1 X I 
|I x I X 
E 11 1 

X I 1 
1 X 1 
X 1 xl 
lx+3 1 yi 
U + 3- .r 1 Ij 
x+3 1 x 1 

(X + 3: 1 1 X 

I 11 1 

I X 1 1 

II 1 X 1 

ll M x 

R.-R^R.-R^R, 


= (X + 3KX-I) 3 Sgd2DOs,Fsd2007, Lahore 2009 


Add C 2 ,C i ,C A in C, 


Take (x+ 3 )Commonfbjm C, - 



COLLEGE MATHEMATICS-1 


131 


MATRIX 


9. 


Sol 


= (* + 3) 


= (x + 3 ) 


:(X + 3) 


= (x + 3 )(x-l) J 

= 0 c + 3Xjt-1> j 


1 

1 

1 


x -1 

. 0 

0 


0 

x — 1 

0 


0 

0 x 



x-] 

0 

0 1 


0 

x — I 0 

- 0 + 0-0 

0 

0 X 

->! 


-I 

0 0 



x- 

■1 oj 



0 x-\ 




1 0 

0 


- 1 ) J 

0 1 

0 

Take (; 


0 0 

1 



Expand from C, 


Take (jt- I) Common from R t ,R 2 ,R 3 


1 0 


A = 


{0 1 

= (* + 3)(.r-l) 3 (l-0) 
= (.y + 3)(.y-I) 3 

Find |/^ ! |and \A'A\ if: 

'3 2 -I 

.2 1 3 

3 2 -1 
2 t 3 
' 3 2 
2 1 

-1 3 


-0 + 0 


A' = 


AA‘ = 


'3 2 -I' 
2 1 3 


3 2 
2 i 


-1 -3 

9 + 4+ 1 6 + 2-3' 

6+2-3 4+1+9 


14 

5 


5 

14 



COURSE MA THEMATICS-1 


MATRIX 


U. 


Sol 


AA* 


A'A = 


[14 5 

5 14 

.3 2 
2 .1 
-1 3 


= 196-25 = 171 


'3 2 -1 
2 1 '3 



■ 9+4 

6 + 2 

-3 + 6" 


13 8 3' 

= 

6+2 

4 + 1- 

-2+3 

- 

8 5 1 


-3+6 

-2 + 3 

1 + 9 


3 1 10_ 


A'A\ = 


[13 8 3 


= 13 


5 1 
1 101 


-8 


18 1 
13: 101 


5 -1 

l 10 ; 

13(50- l)-S(89-3}+3(8 -15) 


+3 


A = 


4 = 


AA' = 


— 637-616-21 = 0 
"3 4 ' 

2 1 
1 1 
2 3 
'3 4 
2 l 
1 1 
2 3 
3 4 
2 1 


then A* = 


2 1 2 
1 1 3 


/ 3 2 1 2' 

1 1 $4 1 1 3 J 

2 . 3 


"9+16 

6+4 

3+4 

6+12 


‘25 

10 

7 

18 ' 

6+4 

4 + 1 

2+1 

4+3 


10 

5 

3. 

7 

2+4 

‘ 2 + 1 

1+1 

2+3. 


7 

3 

2 

5 ' 

,6 + 12 

4+3 

2+3 

4+9_ 


18 

*~7 

5 

13 _ 
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MATRIX 


10 . 


Sol. 


AA‘ ~ 


25 

10 

7 

18 


10 

5 

3 

7 


7 

3 

2 

5 


R a -(R } + R 2 ) = 


25 

10 

7 


18 

7 

5 

13 
10 . 
5 
3 


1 -1 


7 

3 

2 

0 


18 

7 

5 

1 


R I ~25R,,R 2 -\0R 4 ,R 1 -7R 4 


0 

35 

7 

-7 

0 

15 

3 

-3 

0 

10 

2 

-2 

1 

I 

0 

1 


35 

= 0-04-0 — 1 15 


Expand from C, 


Take -1 Common fromC 


7 -7 

3 -3 

10 2 -2 

35 7 7 

= ( — 1 X— 1 ) 15 3 3;' 

10 2 2 

- ( — I )( — 1)(0) = 0 Because C, and C, are same. 

4 

If A is a square matrix of roder 3, then show that \kA\ = k ' |/lj. 

a ' 

a 3J | then 


Let A = 


<t\ j a l2 


@2] ^22 


c h\ a r. 






«I2 

1 


■*«)l 


[ 

3 

II 

3 

> 


«I3 

= 

*« 2 , 

Ka v 



3i 


«» . 


AVi 31 

Ka n 

*l3i - 


w- 


Ku„ Ka„ Ka,. 


Ka n Ka , 


Ka 


23 


Aft/,, Aa, 



MATRIX 


tf n a \z 

Take k Common from /?, , , /? 3 = K.K.K a 2i a n a 2i 


H3i a n 


= * 3 |4|=r.rs 

Find the value of 4 If A and B are Angular. 

r. . ‘ ■ 1*5 1 2 


4 4 3 

>4= 7 3 6 , B 

2 3 1 

Given matrix is singular so 
4 4 3 

\A\= 7 3 6=0 

2 3 1 

J3 6| 7 6 J7 3| „ 

4—4 +3 =0 

3 1-2 1] [2 3 

-60 + 54+45 = 0' 

54-l5 = 0=>54 = 15 [ 

*5 1 2 pl 

*= 8 2 5 1 

3 2 0 1 

2 4-13, 

Given matrix Is singular so |jffj = 0 
5 1 2 0| 

8 2 5 1 _ 


8 2 5 1 
3 2 0 1 
2 4-1 3 


‘0=?4(3-18)-4(7-12)+3(21-6) = Q 


3 2 0. I 
2 4-1 3, 

15 2 0 
2 8 5 1 


2 3 0 1 

4 2-1 3 


'interchanged C, and C, 
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MATRIX 


Sol. 


1 0 0 

2 -2 1 

2 -7 -4 

2 2-S2 -1-22. 
-2 1 
-7 -4 

2-52 -1-22 

-4 1 

-1-22 3 


1 


= 0 C, -5C, C -2C, 


= 0 Expand from R. 




-1 


-7 

2-52 


+ 1 


-7 -4 

2-52 -1-22 


= 0 


-2(-12 + I +22)-l(-21-2 + 52) + l(7 + 142 + 8-202) = 0 
- 2(-l 1 + 22) - 1(-23 + 52) + 1(1 5 - 62) = 0 
22 — 42 + 23 — 52 + 15 — 62 — 0 — 1 52 + 60 = 0 

1 52 = 60 


2=4 


1Z. Which of the following matrices are singular and which of them are non Singular? 


0 


1 

3 1 

0 2 


Let A = 


A\ = 


3 

-1 

4 

'10 3 
3 1-1 
0 2 4 
3 

= 1 


-1 

41 


-0+3 


I 0 

3 1-1 
0 2 4 

= l(4 + 2)+3{6-0) = 6+18 = 24*0 

Non Singular 

'2 3 -1 


B = 


1 1 

2 -3 
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MATRIX 



‘2 

3 

~r 


2 

3 

-1 

Sol. B= 

I 

1 

0 

II 

f r 

I 

1 

0 


2 

-3 

5_ 


2 

-3 

5 


= 2 


-3 


-3 


1 01 
2 5 


+(-») 


1 II 
+2 -3 


- 2(5 - 0) - 3(5 - 0) - 1(-3 -2) = 10-15 + 5- 0 
Singular 



1 

1 

2 -1" 





1 

2 

-1 -3 




iii. 

2 

3 

1 2 





3 - 

1 

3 4 






'l 

1 2 


1 

1 1 2 -1 



1 

2 -1 

-3 

II 

f 

1 2 -1 -3 

Sol. 

C = 

2 

3 1 

2 

2 3 12 



3 

-1 3 

4 


3-134 



1 

1 2 

-1 





0 

1 -3 - 

-2 





0 

1 -3 

4 

^-*^-2/^-3*, 



0 

-4 -3 

7 




1 -3 -2 

= 11-3 4 

-4 -3 7 

1 -3 -2 

= 10 0 6 
0 -15 -I 
0 6 | 

| — 15 -1 
= 0 + 90-90 

No Singular 


- 0 + 0-0 


R 2 -K t . R.+4R, 


Expand by C. 


-0 + 0 


Expand by C. 



t 


COLLEGE MATHEMATICS-1 


13 . 


A = 


\A= 


2 1 0 
1 1 0 
2 -3 5 

2 1 0 
1 1 0 
2-3 5 


Find inverse and show that A ‘A — / 


- ? 


1 0 
-3 5 


-1 


1 0 

2 51 


+ 0 


1 1 

2 -3 


4 = H) Hl 
4:=H) l+? 
4=H) ,+3 
4,=(-i) atl 

43 =H) M 

41 =(-i) 3 *' 

4 2 = (-l) 113 

4 3 =(-if 3 


= 2(5-0)-l(5-0) + 0= 10-5-5 
I 0' 

-3 5 

1 0 
2 5 

1 1 
2 -3 
1 01 


-3 5 

2 0 
2 51 

2 1 
2 -31 
.1 0 
1 01 
2 01 

1 oi 

2 li 

1 1 


-(5-0) = 5 
= -(5 - 0) = -5 
-(-3-2) '-5 
- “(5 - 0) = -5 
= ( 10 - 0 ) = 10 
= -(-6-2) = 8 
= ( 0 - 0 ) = 0 
= — (0 — Q) = 0 
= ( 2 - 1 ) - 1 


"4, 

4 2 

4j" 


" 5 

-5 

-5' 

4, 


43 

= 

- 5 

10 

8 

.4, 

4: 

L 


L 0 

0 

1 


MATRIX 


Cofactor of d — 



rni i «ae MAT HEMATTCS-I 


MATRIX 


Adj A = 


5 

* 

-5 

-5 


A \ = ctdj A _ \ 


A~U~- 


-5 

10 
8 

* 

' 5 ' 

-5 

-s' 

5 -5 

-5 10 

-5 8 

10-5+0 
- 10 + 10+0 
— 10 + 8+2 
1 0 0 ' 

0 1 0 
0 0 1 

-i 


0 

0 

1 

-5 

lp 

8 

O' 

0 

\ 


0 

0 

1 


2 1 
1 1 
2 -3 
5-5+0 
-5+10-0 
-5+8-3 


=L 


14. Verify that (AB)~ l = £T l A * If: 


A = 


Sol. AB = 


I 2 

-1 6 

1 2 

-1 0 


,B= 


-3 1 
4 -1 


0 
0 
5 

0 - 0+0 

0 + 0+0 

0+0+5 


5 0 0 
0 5 0 
0 0 5 


-3 r 


-3+8 

1-2" 


"5 -l 

4 ~K 


3+0 

-1-0 


3 -1 


We know that (AB) 


L.H.S =(AB)~' = 


adj AB = 
ad{AB) 


adj(AB) 

5 -1| 

3 -1 
-1 1 
-3 5 


= -5- (-3) = -5 + 3 = -2 * 0 


\AE\ 


1 

"-i r 


"1/2 

-1/2" 

-2 

•-3 5j 


_3/2 

-5/2_ 



COLLEGE MATHEMATICS^ 


HfefrTWX 


Now for S~ l 
1-3 


B 


4 -.] 


adj B = 


= 3-4 = -1^0 


' 

. 

"-i -r 



"-1 -f 

I ^, =5 £fl = 

-4 -3 
= — . — , — - j 


"i i; 


W 

-i 


4 3_ 


For A 


-i 


u = 


I 

-I 




0 

-2 

i-i A 1 

— -1 ~ 

"0 

-2" 

1 

I 

A 2 

_1 

1 


‘1 

r 

1 

"0 

- 2 " 

jl 

“1 

f 

"0 -2 

4 

3_ 

2, 

1 

IJ 

~ 2 

_4 

3_ 

} 1. 


A = 


i 

U 


adj A, 

Now 

R.H.Ss^vT' = 


= \_ 
a 

Hence proved that (AB)'* ^Jr'/T'or L,H,S> R.H.S 

4 3 ' 

2 1 


0+1 —2+1 

_ 1 

'1 -1" 


“1/2 -1/2 " 

0+3 -8+3 

" J 

~2 

_3 -5^ 


3/2 —5/2 




Sol. AB = 

"5 r 

>' ' 1 

4* 

_ 1 


'20+2 

is+r 

■ 


"22 

16" 


2 2 

L2- IJ 


8+4 

6+2 J 


_12 

8 


<w " -^Mm= 


8 >16 
-12 22 


12 


161 

8 


- (1 6)(1 2) = 176-1 92 - - 16 s* 0 


I AB\ >16! 


8 -16 

-12 22 


"■8 

-16" 


'-I 

i 

1 

-16 

-14 


■2 

-12 

22 


3 

-11 

.-16 

-id. 


.4 

8 . 


COLLEGE MATHEMATIC ?-! 


MA T RIX 


15 . 


Sol. 


14 = 


= 4-6 = -2, adj B = 


1 -3 
-2 4 


B -i = adj B 


1*1 

5 1 

2 . 2 ! 


-2 


i- -3 
-t 4 


= 10-2 = 8*0 


Mb 

adj A — 

L~ 

r . H . Sp — ^ T '/ sT 1 =-^- 


2 

- 2 - 


-1 

'5 


^-i _ adj A _ 1 


2 -1 
-2 5 


_ 1 

' 1 

-2' 

1 

’ 2 -l' 

1 

‘ 1 

-3~ 

" 2 -f 

~ -T 

-2 


'8 

_-2 5_ 

~ -16 

-2 

4_ 

.-2 5_ 


1 

" 2 + 6 

-1-15' 

1 

8 

-16" 

~ -16 

-4-8 

2+20 

-16 

_-12 

22_ 


8 


-16 

-12 

-16 


-161 

-16 

22 

-16j 


1 


_1_ 

"■2 

1 _il 

4 8 J 

Verify that {AB)* = B 1 A 1 if; 


Hence proved that ( AB ), 1 — B } A 1 








l 


1 

-1 

■2 




A = 




,B = 

3 

2 


0 

3 

1 









0 

-1 


Faisalabad 2009 


1 -1 2 

0 3 1 


AB = 
AB = 


1 1 

3 2 

0-1 


'1-3+0 

r 

(SI 

1 

<S| 

1 


'-2 -3' 

0+9+0 

0+6-1 


9 5 


-2 9 

-3 5 



4 


COLLEGE MATHEMATICS-) 


matrix 


16 . 


Sol. 


Now-#* — 


1 3 0 

1 2 -1 


A = 


R.H.S=£^ = 


"l 3 

01 

_1 2 

1 

1 

PI1I+ 

1 


1 o 

-1 3 

2 I 

1 

-1 3 

2 1 


"1-3+0 

0+9+0" 


7 -2 

?" 

j-2-2 

0+6-1^ 

= l 

-3 

5_ 


Hence Prove that {AB)‘ ~ BA 
L.H.S = R.H'S 
"2 -l" 


If A- 

A 

H- 

andAdj A~ 


3 1 

2 -1 
3 1 

2 - 1 | 

3 l! 


verify that (4 *)' =(A‘) 


*i\-i 


= 2(1) -(-1X3) = 2+3 = 5 


I 

-3 


Thus A 1 ~^-A4A=- 


■ i r 


‘l -3" 

-3 : 2J 

5 

1 2_ 


5 

1 

5 


Now A — 


2 -I 

3 1 
1 


=>A = 


' 2 3 

-1 1 


(A'r J =Tj } A4(A!) . 


So 


A 


2 3| 

-1 1 


=2(l)-3H) = 2+3 = 5 


-3 

5 

2 

5 


Mi) 



COLLEGE MATHEMATICS-1 


MATRIX 


17. 


I. 

Sol 


II. 

Sol 


Adj (A‘) = 


1 -3 
1 2 

1 


Thus (y^ ) ^ ~~ r 


1 -3 

5 5 

1 1 

.5 5 , 


From Equations (I) and ji => L.H.S = R.KS 

If A and B are non-singular matrices, then show that 

( /!/?) ' = (B ' AT 1 ) Federal. Multan ZpQS 
We know that 

{ABMW* */ 

Pre- multiplying by A 

A^.AB(ABy ] -A~ [ I : • 

IB{AB) ' = /T 1 => 

Pre*muttiplying by B~ x 

B X 3(AB) ' -iT'/T 1 r^/(yJS) ! = r U" 1 {ABy x = 

We know that =/ , ■ 

Pre-muitiplying by A 

,44 ' (/* ’) '- , 4 ./ 

(A-'y'^A 

Hence Proved. 



COLLEGE MATHEMATICS-1 


MATRIX 


EXERCISE: 




" 1 

-2 

5* 


'-3, 

1 -2' 

1 . 

If A = 

-2 

3 

-1 

and B = 

1 

0 -1 



5 

-1 

0 _ 


-2 

2 . 


SOI. 


Sol. 


symmetric: 


Now (/I + B)‘ — 


-2 -1 3 

-I 3 -2 
3-2 2 
-2 -1 3 ' 

-I 3 -2 = (A + B ) 
3 -2 2 

Hence [A + B) is symmetric 
1 2 0 

if A = 3 2-1 

-1 3 2 

A + A ' is symmetric 
1 3 


, then show that: 


then A' = 


2 

D 


2 

-1 


1 

2 

0 " 


' 1 

3 

-f 

3 

2 

-1 

+ j 

7 

2 

3 


3 

2 _ 


_ 0 

-1 

2 


.then show that A+ 8 ; s 


Multan 2008 



r 1 -2 

5 ' 


'-3 1 

_2 



,4 + /? = 

-2 3 

— ! 

+ 

1 0 

-1 




_ 5 -1 

Oj 


-2 -1 

2 _ 




' 1-3 

-2 + 1 

5 - 2 " 


"_2 

-1 

3 " 

- 

-2 + 1 

3 +0 

- 1-1 

- 

-1 

3 

-2 


5-2 

- 1 - 

1 

0 + 2 


3 . 

-2 

2 


Multan 2009, Faisalabad 2008 


A + A' = 
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MATRIX 


1+1 

2+3 

0 -f 


" 2 

5 

-i 

3 + 2 ■ 

2 + 2 

-1 + 3 

- 

5 

4 

2 

- 1+0 

3-1 

2 + 2 


-1 

2 

4 j 


II. 


(A + A‘ j = 


{A + A ! )' - 


2 

5 

-1 

2 

5 

-1 


5 -1 

4 2 
2 4 

5 - I 
4 2 
2 4 


=(A+A‘) 


Hence ( A + A ' ) is symmetric 
A — A' is skew symmetric 


Sargodha 2010 




" 1 2 

0" 


"1 

3 

-1 " 

Sol. 

then A - A' — 

3 2 

-1 

- 

2 

2 

3 



-1 3 

2 


0 

-1 

2 


(A~A')' = 



1-1 

2-3 


0 + 1 ’ 


" 0 

-1 

f 



- 

3-2 

2-2 

- 

- 1-3 

— 

1 

0 

-4 




- 1-0 

3 + 1 


2-2 


-i 

4 

0 




' 0 -1 

r 

t 

" 0 

1 

-f 


" 0 

' -1 

1 " 

= 

1 0 

-4 

- 

-1 

0 

4 

= - 

1 

0 

-4 


-1 4 

0 _ 


1 

-4 

0 

— 


-1 

4 

0 _ 


(A + A 1 )' =-{A + A 1 ) 

Hence skew symmetric. 

3. If A is any square matrix of order 3, show that: 
i. A + A r is symmetric 



«u 

^12 

% 





A = 

°2I 

Ct 22 

"23 








"33, 







- 


-1 

I 

i 





% 

"l2 



"n 

"12 


A + A 1 = 

"21 

"22 

"23 

+ 

"?.i 

^22 

^23 



." 3 ! 

"32 

"33, 


3i 

"32 

"33 j 



COLLEGE MATHEMATICS-1 


MATRIX 


Sol. 


4, 

Sol. 


Sol. 




a n 

’ 



^2, 

a 31 



+ «N 

a i2 +tf 2l 

£i|3+« 3 , " 

= 

«2i 

@22 

^23 

+ 


fla 


- 

a 2i 

+ a, 2 

^22 ^22 

«, j + a 32 


_«3, 

«32 

Cl 

ta 

Cm 

t 


.0,3 

«3 




+ a, 3 

^32 ^23 

«33 +a 33. 


{A+Ay = 


a n +a n a 2\^ a n 




Q j + £7p (1 ^ + £7-^ Cty j Hh dJ-,, 


23 


^J3 + a 23 "*“%2 ^33 ^^23 


A+A 


(A + A ' )' = (A + A' ) Hence Symmetric. 

A — A‘ is skew symmetric Rawalpindi 2009 


A- A - 


1 

a i2 



fl n 

a ?2 

J* 
1 

£?2! 

^22 


- 

«I2 

£7 

£7^2 

_o» 

fl 32 

V. 



^23 

°33 _ 


a i\ ~<*n 


a i\ a n 


@22 ^22 


^32 ~ a 


23 


a u~ a i i 


^32 


«33-«33 


f 

0 

r4 

a" 


a n-«2i" 


O 

a 2\ @\2 


“0|3 _ 

°21 

“ @22 


0 

0,3 -a 3 . 

= “ 

^22 ■ £2-> j 

0 

«J2 

~ a 23 

1 

2 s 

~ a n 

"J2 

”«23 

0 


£7 n — a., 

£1,3 — £tj 2 


0 




=-U-4') =-(^-^') 

Hence ri - .4' is skew symmetric 

If the matrices A and B are symmetric and AB = BA, show that AB is symmetric. 

Now ( AB )' = BA Given A - A, B ~ B, AB = BA 

- BA by using B = 5, A — A (given A,B are symmetric} 

— AB by using AB = BA (given) 

=>(AB)‘ = AB 

Hence AB is symmetric 

Show that AA' and A' A are symmetric for any matrix of order 2x3. 

AA 


Let A = 


_ 



"o,i 

J= 

J 

^11 a \2 

«13 " 

,<4' = 




°I2 

«22 

! ®22 

« 23 _ 






_"|3 

«23_ 


Then 




COttggE MA THEMATICS-! 

AA' = 

AA ' 


li. 

Sol. 


6 . 


Sol. 



r 

*12 

“ 

*11 

% 


*11 

*U 



_« 2 l 

*22 

* 23 . 

*12 

*22 





*13 

* 23 . 


* 2 ’i + *'n +^ 3 [J 


II ' T_w 12 

L *11*21 + *12*21 + *13*23 

(A 47 =[ “ 3 " +aJ “ +a “ 

.*51*21 +*12*22 +*13*23 

(AA 1 )' = /L4 f AA' is symmetric. 
AA 


AA = 


* 11*21 + * 12*22 + *| 3 * 2 i 


21 


+a n +cr 


23 J 


* 11 * 21 +* 12 * 2 S +* 13*23 


« 21 + * _ 22 


+ fl' 


23 J 


hi 

*21 

_ 



i 

J* _?K 

w M 

*22 

*11 

*12 

*13 

.*21 

*22 

* 23 . 


a~ n +a 


]*|2 ^ ^2 [ *?3 


* 12*1 1 + * 23*21 
[_ *13 *11 + *23 *21 


o ’ 2 12 +a z 


22 


= 


* n +*'12 

*| 2 *IL + * 22*21 

*u*ji +a 2 i a 2i 


*13 flj 2 + 0, 3 < 3>2 

* 11*12 +* 21*22 
. ^, 2+^22 
*13 *l 2+*23 *22 


dd) = A 1 A Hence .^dissymmetric. 


If A 


Let A - 


i i+7 
I -I 
A +(A)' Is hermitian 
V 1 + /1 

l -/ 


» Show that 


(Federal ) 


A = 

(A 1 = 


1-7 
1 7 

-1 1 
l-i i 


®I 1 ^13 "^^21 ^23 

CI 13+^23 

* 11 . *13 + *21 *23 
*12 *11 + *22 *23 

‘'u'+^H 


MATRIX 
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MATRIX 


Sol. 


7. 

Sol. 


A + (A)' = 


+ 


A + (A) ! = 

(Th3 7)'« 

(A+dy) -A+ffl 
So A + (A)' is Hermitian 


i l + i 

1 -i 

i—i 1 + j + 1 

1 + 1 -/ -/' + / 
0 2-i 

2 + / 0 

0 2 + i 

2 -i 0 


i 

r 


-i 

i 



"0 

2 + i 

„ . 1 

2- 

l. 

-i 0 _ 


A -(A)' is skew-hermitain 
/ 1 + 1 
1 -i 


IVtultan 2007 


Let A - 

Now A — (A ) 1 = 


=> A = 


-i 1 
1 i 



~-i ll 

=> (A) = 

J-i i 


— 

i 

1 + /' 


~-i r 


i+i 1 +/-T 

\ 

-i 

1 

I-/ i 


I - 1 + 1 —'i—i 


m a 

i -2 i 


>{A-(A)‘ = 


f 


>((A-(A)'f = 


- 2 i -i 
-i 2 i 


-2 i -i 
-i 2 i 

(A-(A)^j = ~^A -(A) j Hence A— (A)' is skew hermitaian. 

If A is symmetric or skew-symmetric, show that A 2 is symmetric 


Given A - A >(/) 

= (A 2 y=(A.A)' 

~AJt 

= A. A use l 

= A 2 

= A" is symmetric 


2 i , i 

i -2 i 


Lahore 2009 


-K//) 


if A = 


1 

1 + / 

i 


or A = -A 
Now Also (A 2 )' =(A.A)' 
or — A .A. 

or = (-A)(-A)(use II) = A 2 

or So A" is symmetric 

Hence In both cases A~ is symmetric 


ifind A(A)‘ 
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MATRIX 



r i 


i 

Sol. A = 

1 4- / 

? then A — 

I-/ 


i 


-/ 

Gy 

=[i 

1-/ — 

i 


A{A)' = 


A(A) r = 


A(Ay - 


i+? 

[' 

1-/ 

-<•] 


r 


i 





* 


1 


1-1 

-/ 


1 

1 -i 

— / 

1W 


l-/ 2 

-/W 2 

- 

1 +/ 

i-H) 

-i-H) 

/ 


i— r 

-; 2 _ 


/ 

/-(-l) 

-H) 

1 


i-/ 

V -/ 


% 


1 + / 


2 

1 -/ 




/ 


1 + / 

1 





Sol. 


9. Find the inverse of the following matrices. Also find their inverse by using row and 
column operations. 

1 2 -3 

0-2 0 

-2 -2 2 

1 2 -3 

-2 0 

0-2 0=1 -2 
-2 2 

-2 -2 2 

= l(-4-0)-(0-0)-3(0-4) = -4 + 12 = 8^0 

-2 0 


L4 = 


0 0 

-2 2 


+(-3) 


0 -2 

-2 -2 


* = (-!) 

4 3 =Hf 2 

^3=(-l) ,+3 


l+t 


0 0 

-2 2 

0 -2 

-2 -2 


-2 2 
= ( 0 - 0 ) = 0 


= (-4-0) = -4 


= (—0 — 4> = — 4 




COLLEGE MATHEMATICS-) 

A,=(-I) 2+1 
4>=(~ l) w 

A -Hf +3 
4i=H t' 
4,=H) 3+2 


4i =(-D 


: J +3 


2 -3! 
- 2 . 2 
1 -3 

-2' 2i 

1 2 
-2 -2 

2 -3| 
2 0 
I -3 

0 Oj 

1 2 
0 -2 


= —{4— 6) — 2 

= (2 -6) = -4 ' 
= -(-2+4)=-2 
-.( 0 .- 6 ) = -6 
= -(0-0) = 0 
= (-2-0)=— 2 



4. 

4a 4s. 


"-4. 0 

-4“ 

Co-factor of A = 

4i 

. 4s 


2 -4 

-2 


A 

4a 4s . 


-6 0 

- 2 . 


Adj A = (co-factor of a)* - 


~A 2 -6 
,0-4 Q 
-4 -2 -2 


A'* = 


M 


[-4, 2 -6' 


’-4/8 2/8 .-6/8" 

7 

i 

0 

=! 

, 0/8 -4/8 0/8. 


[-4 -2 -2_ 


^4/8 —2/8 -2:/8; 



-i/2 1/4 

0 - 1/2 
1/2 -174 


■4" 1 Bv Row ope ration 

1 2-3:10 

0 - 2 .0, : Q ,1 

-2 -2 2:0 0 

Add 24 in 4 

1 2 -3 1 0 O' 

tfl 0 -2 Q : 0 1 0 

0 2 t-4 : 2 0 1 


matrix 


-3/4’ 

0 

-1/4 
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Add R 2 In Rj &} fj 


R 


R 


1 0 -3 


1 1 Ol 


R 


0 

-2 

0 

: 0 I 0 




0 

_ 

0 

-4 

: 2 1 1 




'1 

0 

-3 

: 1 1 

0 








— Aj 

n A 

0 

1. 

0 

: 0 -1/2 

0 

0 

0 

-4 

: 2 1 

1_ 

4 


1 - 

0 

-3 

: 1 1 

0 



G 

1 

0 

: 0 — 
2 

. 0 

-1 

4 


0 

0 

1 

• zl zl 

-1 






2 .4 

4. 



r l 

0 

Q 

: -1/2 1/4 -3/4' 


• 0 

1 

0 

: 0 -1/2 

0 

3/?j +/J, 

,0 

0 

1 

: —1/2 — 1/ ^ 

4 -1/4 



Hence A 1 = 


-1 

2 


-1 

2 


4 

0 d 

2 

-i 

: '4 


4 

0 

-i 

4 


A~' Method of Column Operation. 


1 

2 

-3 


1 0 

°1 

G 

-2 

0 


& r-2 

0 

-2 

-2 

2 

=>C 

-2. 2 

-4 

1 

0 

Q 

1 -2 

3 

0 

1 

0 


o i 

o 

. 0 

0 

1 _ 


L o .0 



C 2 -2C] & C\ +3C, 


— Cj 
2 2 


-1 


MATRIX 




Hence A 


Multan 2009 


Let A 


0) — 2(0 — 3) 1(0 + 1) = -2+6-1 = 3 5*0 


"1 

2 

-\ 

1 

2 

-1 

0 

-1 

3 then = 

0 

-1 

3 

1 

0 

2 

1 

0 

2 




Now 4, =H) t+l ^ =(-2-0) = -2 

3 =-(0-3)=3 

4, = H) W ° _ p=(0+l) = l 

4,=H )M q ~2 = * {4 " 0) = ^ 

4 ! =(-l)«| ^=(2.+I)=3 

■(-««; g=-<0-2) = 2 

f ^ * ■ 

-4,,=(-l) w _| _ ‘=(6-I) = 5 

=(-!)“ = ( 3 + 0 ) = -3 

4j =H) w ^ =(-l-0) = -l 

[-2 -4 5 1 f -2 4 5" 

Adi *- 3 3 -3 then A~ l = "T“t~ = ~ 3 3 -3 

- L> 2 -lj M 3 [ l '2 -1. 

-2/3 -4/3 5/3] 

,11 -1 
1/3 2/3 -1/3 , * 

For Mow Operation 

"I 2 -1 : 1 0 0] pi 2—1:1 0 O' 

0 1 3 :0 I 0 =>R 0-1 3:01 0 byR s -R } 

_! ■ 0 2:0 0 lj [o. -2 3 : -I 6 1 






‘1 2 -1 : 1 0 0] Pi 0 5:1 2 O' 

R 0 1-3 : 0 -1 0 &k(-1) £*.=> £ 0 1 -3 : 0 -1 0 

0-2 3 : — 1 0 lj {o 0 -3 : -1 -2 1_ 

'1 0 5:1 2 0 1 

R 0 1-3 ; 0 -1 0 by (-1/3)*, 

0 0 1 : 1/3 2/3 - 1/3 

‘ [1 0 0 : - 2/3 - 4/3 5 / 3 ' 

=>R 0 1 0:1 1 -1 by RfSR^ R 7 +3R i 

0 0 1 : 1/3 2/3 - 1/3 _ 

'- 2/3 - 4/3 5/3 ' . 

Hence A 1 = 1 1 1 

1/3 2/3 — 1 / 3 _ 

‘l 2 -ll fl 0 0* • 

0 -I 3 • 0-13 

10.2 1-23 

For Column Operation | =» c » e ,-iC„C,*C, 





'-2/3 -4/3 5/3' 
Hence d”' = I 1 — 1 

1/3 2/3 -i/y 



= 1(1 - 0) + 3(2 -0) + 2( 2- O)-l + 6-4=O*0 
4, =(-!)“_' ”=O-0) = l 


•I -i ivjj "--,2 0) -2 
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MATRIX 


^3= ("If 3 
4, = Hf 1 
4: =H ) M 1 
4j =Hf 3 
4 i = Hf 
4= Hf 2 
4 i = Hf 3 


2 1 
0 -1 
-3 2 

-1 1 
1 2 

0 I 

1 -3 
0 -1 
-3 2 

1 0 

1 

2 

1 -3 

2 1 


= (—2 — 0) = —2 
= -(-3 + 2) = 1 
= (1 -- 0) = 1 
= -(-l + 0) = l 
= (0 — 2) = —2 
= -(0-4) = 4 
= (1+6) = 7 




4 

V 


' i 

-2 

' -2' 

Co-factor of A = 

^2) 

4: 

4j 

= 

l 

i 

1 


.4, 

4: 

43. 


-2 

4 

7 

_ 


adj A = (Co-factor of A)* = 


1 

-2 

-2 


-2 

4 

7 


A ' = 


adjA 

14 


Method of Row Operation 


' 1 

1 

-2" 


" 1/3 

1/3 

-2/3“ 

-2 

1 

4 

— 

-2/3 

1/3 

4/3 

-2 

1 

7 


-2/3 

1/3 

7/3 


'1 

-3 

2 : 

1 

0 

o ' 


"1 

-3 

2 

1 

0 

0 * 

2 

1 

0 : 

0 

1 

0 

= R 

0 

7 

-4 

-2 

1 

0 

0 

-1 

1 : 

0 

0 

1_ 


^0 

-1 

1 

0 

0 

1_ 




A +6/?, 


+ 3 A, & 7?, + 



COLLEGE MATHEMATICS-) 


matrix 



4 -3 

2 

: t 

0 

O' 


‘I 

0 

8 : - 5 

3 18' 


0 1 

2 

: -2 

1 

6 


0 

I 

2 : -2 

1 6 


_0 -1 . 

1 

: 0 

0 

. 1 


0 

Y - 

0 

3 : -2 

1 7_ 


«,/3 


«. ■ 2R..R 8/f, 



'1 , 

0 

8 : 

-5 

3 

18 ' 


J 

0 

0 

: 1/3 

1/3 

-2/3' 


0 

1 

2 : 

-.2 

1 

6 


d 

1 

O' 

: —2/3 

1/3 

4/3 


0- 

0 

I : 

-2/3 

1/3 

7/ 3_ 


0 

£- 

0 

1 

;-2/3 

1/3 

7/3_ 


htence 




2 

3 

_2 

■3 

l 2 

3 


I 

3 

J_ 

3 

_t 

3 


_2 

3 

4 
3 
7 
3 


Method of Column Operation 


'I -3 2" 


"1 0 o' 


2 1 0 


2 7 -4 


0 -1 1 


0-1 1 






C 2 f 3C P C 

1 0 G 


1 

3 -2 

0 1 0 


0 

1 Q 


0 0 1 


0 

0 1_ 


; c i 




■ : C,- 

'1 0 

o' 


' a 

0 0 

2 1- 

4 


0 

1 0 

0-1/7 

V 

1 


2/7 - 

-1/7 3/7 

1 3/7 - 

-2 

1/7 

3/7 -2/7 

0 1/7 

0 


-2/7 

1/7 4/7 

_0 0 

1 

J 


0 

0 1 
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MATRIX 


10 . 


Sol. 


c.4ci.&c,-|c J 


1 

0 

0 

' 

1 

0 

0 

0 

1 

0 


0 

I 

0 

2/7 

-1/7 

] 

- c 

0 

0 

1 

1/7 

3/7 

- 2/3 

- 

1/3 

1/3 

-2/3 

-2/7 

1/7 

4/3 


-2/3 

1 / 3 

4 / 3 

0 

0 

7/3 


-2 / 3 

1/3 

7/3 


Hence /[ 1 = 


3 

2 

3 

2 

3 


(Federal ) 


Find the rank of the following matrices: 

i -i 2 r 

2-6 5 1 

3 5 4 -3 

-1 2 1 
-4 1-1 


R 


1 


0 



1° 

8 

- 2 ■ 

6J 


"1 

0 

7/4 

5/4' 


0 

1 

-1/4 

1/4 


0 

0 

0 

-8 


fi 

0‘ 

7/4 

o] 


6 >' R--2K 
R,- 3/?, 


/? 


2 I 

-1/4 1/4 
-2 -6 


by (-1/4) 



"1 

0 

7/4 5/4' 

/>v /?, + R, 

' ' =>. /< 

0 

l 

-1/4 1/4 




0 1 

J - 

L° 

0 


by — R 

' 8 


R 


1 

0 


-1/4 

0 


-0 

1 


by /?, - 5/47? 3j /?.-—/? 


Hence Rank = 3 
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II. 


Sol. 


III. 


Sol. 


1 -4 —7 

2 -5 I 

1 -2 3 

3-7 4 


Faisalabad 2007 


n 

-4 

~ 7 ~ 



"1 - 

4 

-7 ' 


2 -5 

1 



0 

3 

15 

by R 2 - 




~>R 





1 

-2 

3 


~ 

Q 

2 

10 

_3 

-7 

4 



0 

5 

25 

R 4 ~3 


“1 -4 

-7 




"I 

0 13" 


0 1 

5 


1 


0 

1 5 

R 

0 2 

10 


—R, =>R 
3 * 

0 

0 0 


0 5 

25. 




0 

0 o_ 

Rank = 2 








"3 

-1 

3 


0 

-1" 




1 

2 - 

-1 

- 

3 

-2 




2 

3 

4 


2 

5 




2 

5 - 

-2 

“ 

3 

“ 2 - 





by $ +41^ 
R.-2R, 
R.-5R, 


"3 

-i 

3 

0 

- 1 " 


‘1 

-4 -1 -2 

-6" 

1 

2 

-1 

-3 

-2 

— >/? 

1 

2 -1 -3 

-2 

2- 

3 

4 

2 

5 


2 

3 4 2 

5 

2 

i_ 

5 

-2 

-3 

3_ 


2 

5 -2 -3 

3^ 


I 

-4 

-1 

—2 

-6" 




0 

6 

0 

-] 

4 

fey R 2 -R^ 


0 

11 

6 

6 

17 

R i -2R i 


i 

0 

13 

0 

1 

15 

R 4 ~2R i 



fi 

~4 

-1 

-2 

-6 




=>R 

0 

1 

0 

-1/6 2/3 



0 

11 

6 

6 

' 17 

by Rj,! 6 



0 

13 

0 

1 

15 




byR^-R, 


matrix 
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MATRIX 


R 


R 


1 0 
0 1 
0 0 
0 0 
‘1 0 
0 1 
0 0 
0 0 


-1 

0 

6 

0 

-1 

0 

1 

0 


-8/3 -10/31 

-1/6 2/3 

47/6 29/3 

19/6 19/3 

-8/3 -10/3 

1/6 2/3 


47/36 

19/6 


29/8 

19/3 


by 7S;+4^ 
R 2 -117?, 
R 4 ~ 13& 


by — 


' 

1 

0 


0 

-49/36 

-31/18 

R 

0 

1 


0 

- 

1/6 

2/3 

0 

0 


1 

47/6 

29/3 


0 

0 


0 

19/6 

19/3 


'1 

0 


0 

-49/36 

-31/18' 

R 

0 

1 . 


0 

- 

1/6 

2/3 

0 

0 


1 

47/6 

29/8 


_0 

0 


0 


1 

2 


"1 

0 

0 

0 

f 




0 

1 

0 

0 

1 

49 

Rq, R? +■ 

R 

0 

0 

1 

0 

-1 

R. + — 
^ 36 


0 

0 

0 

1 

2 




“ 








by R ] +R i 


i b y 


£7 

36 


Rank = 4 
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MATRIX 


1 . Solve the following systems of linear equations by Cramer's rule. 

2.v + 2 y + z = 3 

i. 3.V — 2_y- 2z = J [ Sargodha 2009,2010, Multan 2009, Lahore 2009 
5.v + _y-3z =2^ 

"2 2 1 

Sol. A- 3 7 2 ~2 
5 1 ~3 


? 

9 I 












-2 

-2 


3 

_ 2 


3 -2 

-5 

2 -2 

-2 

1 

-3 

-2 

5 

-3 

+ 1 

5 1 

5 

1 -3 









= 2(6 + 2)- 2(-9 + 10) + l(3 + 10) 

-16-2 + 13 - 27 ^0 
3 2 1 

1 -2 -2 

2 1 -3 3(6 + 2) - 2(-3 + 4) + 1(1 + 4) 


.v - 


x — 


V = 


V - 


Z- 


27 

27 

24 -2 + 5 

27 


- — - 1 => .v - 1 

27 

27 

2 3 1 


3 1 -2 


! 5 2 -3 

2(-3 +4) -3(-9 + 10) + 1(6-5) 

27 

27 

2-3+1 

0 „ 

™ 

— = 0 =>' v = 0 

27 

27 

2 2 3 


3-2 I 


5 1 2 

2(— 4- 1) - 2(6 - 5)+3(3 + 10) 


27 


27 


-10-2 + 39 27 y , 

Z - — — 1 Z — 1 

27 27 





COLLEGE MATHEMATICS-1 


2a', - x 2 + x, =5 
ii. 4x t + 2x z + 3x 1 = S 
3jCj -4x 2 -x 3 = 3 
Sol. Here 

2-1 1 
A - 1 4 2 3 

3-4 -1 

2 -1 1 

j/i| = 4 2 3 

3-4 -1 


Multan 2007 


2 

-4 


-(- 1 ) 


3 

-1 


+ 1 


4 2 
3 -4 


= 2(-2 + 12) + l(-4-9) + l(-16-6) 

- 2(1 0) + 1( - 1 3) + 1(— 22) = 20-13-22 = -15 ^ 0 
|5 -1 11 


8 2 3 

3 -4 -1 


5(-2 + 1 2) + K-S- 9) + 1(-32 - 6) 


-15 -15 

5(1 0) + 1(-1 7) + 1(-3 8) 50-17-38 -5 


-15 


-15 


-15 


x > =■ 


1 


x i = 


5 

8 

3 


2(-8 - 9) - 5(-4 -9) + 1(12 - 24) 


-15 -15 

2(-l 7) - 5(-13) + 1(— 12) -34 + 65-12 -19 



. 

-15 -15 15 


2-1 5 



4 2 8 


i 

3 -4 3 

2(6 + 32) + l(12 -24) + 5(-16-6) 


-15 

-15 


MATRIX 



_ 2(38)+l(-I2)+5(-22) 76-12-110 


X 3~ 


-15 

- 46.46 
-15 15 

2jr,-jr 2 +jc, =8 
ill. Xy+2x 2 +2x 3 = 6 

x l — 2X) — Jfj = ij 

Sol. Here 

'2 -1 ll 
1 2 2 
1 -2 -1 
|2 -1 1 
2 2 
Jl -2 -1 
2 2 
1-2 -1 


-15 


Sargodha 2006, Multan 2010 


A- 


= 2 


-H) 


|1 2 

11 -1 


+1 


I 2 

II -2 


= 2(-2 +4)+l(-l- 2) + 1(-2-2) 

= 2(2)+I(-3)+l(-4) = 4-3-4 = -3#0 
8 -*1 1 
6 2 2 

v - I 1 ~ l I S(~2+4)+l(-6-2)+K'-12-21 
' -3 -3 

„ _ 8(2) + 1(-8) + 1(— 14 ) 16-8-14 -6 , 

“3 -3 ”-3 =2 

2 8 lj 

16 2 
I 1-1 


-3 


2(-6 - 2) - 8(- 1 - 2) + lfl - 61 
-3 

„ 2(-8)-8(-3)+l(-5) -16+24-5 3 

“3 -3 -3 1 


-3 



tf&ISfS 


2 -1 8 
12 6 

_ 1—21 _ 2(2+I2)+l(l-6) +8(-2-2) 
** -3 -3 

„ _2(14)+l(-5)+8M) 28-5-32 -9 „ 

=i ~ m ^ m3 

Use matrices to solve the following systems: 


Multan 2009 


3x+y-2z-4 - 
y-i =i . 

In matrix form: 

'i-2 iim r-i 

3 1-2 y * 4 

.0 1 -lj|*J [.1 

Where 

n -2 ii r 


A= 3 I -2 ,iT= y ,8* 4 

.0 1 -lj [z\ 1_ 

1-2 1 

M| =3 1 -2 = 1(-1 + 2) -C-2X-3 +0)+l(3-0) 
0 1 -1 

= 1-6+3 = -2 *0 
Now 

— (-3+0)-3 

+ -C-1)'* 1 * !-(3-0)-3 




-2 1 
1 -1 


=-<2-l)=-l 


COLLEGE MATHEMATICS-1 


164 


MATRIX 


2+2 


2+3 


3+1 


4a ■=<-!) 

4.3 =(-!)■ 

4»=(-i) 
4»K-i)“ 
4» = H)“ 


1 l! 

0 -1 

1 -2| 

0 1 

-2 1 
1 -2 


1 


1 


3 —2 

i -2 

3 t 


=(-i-o) = -i 

— — <1 + 0 ) = — 1 
- (4-1) - 3 
= — (~2 — 3) = 5 
= (1 + 6) = 7 


Co-factor of A - 


adj A - (Co- factor of A) — 


j-i adj A _ 1 

\A\ -2 


X - A B 


4 1 4a 43 

4, ^23 

.4 1 42 43 

1 3 3 

-1 -1 -1 
3 5 7 

1 -1 3 

3 -1 5 

3-1 7 

1 -1 3 

3-1 5 

3-17 


X = — 

'l -1 

3' 

r-r 

■ 1 

1 

-1-4 + 3“ 

3 -1 

5 

4 

-3 -4 + 5 

* -2 

_3 -1 

7 _ 

1J 

~ -2 

_-3— ,4 + 7 


x.X 

~-2 


1 

-2 

— 

1 

-2 

_ 0 


0 
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■ 


Sol. 





V 

=> 

V 

= 

I 


z 


0 


=o * = /, V = l,z = 0 


2jCj + x 2 +3jc 3 = 3 
x, + x 2 -2 x 3 = U }> 
-3x, - x 2 + 2x 3 = -4 

In matrix form: 


' 2 

1 

3" 

V 


'-3' 

1 

1 

-2 

X z 

= 

0 

_-3 

-I 

2 

.* 3 . 


^4_ 


Where 


A = 


M- 


'21 3~ 


V 


'-3' 

1 1 -2 

,-jr 

X, 

,B = 

0 

-3 -1 2_ 


.*3. 


_-4_ 


2 

1 

-3 


I 3 
1 -2 

-1 2 


= 2(2 - 2) - 1(2 - 6) + 3(- 1 + 3) 


= 2(0)-l<-4)+3(2) 

= 0+4 + 6 = 10*0 
Now 

' 1 -2 
-1 2 
1 -2 

-3 2 


A n=(-l) l+l 
4 :=(-I )’ +2 
4,=(- 0 ,+J 
A 2i =(-\r 
4:=(- I) M 


1 1 


-3 -1 

1 3 
-1 2 

2 3 

-3 2 


= (2 - 2 ) - 0 
= -(2-6) = 4 
= (-1+3) = 2 
= -(2+3) = -5 
= (4+9) = 13 



EATfflX 


43 =(-l) 2+1 J ^ =-(- 2 + 3 ) = -l 


At -H ) 3 


3 

l -3=<- 2 - 3 ’=- j 


2 3 

4:=H) , „ =-(-4-3)-? 




jl -2 
|2 ll 


1 1 


= (2 - 1 ) = 1 


At At 

Co-factor of A = A IX A^ 

.At At At, 

' 0 4 2" 

= -5 13 -1 
-5 7 1_ _ 

"0 -5 -5 

adj A = (Co-factor of A)’ = 4 13 7 

2 -1 1 
Fl -5 -5" 

AT 1 = _L 4 l3 7 

W .10 2 _ r , 


X = A~ y B 

[0 -5 - 5 l[- 3 ' 

X = ~ 4 13 7 0 

°_2-l 1 _ -4J 

T 0-0+201 [ 20] 2" 

X = — - 12 + 0-28 «— -40 = -A 
W - 6 - 0-4 10 -10 -1 


So x y = 2, x 2 = -4, Xj = -1 



MATRIX 



iil. 

Sol. 


x + y = 2' 

2x- z=l ■ 

2y-3z = -l 

In matrix form: 



1 1 0 

\A\=2 0 -1 =l{0 + 2)-I(-6 + 0) + 0(4-0) 
0 2 -3 


— 2 + 6 + 0= : 8 t* : G 

a u = H ) U '° 2 ^ =( 0 + 2 ) = 2 

■^i2 = (~0'"q ' = -(-6 + 0) = 6 

4 3 =H )I+3 q 2 =(4-0) = 4 

4i = H) 2+1 | = -(-3 - 0) = 3 

4=(-n 2+zl 0 0 = (-3-0) = -3 

43=<- |)2+3 . : * \ = -(2-0) = -2 

4,=(-0 3+1 q j = (-i“0)=-i 
4 2 =(-^ 2 ^ _^=- H - o ) = i 
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43-H)- 


3+3 


= (0-2) = -2 



4. 

A u 

A* 


' 2 


Co-factor -of A - 

A# 

Ai 


- 

3 

l 

U* 

1 

IsJ 



A J2 

Ak 


-l 

1 — 2 J 


adj A = (Co-factor of A)*= 


X' = 




2 3-1 

6 -3 1 

4 -2 -2 
3 -1 


2 

6 -3 1 

4-2 -21 


MATRIX 


X = A'B = - 
8 


"2 

3 

. "** 
-I 

‘ 2 

__ 1 

'4+3 + 1 ‘ 

_1 

Y 


T 

6 

-3 

1 

1 

12-3-1 

8 

= 

1 

” 8 

8 

4 

-2 

-2 

-1_ 

8-2 + 2 

8 


l 


X 


T 

y 

— 

1 

-Z 


1 


Hence x = I, y = 1, z — 1 


3. Solve the following systems by reducing their augmented matrices to theechelon 
form and tile reduced echelon forms: 

jc, - 2x 2 - 2.Vj = -l] 
i. 2x t + 3jc 2 + Xj =1 
5x t -4jc 2 -3-k 3 = 1 

Sol. The augmented matrix is: 



-2: 

-2 : 

-f 

V 


3 

1 : 

1 



-4 

-3 : 

1 


1 

-2 

-2 : 

-l" 


H 





R.-2R, 

0 

7 

5 : 

3 


+ 1 





/ 

L~5R 

0 

6 

7 : 

6 


3 1 
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MATRIX 


/? 


R 


R 


"1 

-2 

-2 

: -1 


0 

I 

-2 

: -3 


0 

6 

7 

: 6 


'1 

-2 

-2 

: -f 


0 

1 

-2 

:-3 

R ,-6 R 2 

0 

0 

19 

: 24 _ 

( 

1 

-2 

-2 

: -1 

— ^ - 

19 3 

0 

1 

-2 

: -3 
. 24 

0 

0 

1 

‘ hT 



is squired Echelon from where 

x, -2x 7 -2jCj =-l >(;') 


x -, - 2 x \ = -3 


-K») 


24 

19 


->(/;/) 


, 24 , 


Put (iii) in (ii) x 2 - 2( — ) = -3 
19 

i 48 

x, = -3 + — 

19 


x, =■ 


-57 + 48 -9 


19 19 

Put in x, & x 3 in (i) 

-9 24 

x, - 2(— ) - 2(— ) = - 1 
19 19 

18 48 . 

x,+ + 1= 0 

19 19 

18-48 + 19 


x. 


19 


x,+- 


11 


■ = 0 =? x, = 0 => 

19 1 19 

For Reduced Echelon form continue (1} 


U 

19 






ii. 

Sol. 


1-2 -2 : -1 
R 0 1 -2 : -3 


24/19 


1 0 -6 : -7 
£ 0 1 -2 : -3 
00 1 : 24/19 


R 0 1 
0 0 


0: 11/19 

0 : -9/19 

1 : 24/19 


R x +2^ 


R t +6 Ry 

Bi.+2Ry 


so JC, -.1.1/19. X 2 =-9/19, Xj =24/19 
x+2y+z =2 
2x+y+2z - — 1 - ; Federal 
2x+3.y-z = 9 ^ 

The augmented matrix is: 

2 1 2 
2 1 2 : -1 


[2 3-1 9 

For Echelon form 

fl 2 1 : 


R 0 -3 


-1 -3.: 


R 3 -2R ] 
R 2 - 2A, 


R0 1 12 : -25 R 2 -4R 3 

0 -1 -3 : ? 


R 0 1 12 : -25 R i +R 2 

0 0 9 : -20 


'12 1 ; 2 1 
R 0 1 12 : -25 ^ — — (A) 

0 0 1 : -20/9 _ 

Which is required echlon form 
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x+2y+z=2 

y+ 12* = -25 


-K0 

“> 0‘0 


z = -20/9 


—20 SO 

Put in (ii) .v + 1 2( ) = -25 => y = -25 

9 3 

80 -75 + 80 r ,„ | — 

y - -25 +— = = 5/3 => [_>■ = 5/3 

Put values of 2 & y in (i) 

3 9 

1 0 20 •— _ 
x + — - — -2 = 0 
3 9 

30-20-18 „ 8 „ 

9 9 

For Reduced Echelon form continue (A) 

'1 2 


1 = 8/9 




I 


0 t 
0 0 


1 

2 


12 

-25 


1 

:-20/9 


23 

: 52 


12 

; -25 

R , -2 R, 

1 

:—20/9 


0 : 

: 8/9 " 

R 2 -12 R. 

0 : 

: 5/3 

R.+23R-. 

1 : 

-20/9 



0 1 
0 0 
1 0 
r\o 1 
0 0 

so x = 8 / 9, y = 5 / 3, z = -20 / 9 
-v, +4 .v 2 + 2.Vj = 2 
iii. 2jr, +jr 2 -2^ =9 

3,v, + 2 jc 2 -2.v 3 =12 


'1 

4 

2 

2' 

2 

1 

-2 

9 

_3 

2 

-2 : 

: 12_ 


Sol. The augmented matrix is 
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1 4 2 

0 -7 -6 
0 -10 -8 


2 

5 

6 


R 2 - 2R } 
R^M } 


R 


R 


R 


1 

-10 

4 

1 

0 

4 

1 

0 


2 

6/7 

-8 

2 

6/7 
4/7 
' 2 
6/7 
1 


x, +4 x 2 +2x } -2 
6 -5 


2 

-5/7 
, 6 
2 

-5/7 
-8/7 
2 

-5/7 
-2 

HO 

-H»') 


—R 2 
7 ^ 


7 ? 3 + 10/? 2 


5 * 


<A) 


x^ — 2 


fi e _< in “7 

Put (iii) in {«} x, + — (-2) - — => x, - — + — = — = 1 

' 7 ' 7 2 7 7 7 

Put x 3 and x 2 in (I) x, + 4(1) + 2(-2) =• 2 . 

x, + 4-4 = 2=>[ 


x,=2 


For Reduced Echenol form continue (A) 


R 


Q 

1 

0 

0 

1 

0 


-10/7 
6/7 
1 
0 
0 
1 


34/2 

-5/7 

-2 


R.-4R, 


£,-6/7% 

#,+10/7^ 


MATRIX 
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4. 


f. 


Sol 


ii. 


sot. 


Solve the following system of homogeneous linear equations. 


je+2.y~2z = 0 
2jf+y+Sz = 0 > 

5.v + 4^ + 8z = 0 


x + ly-lz^O — 

— > / 

2x+y+$z = Q — 

— *// 

5x + 4 i y+82 = Q - 

— 


A = 


I' 2 
2 t 
5 4 


-2 

5 

8 


1 2 -2 


M= 


2 1 
5 4 


5 

8 


= 1(8 - 20) - 2(16 -25}+C-2X8 - 5) 

= -12 + 18-6 = 18-18 = 0 

So system has non trivial solution 

2 %l-U 

2x + 4y— 4a = 0 


2x + y + 5z = 0 

3,y -92 = 0=> 3 y — 9r 
>- = 3r 
/// - 4 x 11 
5jc + 4y + 8s = 0 

8 x+ 4 y + 202 = 0 

-3x-12j = 0 
3 * = -122 

JT = —42 ' 

Take z = l then solution is x ~~4t% y = 3t,z = t 

x t +4x li '¥lx i =0 

2jt, + Jf 2 - 3jf 5 = 0 > 

3x,+2jr 1 -4jc J = 0 
jc, +4x-, +2jc 3 = 0 > I 


matrix 
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2x t + x 2 - 3% = 0 


MATRIX 


1 ) 1 . 


Sot. 


->// 

3x, + 2x 2 -4x 3 - 0 > HI 



'1 4 2 


1 4 2 

4- 

2 1 -3 . 

3 2 -4 

=>[4| = 

2 1-3 

3 2 -4 


= K-A +6) - 4(-8 + 9) + 2(4 - 3) 
“2-4+2f = 4-4 = 0 
So system has non trivial solution 

II— 2x1 


III -2JI => 

3x, +2x 2 -4;t 3 =0 
4x, ± 2x 2 + 6x 3 =0 


2x, + x, - 3x 3 = 0 
2c, ±8x, ±4x^ -0 
-lx 2 -lx 2 =0 
-=* 7x 2 = -7.x, => x 2 - -x 3 

Take x 2 = t then x, = 2/, x 2 x., * is solution. 

X, -2jc ; “Xj=0 
x, + x 2 +5x 3 =0 1 

x ( -2x 2 -x 3 =0 > I 

x, +x 2 +5x 3 -0 > II 

2Xj - x 2 + 4x 3 - 0 > III 


-x, +2% = 0 ==>x, - 2x 3 


A = 


Ml = 


1 -2 -1 
11 5 

2 -1 4 

1 -2 -l! 

1 1 

2 -1 


- 1((4 + 5) - (-2K4 - 1 0) + (-1X-1 - 2) = 9 - 1 2 + 3 ^ 0 


So system has non trivail satiation 
'II -I. .. Ill + II 
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MATRIX 


x, + x 2 + 5x 3 = 0 

x, - 2*., - x 3 - 0 


2.x, 


-x 2 +4.t 3 = 0 


x + x, + 5x - 0 


Sol. 


3x, + 6 X 3 = 0 3xj + 9 x 3 = 0 

=> x 2 = ~2.t 3 3x, = -9*3 

Take =/ then solution is at, = -3 x 3 

x l = -3/, x 2 --2 i, x 3 =/ 

Find the value of A for which the following systems have non-trivial solutions. 
Also solve the system for the value of A . 
jc + ^ + 2 = 0 

2x + j - At = 0 
x + 2y-2z = 0 

"1 1 f 

A = 2 1 -A 

1 2 -2 

Given system has non-trivial solution so |/f| = 0 

|l 1] 

\A\= 2 -A = 0 


1 -A 

2 -2 

l(-2 + 2 A) - 1(— 4 + A) + 1(4 - 1) = 0 
-2 + 2A + 4-A + 3 = 0 
A + 5 = G: 


A = -5 


System becomes 

x+^y + z = 0 > I 

2x + y + 5z = 0 >11 

x + 2y - 2 z = 0 > III 

II-2xl 

=>2x + >> + 5z = 0 
2x + 2y+2z = 0 


III -2x11 

x 4- 2y - 2z - 0 
4x + 2 y + VOz - 0 


-y + 3z = 0 


-3x-12z = 0 
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MATRIX 


it. 


Sol. 


y = 3z =>3x = ~12 z 

x = -4z 

Take 2 -/ then solution x = -4f, y- 3/ 

.v, + 4.v 3 + Xx i = 0 

2. v ( + .v 3 - 3.Vj =0' 

3. v, + Xx 2 - 4x 3 = 0 



4 X 
1 -3 
X -4 


System has non trivial solution so |/l| = 0 i.e. 


1 

2 

3 


=5 K~4 + 3 A) - 4(-8 + 9) + X(2X - 3) = 0 
=*-4 + 3X-4 + 2X 2 -3X = 0 
=>2 X 1 -8 = 0=>^ 2 = 4=>/t = ±2 
When X—2 then system 



x, + 4 x 2 + 2x, - U > 1 

2x, + x, -3x,- 0 >11 

3x, +2x, -4x 3 =0 > 111 


11-2x1 


+ x, - 3x 3 = 0 
+ 8x 2 + 4x„ - 0 


-7 x 2 - 7 x 3 = 0 x 2 - — Xj 

111 -2 x 11 When X = 2 then solution is if x, =l,x 2 = -/.x, = 2t 

3xj + 2 ^_ -4x 3 - 0 

4x, - 6x 3 = 0 

I ' - - ' * 

- - + 

-x,+2x 3 = 0=> x, =2a 3 

When A - —2 then system is 
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MATRIX 


Sol. 


jc, + 4jc, - 2x 1[ = 0 >!V 

2x, + x 2 -3x, =0 


3.y, - 2y, - 4x, = 0- 


V -lx. IV 

+ x 2 - 3x 3 =0 

^ +8.r, -4 .y 3 =0 

- - + 

-lx 2 + x 3 = 0 
=> lx 2 = x 2 


-» VI 

V + 2xV 

3a, - 2 x , -4jc 3 = 0 
4jC| + 2x 2 - 6x 3 = 0 


7x, 


I0x,=0 


1 


10 

*2 = y * 3 


A". = — A% 

1 7 3 


When A j? -2 & x, —t then x, = — f,jr } = — — t 

' 1 2 1 

Find the value of A for which the following systems does not possess a unique 
solution. Also solve the system for the value of A . 

,V[ + 4x 2 + Ax i = 2 
2x,+jc 1 -2jc j =11 " Federal 
3at, +2x 2 -2,Vj = 16 
Augmented Matrix is: 


R,-2R.&R,-3R 


"1 

4 A 

: 2" 



4 

A 

: 2' 

2 

1 -.2 

: 11 

=>R 

0 

-7 

-2-2/1 : 

7 

_3 

2 -2 : 16, 


0 

-10 

-2-3 A : 

10_ 

'l 

4 

A : 

2 



1 4 

A 


R 


0 l =®=M 

-7 

0 -10 -2-3 A : 10 


-1 


•R 


2+2A 

7 

6- A 


2 

-I 

0 


R$ + 10/£, >(.4) 


System does not possess unique solution for 
Put value of A in (A) 


6 -A 


= 0=>6- A - 0=> A- 6 





[o 0 0: oj 

x, +4x 2 + 6x 3 =2— — >1 


Here x 2 +2x 3 =-l -+// 

=> x 2 = -2x 3 — 1 > III 

Put III in I 

x, +4(-2x, ~1) + 6x 3 =2 
x, -8x 3 -4 + 6x 3 ~2 
=> x, - 2x 3 - 4 = 2 
x, - 2x 3 + 6 
Put x 3 = / 
x t =2t+6 

Xj — -2t -2 


MATRIX 

* 
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TEST YOUR SKILLS 


Marks: 50 


Q#l. Select the Correct Option (10) 

i. A square matrix A — ^a :j J with complex entries is skew hermetian if (A)' =? 


m. 


IV. 


VI. 


VII. 


IX 


a) 

The matrix 


A b) 
5 f 
15 3 


-A 


Ml 


d) 


Ml 


is: 


Skew symmetric 


a) Singular b) Non Singular c) Symmetric d) 

For trivial solution |^|is: 

a) 1 b) -1 c) Zero d) Not defined 

(0,0,0) is solution of homogeneous system of linear equation is 

a) Trivial b) Non trivial c) unique d) Non 

! -2 3 ' 

-2 3 1 

4 -3 2_ 

a) 10 b) -10 

1 O' 


If 


then is equal to: 


-18 


d) 


-II 


0 0 


is 


a) Diagonal matrix b) Zero matrix 
"-1 3' 


If 


a) 


1 


c) Scalar matrix d) Identity matrix 


-3 


= 0 then value of x is 


b, J 


c) 


J. 

3 


viii. If A is a square matrix of order 2x 2 then \KA\ equals 


a) 


K\A 


b) j\A\ c) 2K\A\ 


d) 


d) K 2 \A\ 


If A = ] is a square matrix of order n if a =0 Vi * j and 

= 1 ,V i = j then A is matrix 

a) Unit b) Null c) Symmetric d) Skew Symmetric 

x. If A and B are confirmable for multiplication if (SB)' - ? 

a) AB b) BA c) A' B' d) B'A' 

QW2. Short Questions: (2X20 = 40) 

Tx + 3 i i r v ii 

i. Find x and y if 


x + 3 

1 


y 

1 ' 

-3 

3y-4_ 


-3 

2x 
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6 7 8 

ii. Without expansion show that 3 4 5 -0 

2 3 4 

iii. if A is square matrix of order 3 then show that A- A' is skew symmetric : 

iv. Define Scalar Matrix 

a fi +a 1 

v. Without expansion prove that p. y + cc 1=0 


y a + p 1 


2 -3 


vi. if A= 0 -2 0 Find A n & A 32 


-2 -2 


vii. If A - 


viii. If A = 


0 -i 


show that A 4 = L 


1 -1 2 

0 3 1 


3 I x 


2 3 0 

I 2 -I 


Show that (A + B)‘ = A 1 + B' 


ix. Find x if -1 3 4=0 

x ! 0 

x. Define Hermetain matrix: 

2x + 2>' + z = 3 

Q#3, (a) Solve by Cramer's rule 3x - 2>- - 2z = 1 

5x + y - 3z = 2 
b + c a a 2 

(b) Shown c + a b b 1 = (a + b + c)(a - b](b - c)(c - a) 
\a + b c c 2 


Qft4. (a) Show that 


lxll 
1 * x 1 
1 1 1 x 


= (x + 3)(x-l) J 


1 -3 2" 

(b) Find the inverse of 2 1 0 

0 -1 1 
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QUADRATIC EQUATIONS 


Quadratic Equations 



Exercise 4.1 


Solve the following equations by factorization: 


/ 


1. 3x : +4x + l=0 

Sol. 3* J + 3 x + x + 1 =0 

3* (x + 1) + 1{* + ]) - 0 
(x + l)(3x + l) = 0 
x + 1 = 0 or 3x + 1 = 0 

. I 

x = - 1 or x — — 

3 



3. 9*r 2 -12*-5 = G 

Sol. 9* 2 -15x + 3x-5 = 0 

3x(3x - 5) + 1(3* - 5) = 0 
(3*-5)(3x + I) = 0 
3* - 5 = 0 or 3* + 1 = 0 

5 -1 

* = — or x= — 

3 3 



2. x 2 + 7*: + 12 = 0 

Sol. x 2 +3x + 4x + 12-0 
x(x + 3) + 4(x + 3) - 0 
(* + 3)(x + 4) = 0 

* + 3 = 0 or * + 4 = 0 

* = -3 or x = — 4 
S.S {-3,-4} 

4. x z - x = 2 Multan 2008, Sargodha 2006 
Sol. x 2 - x - 2 = 0 

x 1 - 2* + x - 2 = 0 
*(*- 2 ) + l(x- 2 ) - 0 
(x- 2 )(x + l) = 0 
*-2 = 0 or * + 1 = 0 

* = 2 or x = -1 

S.S = {-1,2} 

5. *■(* + 7) = (2* - 1){* + 4) Multan 2007 
Sol. *- + 7* = 2*- + 8* - * - 4 Faisalabad07,09 

or 2x 3 + 7* - 4 - x 2 - lx = 0 
or x 1 -4 = 0 => (*-2)(* + 2) = 0 
*-2 = 0 or * + 2 = 0 
* = 2 or x = — 2 
S.S = {2,-2} 
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QUADRATIC EQUATION 


6 . 

Sol. 


7 . 

Sol. 


— +— 

,v + X x 

- = — IX * 
2 

x 3 +(x + l) 2 


x(x + 1) 

~ 2 

x 2 + x 2 + 2x + 1 5 

x 2 + X 

2 

"lx 2 + lx + 1 

5 


x 2 + x 2 

=> 2(2x 2 + 2x + 1) = 5(x 2 + x) 

4x 2 + 4x + 2 - 5x 2 + 5 x 
5x 2 + 5x-4x 2 -4x - 2 = 0 
x 2 + x-2 = 0 
x 2 + 2x — x — 2 = 0 
x(x + 2) - l(x + 2) = 0 
=> (x + 2)(x-l) = Q 

x + 2 = 0 or x — 1 = 0 
x ~ -2 or x = 1 

SS = {1, - 2 } 


1 2 7 

1 = 

x+l x + 2 x + 5 

l(x + 2) + 2<x + l) 


;x * -1,-2, -5 
7 


(x + l)(x + 2) x + 5 


x + 2 + 2x + 2 7 


x"+3x + 2 x + 5 
3x + 4 7_ 

x + 3x + 2 x + 5 

=> (3x + 4)(x + 5 ) - 7(x 2 + 3x + 2)) 

3x 2 +15x + 4x + 20 - lx 2 +21x+ 14 
lx 2 +2 Ix + 14 - 3x 2 - 19x-20 = 0 


4x 2 + 2x - 6 = 0 
4x 2 + 6x - 4x - 6 = 0 
2x(2x + 3) - 2(2x + 3) - 0 
(2x + 3)(2x-2) -0 
2x + 3 = 0 or 2x - 2 = 0 



QUADRATIC EQUATION 
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8 . 

Sol. 


or x = \ 


5 . 5 : 


■tH 


a 


b 


ax — 1 bx-l ab 


a 


- h+ - 


(a*-l) bx-l 
a-bjax-l) | b-a{bx-\) 
(ar-1) far -I 

a—aixx+b b—abx+a 


-a= 0 
= 0 


(ax-l) 
(a-xjbx+b) 

(a -abx+b) 


bx-l 

l 


= 0 


1 


lax-l 

( i>*-l + ar-l ^ 

Jax-lX6*-l)J 


(a - abx + b)(ax + bx -2) = 0 

a-abx+b-0 or ax+ bx-t = 0 
abx^a+b or x(a+h)-2 


x~- 


a + b 
ab 


or x = 


55 


a+b 

= {£±i, _i_l 

. ab ’ a+b J 


Solve the following equations by completing the square; 

9 . = « 

Sol. x 2 -2x -899 = 0 => x a -2x = 899 
Adding (l) 2 both sides. 

x 2 -2x + (l) 2 = 899 + (l) 2 (x - If =900 => <J(x-l) 2 = 

x— 1 =±30 =# x = 1±30^ x = 1 + 30 or x - i— 30 
x = 31 or ± = -29 
5.5 = {-29,31} 
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QUADRATIC EQUATION 

10. 

x 1 +4jc-10S5 = O 


Sol. 

x 2 + 4x = 1085 
Adding (2) 2 both sides. 
x 2 + 4x + (2) 2 = 1085 + (2) 2 

r 


(x + 2) 2 = lQS9^x + 2 = ±33 (By taking square 
x = -2 ±33 

x = -2 + 33 or x = -2 - 33 

root both side ) 


x = 31 or x - -35 
S.S -{31,-35} 


11. 

x 2 +4>x-567 = 0 

# 

Sol. 

x 2 +6x-567 = 0=> x 2 +6x— 567 


Adding (3) 2 both sides 
x 2 + 6x + (3) 2 = 567 + (3) 2 

(,v + 3) 2 = 576 => x + 3 = ±24 (By taking square mot both side) 


x = -3 ± 24 

x = -3 + 24 or x = —3 — 24 
x = 21 or x = —27 


12 . 

Sol. 


S.S = {21,-27} 

x 1 — 3x — 648 = 0 
x 2 - 3x = 64S 


3 

Adding (—) 2 both sides 
2 


* 2 - 3 * + (|) J =648 + £) 


2 J 


(x--) 2 = 648+-=>(x--) 2 = 


2 

( x --) 2 = 
2 


3 ,, 

' 2 ‘ 


2592 + 9 


2601 3 ,5l' ( 

x-— = ±~-(By taking square root both side) 
4 2 2 


351 351 

x = — ± ; — =>x = — ± — 
2 2 2 2 


3 51 

x = — + — 

2 2 


3 51 

or x - — - — 
2 2 


54 48 

x= — of x = - — =^x=27 or x = -24 => S.S = {-24,27} 
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13 . 

Sol. 


14 . 

Sol. 


jc 1 - ,v - 1806 = 0 
x 2 -X = 1806 


Add both sides 



x~ - x + 


-T 

2; 


= 1806 + 


we get 

( 1 Y 
J; 


(x--) 2 = 1806 + - 
2 4 


1 V 1 

.v — = 1806 + - 

l 2J 4 

f O 2 7224 + 1 7225 

r 2j ~ 4 "4 


Taking square root both sides 



1 ±85 1 + 85 1-85 

x ■=> x = or x = 

2 2 2 

.v = 43 or x — 42 => iS',5' = {-42,43} 

2jc : + 12jc — 1 10 = 0 

lx 2 + 12jc-I 10 = 0(+6>>2) 
x 2 + 6* -55 = 0 

Adding both sides (3)“ we get 


x 1 +2(3)* + (3)' = 55 + (3) 2 
(x + 3) 2 =55 + 9 = 64 

or \J(xA 3) : =+V64 
.v + 3 = ±8 


x - -3 + 8 
a: - -3 + 8 

x - -3 + 8 or x = -3 - 8 

,t = 5 or x = - 1 1 => S.S = {5,-1 1} 
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QUADRATIC EQUATION 


Find roots of the folkwring equations by using quadratic formula: 
15. 5x 1 -I3jc + 6 = 0 

Sol. a = 5 t b = -\3 t c = 6 

— b±yjb 2 — 4ac 


16. 

Sol. 


17. 

Sol. 


X = 


2 a 


x - 


-(-13)V(-13) 2 - 4(5X6) 13+^169-120 


x~- 


2(5) 

13±>/49 13±7 


10 


x = ■ 


10 
1 3 + 7 

10 


or 


10 
1 3-7 
10 


20 

x = — or x = 

1 - 0 - 1-0 

- 3 
x = 2 or x = — 

“-HI 

4x*+7*-l-0 
a = 4, b — 7, c = — 1 

—b ± \ lb 2 - 4 dc 


Multan 2008 


x = - 


2 a 


x = 


; 7 + v / (7) ? - 4(4X 1) -7±V49 + 16 -7±V65 

2(4) 8 8 

-7±V65l 


S.S = 


8 


lSjt 1 +2a*-« 1 = 0 
a = 15, b = 2a, c — -a 1 

-b^yjb 1 —4ac 


Sargodha 2008 


x = - 


2 a 


x- 


_ -2a ± J(2af^-4(\ 5%-a 2 ) _ -2a±^4a 2 + 60a 2 
~ 2(15) _ = _ 30 : 

-2a 64a 2 -2a±Sa 


30 


30 
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-2a + Sa -2a~8a 

x or x = 


30 

6 a -10a 

x = — or x 

30 30 


30 


-a a 


x = - or X ^JL ^s.S = \—,~ 

5 3 1 3 5 

18. 16jt 2 + 8 jc + 1 = 0 
Sol. a -16, 6 = 8, c - 1 

_ -6 + Vjr -4 ac _ -8 + ^(8j : -4(16j(l) 

2 a ~ 2(16) 

-8 + V 64 - 64 -8±0 -8 1 

-v = = — _ — => S.S = 

32 32 32 4 

19. (x - a )( x-b) + (x-b )(x - c) + ( x - c)(x - a ) = 0 

Sol. x“ - cix ~ bx + ab 4 - x 2 bx ■ cx + be 4 - x 2 - ex - ax + ac - 0 
3x 2 - 2 ax - 2 bx - lex + ab + be 4- ca = 0 
3x* - 2(a 4 - b + c)x + (ab 4 - be + ca) - 0 
A = 3. fi = -2 (a + b + c), C = ab + be + ca 

± 'J B' -4 AC _ -(-2 (a + h +■ c)) + sj(-2(a + b + c)) 2 - 4(3)(a6 + bc + ca) 
2 A 2(3) 



x - 


x = 


2(t i + b + c)±yjA(a +h~ 4 c 1 + lab + 2bv + 2 ca )-\2(ab + bc + ca) 

6 

2 ( a t h 4 c ) ± \[4a~ + 4 6 2 4-4e 2 +8«6 + 86c + 8™ 1 lab - 1 2 be - 1 leu 


. _ 2( a+b+c)±yj‘\a' +&r i 4c' Aab-4hc-4ca ) _ 2 (a+b+c)± yj Mu ' + b' + c 2 - ab lx- ca) 

6 6 


2(a 4 - 64 - £■) ± 2V« 2 +b 2 +c 2 - ab - be 


-ca 


> x =■• - 


( 4 / + 6 -4 e) ± Va 2 4- 6" + c~ - ah - be - 


ca 


x = 


(a + b 4- c) ± -Ja 2 +6 2 +c' ' - ah - be - ca 


s.s = - 


( a + b 4 c ) ± sfa 2 + 6 2 4 - c 2 -6c 


-ar 
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20. (a + h)x 2 + (a + 2b + c)y + b + c — 0 

Sol. A = a + b, B — a + 2b + c.C = fr+ c 


x - 


X = 


~B±Jb 1 -4 AC _ ~(a + 2b + c))± J(ii + 2fr + c) 2 -4{a + 6)(6 + c) 

2 A 2 (a + b) 

-( a + 2b + c) + \ja 2 + -4~tr ' + c~ +4 tf& + + 2c a - -+-ttb - 4 ac - 4^ - 4 b 2 


2(a + b) 

_ _ —(a + 2b + c)±-\ja~ + c 2 - lac _ -{a + 2b + c) ± ^j(a-c) 1 
2 (a + b) 2 (a+b) 

-a -2 b-~c± (a - c ) 


x - 


X — 


2 (a + b) 


-a -2 b-c + (a-c) —a-2b-c—la—c) -a-2b~c~a + c 

x = or x --- ' - 


2 (a + b) 


2{ii + b) 


2 (a + b) 



2 (a+b) 2 {a + b) 


IS 




xponential Equation: 


Equations in which variable occur in exponents. 


eciprocal Equations: 


An equation which remains unchanged when x is replaced by j_ 

x 

Example 3 : 2 1 * - 3.2 t+J + 32 = 0 

Sol. 2 3t -3.2* +2 +32 = 0 

2 2x -3,2\2’ +32 -0 

2 2 ' - 3.4.2 1 + 32 - 0 => 2 lx - 1 2.2 r +32-0 
Put T = y => 2~ v = y~ => y- - 1 2_y + 32 - 0 


2008 - II Sarsodha Just Covert to Quadratic 
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Example 5 : Solve x 4 - 3x J + 4x 2 - 3x + 1 = 0 

Sol. x' 1 - 3x 3 + 4x 2 - 3x + 1 = 0 

'+ 1 by x 2 


Sargodha 2009, 11 
Faisalabad 2008 


=> -*- 2 -3jc + 4-^ + -i-.= 0 j .t 2 +-Lj-3| ,v + I | + 4 = 0 I 

Pul x + — = >•■=?■ x 2 + -Xr + 2 = y 2 

X X ' 


2 I ^ _ 
or x + — = y~ -2 

x 


(J become) y 2 -2 -2y + 4 = 0 => y 2 - 3y + 2 =0 

y 3 -y-2y+2 = 0=> y(y-l)-2(y-J) = 0 
(y-l)(y-2) = 0=>(y-l) = 0 or (y- 2J = 0 
y - 1 or y - 2 

When y - 1 => x + — = 1 => x 2 + 1 = x => x~ - x + 1 = 0 
x 

t _ -(-l)± N /(-l) 2 -4(i)(l) l±Jj34 _i±V=3 

2 ( 1 ) 2 2 

When y = 2 => x + ~ = 2 => x 2 + 1 = 2* => x i - 2x + l = 0 
x 


(j: - l) 2 = 0=> (x - I )(x - 1) = 0 =* x = 


1,1=>SJ = 







Exercise 4.2 


Solve the following equations 

1. x 4 - 6x 2 + 8 = 0 

Sol. Put x 2 - y => .y" 1 — y 1 
;' 2 - 6^ + 8 = 0 
or y 2 -2>>-4>' + 8 = 0 
or y(y -2)-4(y~ 2) - 0 
or O’-2)lV-4) = 0 


y 2 = 0 or y - 4 = 0 
y = 2 or y = 4 
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2. 

Sol, 


3* 

Sol. 


when y-2 then x 2 = 2 x — ±^2 

when y — 4 then x 1 - 4 x — ±2 

S.S = |±2.±V2 1 

,v 2 - 10 - 3 jc h Faisalabad 2008, Multan 2009 


A' 2 -10- 3x _1 or — - 1 0 - - 
XT X 

Multiplying both sides by x z 

1 — 1 Ox 2 = 3 .y or 1 Ox 1 + 3x -1 = 0 

—b ± *Jb 2 - 4 ac 


' x — ■ 


2a 


a-]0,b-3, c=-l 


x - ■ 


-3±V(3)- -4(10)(-1) 

2 ( 10 ) 

-3 ± V9 + 40 -3 ± V49 -3 + 7 


20 20 

-3 + 7 -3-7 

x — — — or x 


20 


20 


.v - ■ 


20 


or x — ■ 


20 

-10 

20 


1 - 1 _ vv J 11 

5 2 1 2 5 

v^-Px^+S-O 
Pm a 3 - y => x b - y 2 
y 2 - 9y -+-8 - 0 
or y 2 - y — 8 >* + 8 — 0 

or y(y - 1) - 8(.v -l)-0=>(>- l)(.v - 8) - 0 

=> (y-l) = 0 or 0-8) = 0 
y - 1 or y - 8 

when y = 1 then X 3 — 1 a 3 -1=0 

(a-1)(a 2 +x + l) = 0 
x — 1 = 0 or x 2 +x + l=0 


A - 1 or x 


-1±V(1) 2 -4(1)(1) 


2 ( 1 ) 
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x = 1 or x = 


-l±V-3 


when y = 8 then x 3 = 8 => x"' = (2) 3 

x 3 - (2) 3 = 0 => (x - 2)(x 2 + 2x + 4) - 0 
or x 2 + 2x + 4 = 0 

_ -2±V(2) r ~4(!){4) 

2 ( 1 ) 


jc-2 = 0 
x = 2 or 


-2 ±74 -16 


X - 


-2±-f^2 


2 2 

-2 ± 2V-3 2(-l±7^3) 

x = =>Jf= 


S.S = 




4. 8.v 6 — 19.v i -27 = 0 Multan 2008, 

Sol. Put x 3 = y=> x 6 = y l 

Sy 2 - 19>*-27 = 0 
or &y 2 +%y-27y- 21 = 0 
8j(j + I)-27(^+1) = 0 
(j/ + l)(8>’-27) = 0 
V + 1 = 0 or 8^ -27 = 0 

t 27 

y ~- 1 or y^Y 
when y = - 1 then = - 1 

a- j +1 = 0 or (jf + l)(j: 2 -jr'+l) = 0 
x + I = 0 or x 1 ~ x + I = 0 

-(-I)±V(-1) ; -4(1)0) 


.v - - 1 or x - ■ 


2(0 


i±7i^4 liT 1 ^ 

X ~ A = 


l+V^/ 


27 

when v = — then 

8 


* 3 - 


2 

27 

8 


= -\±4^> 


f 


2 
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QUADRATIC EQUATION 




■V- 


r !H 


„ 2 3x 9"| 

l|Jf + T + 4 


-0 


- i 2 3x 9 

x =0 or x + — +-! 


1 

2 


2 4 


x^— or Ax 2 +6x+9 = 0 fx ' by 


_ -6±V(6) i 4(4X9) ■ HS ±V^I m 
2(4) 8 

~6±2\f-2 7 /(-3±3^) 

8 ‘ ~J 

3(-l±V^3) 3(-l±V3/) 

X 4 ~ 4 


X = 




S£= -1, 


3 1*05/ 3(M± V3/) 


5. 

x 1,s +S~6x m - — 

— I 

Sol. 

Put 

x h5 =y ^ x i!S =.y 2 


{I become ) 

y 2 +8 = 6y .=£> y 2 

-6^+8 =0 


or 

y 2 -2y-4y + $ = 0 



• 

y(y~2)~4(y -2) = 0 




(y - 2)(y - 4) = o 




Si 

1 

to 

II 

0 

s 

1 

II 

0 



II 

K 

3 

II 


when 

y 

= 2 then x vs = 2 



=> X 

= 2 3 => x = 32 


when 

y 

= 4 then x l 5 = 4 



^>x 

= 4 s =1024 



S.S = 

- {32, 1 024] 



6. (x + l)(x + 2)(x + 3)(* + 4) = 24 

Sol. or (jt + l)(x + 4)(x + 2)(x + 3) = 24 

(x 2 + 5x + 4Xx : +5x + 6) 

Put = 


Multan 2009 
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(>'+4)(>'+6) = 24 ’ , 

y +10^+24= 24 

y +io^+24-24 =>y+i^=o 

ory>+10) = 0 

y = 0 or ^+10 = 0 

^ = 0 or y = — 10 

when y- 0 then x l +5x = Q 

x(x+5.) = 0 => x - G or x+5 = 0=4- x = 0 or x = -: 

when y = - 1 0 then x l + 5x - -10 

x 2 +5x+10 = 0 

-5±J(5) ! -4(1X18) 


7 . 

Sol. 


-5±V25-40 -5±>m 

2*2 


S.S = 




( x - l)(x + 5X* + 8X* + 3) - 880 « o 

- (x - I)(x + 8)£x + 5)(x + 2) - 880 = 0 • 
(x 2 + ‘7x -$Xx 2 + 7x + 1 0) - 880 - 0 



Put X 2 +7x-y 

(y ~ 8)Cy + 1 0) - 880 = 0 

y -8^+10^-80-880 = 0=> y +2y-960 = 0 
or y + 32>> - 30>’ - 960 = 0 
or y(y +32) - 30(,y + 32) = 0 


or (y + 32X> -30) = 0 


>> + 32 = 0 or y-30 = 0 

y = -32 or y = 30 

when y = -32 then x 2 + lx = -32 


x 2 +7x+32 = 0 


0I . V - -7 ±ylaf -4(1X32) 

2 ( 1 ) 

-7±V49-128 -7±^-7$ 


QUADRATIC EQUATION 


2 


2 



non PGF mathematics-1 



when y = 30=> x 2 + lx = 30 
or x 2 + 7* -30 = 0 
or x 2 + 1 Ox 3* -30 = 0 
*(* + 10) 3(x + l0} = 0 
* (x + 10)(x-3)-0 
x + 10 - 0 or .v - 3 - 0 
x = -10 or * = 3 


S.S - \ 3, 10. 


- 7±^/ = 70 


— 1 — ! 0, 3, 


7 1 yffii 


QUAPRAT1C EQUATION 


8. (x - SX-Sf — 7)(jf + 6)(-»r + 4) - 504 = 0 

Sol. (x - 5){* + 4)(* - 7){x + 6) - 504 = 0 

<*•’-* 20)(x 2 x- 42) -504 = 0 ; 

Put jt— .* = y 
(+-20)(+ 42) -504 = 0 
X 20 y - 42 y + 840 - 504 = 0 
/- 62 + 336 = 0 

y - 6+ -56+ +336 = 0 - - ■ . 

y{y -6) -560’ 6) = 0 

(+-6X+-56HO 

+ -6 = 0 or y 56 = 0 ’ 

+ = 6 or y-56 ~ 

when y = 6 then x 2 ~ x = 6 
x 2 -x-6-0 
x" — 3* + 2a • 6 = 0 
+(*-3) + 2(x-3) - 0 

(x 3)(at + 2) = 0 *-3 = 0 or * + 2 = 0 =* x = 3 or x~-2 

when + = 56 then x 2 -x = 56 
.V 2 - .v-56 = 0 . 

x 1 - 8x + 7* - 56 = 0 . 

a(a-8) + 7(.v-8) = 0 '■ 

(x-8)(x + 7) = 0 

(x-8) = 0 or (x + 7) = 0 

x = 8 or X'=-~7 
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9. (at — l)(.sr — 2 )(a-- 8)(.v + 5) + 360 = 0 

Sol. (a 2 -3x + 2)(a 2 -3a - 40) + 360 = 0 

Put x 7 -3x - y then 
(> + 2)(>- 40) +360-0 
y 2 + 2y -40* -80 +360 = 0 
> ? -38> + 280 = 0 
y l - 1 0> -28> + 280 = 0 
><>-!0)-28(> 10) - 0 
(>-tG)(>-28) = 0 
j/ — 10 = 0 or >-28 = 0 
>' = 10 or > = 28 

when y - 1 0 then x 2 3 a - = 1 0 => a 2 - 3 a - 1 0 = 0 



3 + V9 + 40 3 + V49 3±7 


* ~ 2 2 2 

3+7 ,3-7 

A = and 

2 2 

W , _ -4 „ 

■2 - 2 - 
when > — 28 then a 2 — 3a = 28 
A 2 -3a -28 = 0 

a 2 - lx + 4a 28 = 0 
a(a — 7 ) + 4 {a - 7 ) = 0 
(a -7)(a + 4) = 0 
x 7 = 0 or a + 4 = 0 
a = 7 or a = -4 
.S’*? = {5,-2. 7.-4} 

10. t A- + 1 )(2.v + 3)(2 a + 5)(a + 3) = 945 

Sol. (a + 1)(a f 3)(2 a + 3){2a + 5) = 945 

(a 2 + a + 3a + 3)(4a 2 + 1 0a + 6a + 1 5) = 945 
(a 2 + 4 a + 3)(4x 2 + L6x + 15)- 945 
(a 2 + 4 a + 3)[4{a 2 + 4a) + 15)] = 945 





Pu{ jr' +4 x-y then 
(jy + 3)(4;y + 1 5) — 945 
4 y 2 + 1 5y + 1 2y +45 - 945 - 0 
4y 2 + 27 y — 900 - 0 
4y 2 +75^-48^-900 = 0 
y{4y + 75) - 1 2(4/ +75) = 0 
{Ay + 75)(y~l2) = 0 
4_v + 75 = 0 or _y-12 = 0 

-75 ' ' n 

y = or y = 12 

4 ' 


w/^/j y then x z + 4jc = 

4 4 

or Ax 1 + 16x--75 
4 jc 2 +16^ + 75 = 0 

t _- 16± Va 6) 2 - 4(4X75) -16 ± V256 - 1 200 
2(4) 8 

-\ 6±^44 _ -16±/V944 -16±<Vl6xS9 
* .8 “ 8 ” 8 
-16±4i>/59 _X(-4±*V59) (-4±/V59) 

8 $ 2 
when y - 1 2 /fte/i jc z + 4jc = 12 

x 2 +4x-12 = 0 


11 . 

Sol. 


jt 2 +6jc-2.t-12 = 0 
Jc(jr + 6)-2(jc + 6).= 0 
(* + 6H*- =0 , 

x + 6 = 0 or x-2 = 0 
-x - -6 or x =2 


s.s = 


2 ,- 6 , 


-4 ±i-s/59 


(2jc - 7)(x* - 9)(2jf+5)— 91 = 0 
( 2x - 7Xx + 3)(x ~ 3)(2jc + 5) - 91 = 0 . 

{lx 2 +6*^7x-21X23c 2 + 5x-6x-15)~91 = 0 
(2x 2 -jf-2lX2Jf 2 - jc-15)-9I =0 


QUADRATiCEQUATIQN 
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12. 

Sol. 


Put 2x 2 - x = y 
(>' - 2 l)(_v - 1 5) - 9 1 = 0 
/- t5>'-21_y-t-315-91 =0 
y 2 ~36y + 224 - 0 
y 2 - 8y-2$y + 224 = 0 
yO>-8)-28Cv-8) = 0 
(>'-8)(>>-28) = 0 
>*-8 = 0 or ;'-28 = 0 
y = 8 or y = 28 


when y = 8 then 2x 2 - x = 8 
2x 2 - x - 8 = 0 

or r 

2 ( 2 ) 

1 + s/T+64 1 + V65 

A 4 ~ 4 

when y = 28 2.x 2 - x = 28 

2x : -x-28 = 0 


2x 2 - 8x + 7x -28 = 0 
2x(x - 4) + 7(x - 4) = 0 
(x-4)(2x + 7) = 0 
x-4 = 0 or 2x + 7 = 0 

-7 

x = 4 or x = — 


S.S = 1 4 


-7 1 ± V65 


(x 2 +6jf + 8)(jt ! + 14x + 48) = 105 
(.r + 2x + 4x + S)(x 2 + 6x + 8x + 48) = 105 
[x(x + 2) + 4(.v + 2)][x(x + 6) + 8(x + 6)] = i 05 
(x + 2)(x + 4)(x + 6)(x + 8) = 1 05 
(x + 2)(x + 8>(x + 4)(x + 6) = 105 
( x 2 + 1 Ox + 1 6)(x 2 + 1 Ox + 24) = 1 05 
Put x 2 +10x = >’ 

O' + 16)(>' + 24) = 105 
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13 , 

Sol. 


/ + 1 6y + 24y + 3 84 - 1 05 - 0 
/ +40^ + 279 = 0 
/ +9>'+31y + 279 = Q 
><y+9) + 3H> + 9) = 0 
(>-+9X>'+31) = 0 
y = ~ 9 or y = -3l 
when y — — 1 9 then x 2 + 1 Ox = -9 

or x 2 +10x + 9 = 0 


x 2 +x+9x+9 = 0 

x(x+1) + 9(x+1) = 0=>(x+1Xx+9) = 0 
x + 1 = 0 or x + 9 = 0 
x = - 1 or x = -9 

when >’=31 then x 2 + 1 Ox = -3 1 
x 1 + 10x + 31 = 0 


-ro+VdOj 3 -4QX31) 

2a) 

-lOtVlOO-124 ^ -10±>/^4 _ -lQ±/4(-6) 
2 2 2 


_ -1 0 ± 2^6 /(-5 ± \[6i) 

X — * — X — / 

2 1 


=>X = —5±y/6 


5.5 = {-9,-l,-5±V^6} 

(x 1 + 6x - 27)(x 2 - lx - 35) = 385 
or (x 2 +9x- 3 jc- 27X^ 2 -7x+5x- 35) = 385 
[x(x +9) - 3(ar + 9)][x(x - 7) + 5(x- 7)] = 385 
or (x+9)(x— 3)(x-7)(*+5) = 385 
or (x - 3Xx + 5)(x. + 9)(x - 7) = 385 
(x 2 + 2x-1 5)(x 2 + 2x - 63) = 385 
Put x 2 + 2x = y then 


(X-15Xx-63)=385 

/-15j>-63j> + 945 -385 = 0 

/ -7^+560=0 


y 1 -8_v-70 < v + 560 = 0 
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y(y - 8) - 70(7- 8) = 0 
C^-8)(^-70) = 0 
y = 8 or y = 70 

when 7 = 8 l hen x 2 + 2x = 8 
jc 3 +2.v-8 = 0 
x ? + 4a" - 2x - 8 = 0 
x(x.+ 4) + 2(*+4) = 0 
' pc + 4)(jc - 2) = 0 

x + 4 = 0 or x - 2 = 0 

x = -4 or x - 2 
when y - 70 then x 2 + 2x - 70 
x % +2x-70 = 0 

l)(-70) 

x = 

2(1) 

-2 + V4 f 280 -2 + V284 -21^4(71) 

2 ' " 2 2 

x = — ± ^ N,/?1 =(-l± V7T) = -1± VtT => S.S = j 2, -4, - 1 ± VTI J 

14 . 4.2~' l+1 - 9.2 A +1=0 Gujranwala 2009, Multan 2007 (just convert to quadratic) 

Sol. 4 . 2 , 2 3 * - 9 . 2 r + 1 = 0 

8.2 3t -9,2 T + 1=0 
Put T =y=>2 2 ' = y 2 
8y 2 -97 + UO 
87* - 87-7 + I = 0 
87(7 - 1)- 1(7 -1) = 0 
(7-l)(87-l)*0 
7-1 = 0 or 87 - 1 = 0 

7 = 1 or 87 = 1 

. 1 
7 = 1 or y = - 

when y = 1 then 2' = 1 => 2 r = 2 (l x = 0 

when v =- then 2' = 1 = \ 

8 8 2 ? 

or 2' = 2~ 3 =>x = -3=>SS = {0,-3} 
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15. 2' +2^ -20 = 0 Sargodha 2010, 11 

Sol. 2 T + 2 6 x 2~ x - 20 = 0 

2 T +64x — -20 = 0 

r 

Put 2' 1 = y then 
64 

>’+--20=0 

y 

'x ' by y we get 

/ +64- 20> = 0=>> 2 -20>+64 = 0 
y 2 -4>-16> + 64 = 0 
y(y~ 4) - 1 6(> - 4) = 0 
0'~4)(y-16) =0 
>’-4 = 0 or >>-16 = 0 
y = 4 or > = 16 
when > = 4 then 2* = 4 = 2 2 
=£ x = 2 

w/re/7 >> = 16 then 2* = 16 = 2 4 :=> x=4 

5.6' = {2,4} 

16. 4* -3.2* +J + 120 = 0 

Sol. (2 2 ) x -3.2 3 2 r + 128 = 0 
2^'— 3-S-2* +128=0 
2 1 * - 24.2 r + 128 = 0 

/>«/ 2* = >=> 2 2V = / then 

y 2 -24>+12S = 0 
> : -S>-16>+128 = 0 

y(.v-8)-16(> - 8) = 0 • 

(^-8Xy-l6) = 0 
.V 8 = 0 q/* >-16 = 0 

y = 8 y = 16 

when y = 8 then 2* = 8 = 2 3 => x = 3 

when > = 16 then 2 X = 16 = 2 4 =* x -4 

5^ = {3,4} - 


QUADRATIC EQUATION 
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QUADRATIC EQUATION 


17. 3 lx ~ l - 12.3 r +81 = 0 
Sol. or 3^3' ! -12J+81=0 

3 Si 

12 . 3 T +81 = 0 

3 

Put 3'' = y^> 3 2 ' t = _y 2 
2 

^--12^+81 = 0 

Multiplying by 3 

y 2 - 36 v+ 243 = 0 
y 2 -9y~27y + 243=0 
y(y ~9)~ 27 (y - 9) = 0 
(y - 9)0' - 27) = 0 
^-9 = 0 or y- 27 = 0 
y = 9 or y - 27 

when y - 9 then 3* = 9 => 3 r = 3 2 => .v = 2 

when y — 27 then 3' = 27 = 3"’ => x = 3 

5.S = {2.3} 


18. 

Sol. 


Put x H — - v then 
JC 

y’~ 3_) j — 4 = 0 
> j2 +>'-4> , -4 = 0 
3 ’(^ + 1 )~ 4 {>* + 1 ) = 0 
(jyfI)(>-4) = 0 
y — — 1 or y = 4 

* ] 

when y = - 1 //lew * + — = - 1 

x 

or .T 2 + ! = -x or .y 2 +.y + I=0 

-ItVM -1 ± V-3 _ -l±V3i 
2 ( 1 ) " 2 ' 2 


>■ - 4 x + — - 4 

I 
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QUADRATIC EQUATION 


or x 2 + t - 4.v or x 1 - 4x + 1 - 0 

-(-4)±V(-4) J -4(I)(1) 


-V - 


a: - 


- 2(t) 

4±Vl6-4 _ 4± Vl2 
2 ” 2 
r = 4 ± 2 ^ = /( 2±^) =2 
2 / 

— I ± \/3 /' 




',2 + VI 


19 . 


2 ,11 

x + .V - 4 + — + — = 0 

X X 


1 


f 


Sol. or X +— + 


x + — -4 = 0 
x 


Put x + — = y then x 2 + ~ - +2 = y 1 


then x 1 + - y - - 2 

W 

(>’" ^ 2) + v -4-0 (/ become) 
or y 1 + y - 6 - 0 

y 2 +3y~2y-6 - 0 
y(y f 3)-2(>' + 3) - 0 
(> + 3X>-2) = 0 - 
y + 3 = 0 or y- 2 = 0 
y ~ -3 ox = 2 


when 


y - ~3 then .v + — = -3 

X 


■T" + I — — 3x 


x J + 3x + 1 = 0 


X - 


X - 


_ -3±V(3)--4 (1)(1) 
2 ( 1 ) 

- 3±^4 -3 + V5 


y -2 then x + — - 2. 

x 
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QUADRATIC EQUATION 


or x 7 +[ = 2x => x 3 - 2 * + l = 0 

m * = i => 

Faisalabad ZOOS 

i. or (x“ + — -2.) + 3^x + — J= 0 I 

Putx+- = y => x : + _L = + 2 =v j 

x X 

then x 2 +~~y 2 ~ 2 

x " 

y~ -2-2 + 3 y - 0 (/ become) 

=> y 1 +3y~4 = 0 
.v 2 +4y- y-4 = 0 
M>' + 4)-l(^ + 4) = 0 
(>' + 4)(.v-l) = 0 
7 + 4 = 0 or >--1-0 

y = — 4 or 7 = 1 

vi'/jew 7 - -4 l/nefl jc + - = -4 

orx 2 +I = -4x or J t 1 +4 Jf + i = o 

■ 4( 1j(lj _ -4±Vl6-4 

2 ( 1 ) 2 

, t - ' 4± ^2 - 4±2^3 2(-2±V3) f - 

2 2 2 m 

when 7 = 1 then x + — = 1 

* 

Jc 2 +1 = jc or .r-x + ]=0 

„ -(- D±V(-1) 2 -4( 1)(1) 

2 ( 1 ) ; 

j = l±^4 =1 ±^3 = l±^^ ss f 2±^^. 


( x - 1) 2 =0 


x -1 =0 


20 . 




•*-“1 + 3 f jc + -i | = 0 


, 7 


1 




1 
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21. 2x*~3x 3 ~x t ~3x+2~0 

Sol. Divied by x 1 ; 2x 2 -3x-l +-^- = 0 =>2x 2 +~~ 

x x x 

2 (* !+ 7 )- 3 H )- 1=0 — 7 

Put x+— = y then 
x 

x 2 +\+2 = / =* ^+-L = /-2 
x* . x 

2 (y 2 - 2) - 3 y - 1=0 (/ become) 

or 2y l -4-3>'-l =0 

or 2y 2 -3>-5 =0 

2/ + 2y-5^~3-0 

2jK^+1)-5(^+1) = 0 

(^+lX2y-5) = 0 

^+1 = 0 or 2y- 5 = 0 

,y = -l or >' = 5/2 

when y = -l then x+— = -l 

x 

or x 2 +I=-x or x 2 +x+l =0 

-1± J(l)’ -40X1) 

2 ( 1 ) 

-1±^4 -1±V— 3 
2 ~ 2 

, , , 15 x 2 +l 5 

x 2 x 2 

=> 2x 2 + 2 = 5xor 2x 2 -5x+2 = 0 

2x 2 -4x-x + 2 = 0 

2x(x - 2) ~ l(x - 2) = Q 

(x-2X2x-l) = 0 

x-2 = 0 or 2x-l = G 

x = 2 or x = V2 => $^ = { 2 ,^ 

[2 2 


CMIADRATIC EQUATION 

3x-— -1 = 0 

X 
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QUA0KAT1C EQUATION 


22 . 2x A + 3x i -4x 1 -3x + 2 = 0 

Sol. DivieJ by x 2 ; 2x 2 + 3x-4-- + -^r = 0 

X X 

or 2[^ + ^) + 3(,-l)-4.0_/ 

n 1 7 1 « ■) 

/V * - - = >' => x + — -2 = y- 
X X 

then x 2 +-\- = y 2 + 2 

x 

2(y 2 + 2) + 3y-4 = 0 (I become) 

2 y 2 + 4 + 3,y-4 = 0 
or 2y 2 +3y~§=> y(2y + 3) = 0 

y = 0 or 2y+3=0 
y = 0 or y = - 3/2 

when y = 0 thenx-— = Q 

X 

or * 2 - 1 = 0 

(x-IXx + D = 0 

jc -1 = 0 or * + 1 = 0 

* = 1 or x = -1=> x = ±I 

i - . » , 1 3 x 2 -1 -3 

when y = — 3/2 then x — = — => = — 

x 2 x 2 

or 2x 7 - 2- -3* 

or 2x 2 +3.r- 2 = 0 or 2x 2 + 4x- x - 2 = 0 
2x(x + 2) - 1 ( x + 2) = 0 or (* + 2)(2x - 1) = 0 
* + 2 = 0 or 2jt—1 = 0 



COLLEGE MATHEyAJICSJ 


K c: 


QUADRATIC EQUATION 


23. 6jp 4 -35* 3 +62* 2 -35jc+6 = 0 

Sol. Divied by x 2 ; 6x 2 -35x+62~— +-1 = 0 

X X 

or 6^jt 2 -I— i-j-35^jr+— j+62 = 0 — - I 

. Put x+— = y => x 2 +-1+2 = y 2 

X X 

^ 4 ' 

* $ +“7 = y 7 ~ 2 then6(y 2 — 2) —35y + 62 = 0 become) 

or 6y 2 -12-35^+62 = 0 
or 6y~ -35y (-50 = 0 
6/- 15^-20>< + 50 = 0 
or3y (2jy-5)-I0(2>’-5) = 0 
(2 v - 5)(3 >> - 1 0) = 0 
2>'-S = 0 or 3>>-10 = Q 

y = 5/2 or y = 10/3 

when y=S!2 then x + ^-~5/ 2=>^-^=l 

* x 2 

or 2x 2 + 2 = 5jc 

2x 2 — Sx +2 = 0 or 2x 2 — x — 4x+ 2 = 0 . 
x(2x - 1) - 2(2x - 1) = 0 
(2x-l)(x-2)=> 2x-l = 0 or £-2 = 0 . 
x = 1/2 or x — 2 


when y = 10/3 then x+— = 1073^^-1!- = — - 

x X 3 

3x 2 +3 = 1Qx 
or 3 x 2 -10x + 3 = 0 

3jt-x-9x+3 = 0 
x(3x - 1) - 3(3x - 1) = 0 
(3x-l)(x-3) = 0 
3x-l = 0 or .*-3=0 

* = 1/3 or * = 3 
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QUADRATIC EQUATION 


24 , 


Sol. 


* 4 -6x 2 +10--^ + ^t = 0 

< < n 
1 +— 

V * 

Put x 2 +-\=y => x a +\+2 


-6 


x~ -I — — 'l+ 10 = 

x) 


0 


X 


then y 2 - 2 — 6_y + 10 = 0 (/ become ) 
y 2 ~2y-4y+%=0 
y(.y - 2) - 4{y - 2) - 0 
(^-2X>-4) = 0 


>>-2 = 0 or >■ - 4 - 0 

^ - 2 or _y = 4 

w/ieo y = 2 x 2 + = 2 

Jff 

or X 1 + 1 = 2x 2 or jc 4 - 2x 2 +1 = 0 
(.y 2 - 1) 2 = 0 or x 2 - 1 = 0 

(jc-1X* + 1.) - 0 

x-l = 0 or * + 1=0 
x = 1 or x = -1 

when y = 4 then x 2 -\-\ = 4 

x 

or * 4 +1 = 4jt or jc 4 -4* 2 +1 = 0 
Put x 2 — t then t 1 -4* + l =0 

-(-4) + V(-4) 2 -4(lXl) . 41^06)^4 
2(1) 2 
._ 4±#2) 412^3) 2(2 ±^3 ) ,~ 

2 2 2 
when t = 2 ± V3 * 2 = 2 ± VJ 

jc - ±V2± V3 

5,5 = {-U,±V2±si J 



COLLEGOt&THgMATICS-l 


QUADRATIC EQUATION 


«.t*rd:»se 4 ? 


Solve the following equations: 

1. 3jc i +2x-V3x 1 + 2x-1 =3 

Sol. 3x 2 + 2x~fix 1 + 2x-l =3 1 

put fix 1 + 2x-I = > // => 3x 2 +2x-l = > 3 or 3x 2 +2x~y 2 +1 

{/ become ) > 2 +l-> = 3 => > J +l->-3 = 0 

or > z ->-2 = 0 or y 1 -2> + >-2 = 0 
y(y-2)+l(y-2)=0 

(y-2)(y + l) = Q => >-2 = 0 or > + 1 = 0 

> = 2 or y = -1 

when > = - 1 then fix' 2 + 2x-l = - 1 (Use II) 

=> 3x 2 +2x-l=lor 3x 2 +2x-l-! = 0 

3x 2 + 2x-2 =0 

r -2±V(2) 2 -4(3)(-2) -2 + V4724 _ -2±V28 

2(3) 6 6 

-2±V2x2x7 -2 + 2V7 

X = — - = 

6 6 

-2-(-l± V7) -1±V7 

-2-x3 “ 3 

> = 2 l/jfo V3x 2 + 2x-l = 2 
=>3x 2 + 2x - 1 = 4 => 3x 2 + 2x - 1 - 4 = 0 

3x 2 + 2x-5 = 0 
3x 2 + 5x- 3x — 5 = 0 
x(3x + 5) - l(3x + 5) = 0 
(x-I)(3x + 5) = Oor x-1 = 0 or 3x + 5 = 0 
x = 1 or x = -5 / 3 

CHECKING For x = 1 , 1 become 







3 + 2-V3 + 
5-V4 => 

3 = 3 TRUE 


5 / 3 , / become 


3 = 3 TRUE 


I become 


1 + 7 - 2>/7 , (-2) + 2^7 8-2%/7 -2 + 2>/7-l 


* 
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QUADRATIC EQUATION 


2, x l -^-7 = x-3yl2x*-3x + 2 

Sol. x 2 - ~ - 7 - x - 3^f2p~~ 3.v +~2 — — - / 

Multiply by ' 2 ' 

2.V 5 - x - 1 4 - 2.x - 64 2x 2 -3.r + 2 
2x- - .v - 1 4 - 2x - b444- 3.V + 2 =0 

2a 2 - 3 a -14+ 6\f2x 2 - 3 a + 2 = 0- -11 

Put \4x 2 - If +2 = y III 

2a - 3.v + 2 — y~ or 2x 2 - 3 a — v —2 
(11 become)} 2 -2-14 + 6y = 0 

y ~ - 2~]4 + 6 y -0 => _ y 2 + 6>'-16 = 0 

v" +8 v- 2y- 16 = 0 => >’(y + 8)- 2{y + 8) = 0 
(>' + 8 )(, v - 2)- 0 
y + 8 — 0 or y — 2 — 0 

>' = -8 or y -2 

Mwn y = -8 then V&-3.V + 2 - -8 Use III => 2 a 3 - 3x + 2 = 64 

2a 2 - 3a - 62 = 0 => a = Zh 3 ^^-4(2)(-62) 

2(2) 

3 ± \>9 i 496 3 ± 4505 

x - — — x - — — 

4 4 

When v - 2;>/2 v' - 3 a + 2 = 2 => 2x 2 ~ 3x + 2 = 4 => 2a 3 -3a +2-4-0 
2a 1 - 3a - 2 = 0 => 2a 3 - 4a + a - 2 = 0 
2a(a - 2) = l.(x - 2) = 0 
(a-2)(2a + 1) = 0 
a -2=0 or 2a+I = 0 

x — l or x — — 

2 

Checking For a = 2 , I become 

< 2) : ~ - 7 - 2 - 3^/2(2) J -3(2) + 2 
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QUADRATIC EQUATION 


For 


4-1-7=?.-: 

-4 = 2- 3y/4 => -4 = 2- 3(2) 
-4 = -4 TRUE 

x I become 



J 7 1 . jl + 2+4 

2 2 V 2 


— ~3 J- 


Zl 3 

2 2 

-13 1 * 

2 2 


For 

f 


-13 _ -13 

2 " 2 

_ 3 + \fs 05 r , 

■ r , I become 


TRUE 


3 + 7505 V _J_r 3 + 750?''' 

4 2 ~4 


9 + 505 + 6V505 


7 = — --3 2 j 

3 + 7505“ V „ 

f 3 + 750?'' 

2 f ! 

l 4 J 

' 4 J 


16 


3+ s/505 


+ 2 


Jl 

f 

f 

kT“" 

1 9 + 505 + 6V 5 05 ^ 

' 9 + 3^505 i 

2 ]/ 1 

t 16 J 

l ' 4 J 


+ 2 


-6-2V505 — 1 12 1 

\{ 9 + 505 + 67505 ' 


("9 + 37505 1 

16 2 ^ 

1 8 J 

i 

v 4 J 


+ 2 



396+W505 1 |514+6V^--18-6Vi^+16 

Ifi = 2 V 8 

396 + 4V5QS J_ 13 12 

16 2 V 8 


396+4>/50$ 

16 

396 + 4^505 
16 


= --- 3^64 
2 

= -”3(8) 


F,4tS£ 


p . , ■ 3-VS0S # 

Similarly x is FALSE 

4 




and Extraneous roots = 


3±>/505 


V2jT+ 8 + vJc + 5 = 7 

V2x+8 + V*+5 -7 I 

Squaring both sides 
2x+8+x+5+ l^Jlx + 8>/*+5 =49 
3x + 1 3 + 2tJ(2x + 8X* + 5) = 49 

2^2x 2 + 1 Ox + 8x+ 40) = 49 - 13 - 3* 

2\/2x 2 + 18x + 40=36~3x 
Again Squaring. 

4(2x 2 + 18x+40) = 1296 + 9x 2 - 21 6* 

8x 2 + 72x + 1 60 = 9x 2 - 2 1 6x + 1296 

9x 2 - 2 l6x +12% 8x 2 - 72x - 160 = 0 

x J -288x+l 136 = 0 

x 2 -4x-284x+1136 = 0 

x(x - 4) - 284(x — 4) = 0 

(x-4X*-284)»0 

x-4 = 0 or x- 284 = 0 

x = 4 or x = 284 

CHECKING for x = 4/1 become 

^2(4)+8 + >/4+5=7 

Vl6 + V9 = 7 =>' 4+3 = 7 ^7 = 7 TRUE 
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QUADRATIC EQUATION 


For x=284 I become 

t/2(284) + 8 + V284 + 5=7 
V256 + 8 + >/289 = 7 
V276+V289 = 7 
V276+V289 =7 

24+17 = 7 FALSE 

S.S = {4} and Extraneous Root = 284 

04. VJx + 4 = 2 + V2 jc-4 
Sol. \/3x + 4 = 2 + V2x-4 
Squaring both sides 
3x + 4 = 4 + 2 jt - 4 + 2(2)*j2x - 4 
3x + 4-2x=*4y/2x-4 

x + 4 = 4\i~2x-4 

Again Squaring 

x 2 + 8x + 16 = I6(2x-4) 

.V 2 + 8x + 16 = 32x-64 
x 2 + 8x + 1 6 - 32x + 64 = 0 
x 2 - 24x + 80 - 0 
x 2 - 4jc - 20x + 80 = 0 
x(x - 4) - 20(x - 4) = 0 
(x - 4)(x - 20) = 0 
x-4 = 0 or x-20 = 0 
x = 4 or x - 20 
Checking for x=4 I become 
V3(4) + 4=2 + V2(20)-4 
Vt6 =2 + V4 

4 = 2 + 2 = 4 => 4 = 4 True 

For x=20 i become 

V3(20) + 4=2 + V2(4)-4 
\/60 + 4 = 2 + V40-4 

V64 = 2 + \/36 => 8 = 2 + 6 

5 = 8 TRUE 

SS = {4, 20 }. ■ 
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QUADRATIC equation 


05. 


Sol. 


For 


^x + 7 + yJx+ 2 = V<>x + 13 Faisalabad 2007, Sargodha 2008 

yfx + 7 +Vx+2 = >/6x + 13 I 

Squaring both sides 

x + 7 + x + 2 + 2y/x + 7^x + 2 = 6x + 13 
2x + 9 + 2 > /(x + 7Xx + 2) = 6x + I3 

2 \/x 2 + 7x + 2x + 14 = 6x + 1 3 - 2 x - 9 
/• V x 2 + 9x + 1 4 = 4x + 4 = /(2x + 2) 

Vx 2 ,+ 9x +.14 = 2* + 2 

Again Squaring 

x 2 + 9* + 14 = 4x 2 + 4 + 8x 

4x 2 + 8x + 4-x 2 — 9x-14 = Q 

3x 2 — x — 10 = 0 

3x 2 — 6x+5x— 10 = 0 

3x(x - 2) + 5(x - 2) = 0 

(x - 2)(3x+ 5) = 0 

x-2 = Q or 3x + 5 = 0 

x = 2 or x = ~ 5/3 

CHECKING for x = 2 I become 

V2+7 + V2+2 = 1/6(2)+ 13 

V9 + V4=V25 =3- 3+2 = 5 

5 = 5 TRUE 
x - -5/3 1 become 

'/+ + 


±. 1 = 9 
y/3 ~j3 \3 


-i-V3 FALSE 

V3 


5.5*‘ - {2} and Extraneous Root 


- 5 ‘ 

3 
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06, 

Sol. 


~Jx 2 + X + 1 --yfx 1 + X- 1 - 1 

vV +A- + 1 -y/x 2 + x-l =1 

P«/ + Jr = y then 1J 

Squaring 

y + 1 +_y - I -2*Jy + 1yj'y-l = 1 
2y-2^-\=\ 
-2y[y 2 —1=1 — 2_v 

Squaring 

4(/-l) = U4/-4>- 
4/ -4 = 1+4/ -4>> 

-4-^. r - 4^ + 1 - -4^.^ +4 = 0 


-4>' + 5 = 0 


**s ' 


5 L 5 

fWwn y = — then x 2 +x = — Use II 

4 4 

x 3 +x --=0 

4 

'x' 4, 4x 2 + 4x-5 = 0 

„ -4 ±V(4) 2 -4(4)(-5) 

2(4) 

_ -4 + Vl 6 + 80 _ —4 ± V96 
I 8 

x _ -4 + >/]6x6 _ -4 ±4^6 
8 “ 8 
,4(-l±>/6) _ -1±V6 
8 ~~ 2 
— I + 

CHECKING for* = I become 



07 . 

Sol. 



V* J + 2JC-3 W**+7*-8 = ^5(* J +3x-4) / 

V* 2 +2x-3 + 4x 2 + Ix-Z = yjs(x 2 +2x- 4) 

>/x 2 + 3x — jc' — 3 + >/jc 2 + 8jic-x- 8 = ^/5(x 2 + 4 jc- jc - 4) 

V*(* + 3) - l(Jf + 2) + yjx(x + 8)^l(x + 8) = yj5(x{x+ 4) - l(x + 4)) 
V(* + 3Xx - 1) + ^/( * + 8)(x - 1) - V5(x + 4)(x - 1) = 0 
yfI^[yfc^ + y[7+S-y/ 5(^+4)] = 0 
•Jx-l =0 or Vx + 3 + >/jc + 8 ~-j5(x + 4) = 0 

jc — 1 = 0 => x = 1 or Vjc+ 3 + Vx+8 = ^5(x+4) 

Squaring both sides 

x + 3 + x + 8 + 2 -Jx+3- v/j^Ts = 5(x + 4) 

2yJ(x^3)(x+%) = 5x + 20-2x-ll 

2Vx 2 +3x+8x+24 = 3x+9 
2Vx 2 +llx+24=3x+9 


Again Squaring both sides 

4(x 2 + 1 lx + 24) = 9x 2 + 8 1 + 54x 

4x 2 + 44x + 96 = 9x 2 + 54x +81 

9x 2 + 54* +81 - 4x 2 - 44x - 96 = 0 

5x 2 +10x-15 = 0 

+ 6y 5 => x 3 +2x-3 = 0 

x 2 +3x-x-3 = 0 
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QUADRATIC EQUATION 


08 . 


Sol. 


x(x + 3 )-l(x + 3 ) = 0 

(x + 3 )(x - 1 ) = 0 => x + 3 = 0 or x-l = 0 

x = -3 or x = 1 

CHECKING for x=l, I become 

V(l ) 2 + 2 ( 1 ) - 3 + S ) 2 + 7 ( 1 ) - 8 = yjm 2 + 3 ( 1 ) - 4 ) 

Vl + 2-3 + 7l + 7 - 8 = ^ 5(1 + 3 - 4 ) 

To + 7o = To => 0 = 0 True 

For x = -3 

V(-3) 2 +2C-3)-3+V(- _ 3) 2 + 7(-3)-8 =^5((-3} 2 + 3(-3)-4) 
79-6-3+79-21-8 = -^5(9 - 9 - 4) 

0 + 7-20 - 7-7o True 


5.5 = {1,-3} 

V2x 2 - 5* -1 + 372* + 1 = 72 x 2 + 25* + 12 I 

yflx 1 -5* -3 + 3V2* + I = 72x 2 + 25x + I2 
72x 2 -6x + .t-3 + l^flx + 1 -72x 2 + x + 24x + 12 =0 
,j2x(x-3) + l(x-3) + 377+7 - 7*(2x + l) + 12(2x + I) = 0 
7{*-3)(2x + !) + 372x + t -J{2~x + \)(x+\2) =0 
72x + l[777 + 3-7x + 12] = 

n/ 2.T 4- 1 or 


0 


777 + 3-7x + 12 =0 


2,r + l = 0 ^x = - — or 777 + 3 = 7772 
2 

Squaring both sides 

x - 3 + 9 + 6777 = x + 1 2 

x + 6 + 6777 = x + 1 2 
6777 = x+ 12 -x - 6 = 6 

777 = - = 1=>x-3 = 1=>x-4 

6 

CHECKING for x = 4 T become 
72(4) 2 -5(4) -3 +372(4) + ! = 72(4) 2 + 25(4) + ! 2 
732-20-3 + 3777 = 777100 + 12 
79+379 =7144 => 3 + 3(3) = 12 



12 = 12 TRUE 

For x — — I become 

J 2 (tH 4)- 3 W 2 (4) +i 4 


-lV / 1\ 

— - +25 -- 

.2 J 2; 


KS + 

lfV 3+m= Jr f +n 


0-0 TRUE 




'j3x 1 -5x + 2 + yj6x 1 -llx + 5=y/5x i ~9x + 4 1 

yjlx 2 -5x + 2 + JIjt + 5 -Vs* 2 - 9.t + 4 

V3-r 2 - 3x - 2x + 2 + \j6x 2 - 6x -5x + 5 = V5x 2 ~5x-4x + 4 

or <j3x{x - 1) - 2(jt - 1) + ^j6x( x - 1) -5(x- 1) = yj5x(x-l)-A(x - 1) 

or Vu ~ l)(3x - 2) + VO - 1X6 5) - V(* “ 1 )(5x - 4) - 0 

or Vjt— 1 V3* - 2 + Vo* - 5 - >/5x- 4 -0 

V*^I=0 or Sx-2 + V6x -5 - Vs* - 4 - 0 

*-1 = 0 or yl3x—2+^/6x-5~\j5x-4 
Squaring both sides 

x = l or 3jc-2+6x-S + 2^jf-2>/6jf-5 = $x-4 

=> 2yj(3x^-2)i6x^~5) = 5x-4 — 3x + 2~6x + 5 » 

2^1 8*" 1 5.r - 1 2x + 1 0 = ^1* + 3 => 4(1 8x 3 - 27 x + 10) = 1 6x 2 -24x + 9 
72x 2 — 1 08 jc + 140 — 1 6x 2 + 24x — 9 = 0 => 56*" — 84-t + 31— 0 

(„ = 56, b . -84, c = 3 1) * = + - -C~8-*>± 4CA6)(3 1) 

2a 2(56) 

84 + V7056 6944 84 + VTl2 _ 84±Vl6x7 

112 112 n2 
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QUADRATIC EQUATION 


84 + 4/7 /21± 

x ~ A 

I i 2 


=> j = ■ 


21 ± V 7 


28 


CHECKING for x=l (A) become 

v'3(1) 2 -5(1)+2 + ^6(1 ) 2 -1 1(1) +5 = >/5(l) 2 -9(1) + 4 => /3 - 5 +2 +/6-1 1 +5 = V'5-9+4 
0 + 0 — 0 =>0 = 0 True 

For .v - --Ll/Z (4) become 
28 


21 + /7Y , f 21 + /7 


28 


-5 


28 


£ 

21+VTt ^21 + ^ 

+ 5 

1 

28 J 28 j 



* 

[2 i+vvY r 
, 28 J l 

21 + /71 , 

+4 

28 J 

i 3 

1 

" 441 + 7 + 42/7 

784 

-5 

J 

( 2 I+/ 7 ) . if 441 + 7 + 42 / 7 ') ./ 2 I+/ 7 '' . 
+2 +16 -11 +5 

28 J H 784 J l 28 J 

,'.['441 + 7 + 42 / 2 '^ 

'l 784 J 

- S f 3 !i£U 
l 28 J 


i 


1 1 323 + 2 1 + 1 26/7 - 2940 - 1 40/7 + 1 568 , 

784 4 

1 2 64 6+ 42 + 252/7- 6468 - 308/7 +3920 
784 


1 2205 + 35 + 2 ! o/7 - 5292 - 252/7 +3136 


784 


-28-14/7 141-56/7 1 84-42/7 


V 28 
Similarly 

2 1 - /7 


■ +. 


28 


28 


Not true 


x = 


28 


not satisfied 


So Extraneous roots are x = 


2 1 + 1/7 


28 


& S.S = {l} 
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10. (x + 4 )(jc + 1) = V-v 3 +2jt“'l5 + 3x + 31 ( A ) 

Sol. (x + 4)(x + 1) - V* 2 + 2x - 15 + 3* + 31 
x 2 + 5x + 4 = yjx 2 + 2x — 15 + 3x + 31 
or x 2 + 5x + 4-3x-31 = Vx 2 +2x-l$ 
x 2 + 2x - 27 - *Jx 2 +2x- 15 (1) 

Fw/ Vx 2 + 2x-15 = * (2) 

=> x 2 +2x-15 = y 2 => x 2 +2x = > ,2 +15 

(1) become y 2 + 1 5 — 27 = y y 2 ~ y — 12 = 0 => _y 2 — 4_y + 3^ — 12 = 0 

— 4)(jv -+ 3) = 0 =>>'-4 = 0 or >< + 3 = 0 

> = 4 -or > = -3 

When y = 4 fften ^ x 2 + 2x - 1 5 = 4 £>(2) 

=> x 2 + 2.X-I5 “46 => x 2 +2x-31 -0 

_ -2±V(2) 3 -4(I)(-31) -2 + V4 + 124 -2±Vl2i -2±2-&2 

2 ( 1 ) ■ 2 2 “ 2 - 

^(-Ij^) ^(-1 + 732) = * = -11475 

07?e« >■ = -3 /Aen x 2 + 2x - 1 5 - -3 £y(2) 

=> x 2 +2x-15 = 9 => x 2 +2x-24 = 0 

x 2 + 6x - 4x - 24 = 0 => x(x + 6) - 4(x + 6) = 0 
(x + 6)(x-4) = 0 => x + 6 = Q or x - 4 - 0 
x = -6 or x = 4 

CHECKING Forx= -6 (A) become 

(-6 + 4)(-6 + 1) = n /(-6) 2 +2(-6)-15+ 3(-6) + 3 1 

or (-2)(-5) * V36 - 1 2 - 1 5 - 1 8 + 3 1 

10-V9 + 13 => 10 = 16 False 
For x » 4 (A) become 

(4 + 4)(4 + 1) = VS) 3 + 2(4) -15+ 3(4) + 3 1 

40*Vl6+8~15+12 + 31 => 4O = x/0+43 => 40*46 Fa he 
For x*-l + 4^/2" (A) become 

H +4>/2 +4X-1 +WS + 1) * VH + 4>/2) j + 2(-l + 4%/2) - 1 5 +3(-l +4^2) + 3 1 
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(3 + 4v2 )( W2 ) - ^/l + 32 -WIT'- 2 + -15-3 + 1 2 V2 + 3 I 

12^2 +32 = Vl6 + 28 + 12V2 

12V2 +32 = 4 + 28 + 12V2 32 + 12^2=32 + 12^2 True 

Similarly x = - 1 ■ 4V2 is True 

S.S = j-!±4V2j and Extraneous roots 4,-6 

•Jix 1 - 2x + 9 + \3x* - 2 .V -4 = 13 

V 3x 2 - 2 a - + 9 + yfl? - 2 x - 4 - 1 3 (1) 

76.// V3.r 2 -2x + 9 = a and J'3x 2 -2x~~4 = b 
(1) Become a + b = 13 (2} 

Mw a 3 - = (3x’ - 2.x + 9) - (3x’ - 2 jt — 4) 

a 2 -b 1 = jx" - 2x+9-3x 2 + 2.v + 4 = 1 3 (3) 

( 3 ) + by ( 2 ) 

a 1 -lr 13 (a h)(-& +- 4r) 

= - =3* — = 1 => a- b = 1 (4) 

a+b 13 (+*- + -fr) 

Add (2) and (4) <7 + 6 = 13 pi// value of a in (2) 

. 1 n _ , . . rr — 71 


2a = 14 

/3.x 2 -2.x + 9 = 7 


7 + 6 = 13 


Put m/wt- 0 /' a => V3x" -2x + 9 = 7 
3.x 2 - 2x + 9 = 49 => 3x 2 -2.v + 9-49 = 0 

3x 2 -2.x -40 = 0 => 3x 2 - 1 2.v + 1 Ox - 40 = 0 

3x (.x - 4) + 1 0(x - 4) = 0 => (x - 4)(3x + 1 0) = 0 

x - 4 = Q or 3x + 1 0 = 0 =? x = 4 or x ~ - 

CHECKING forx =4 (1) become 

V3(4) 2 - 2(4} + 9 + a/3(4) : -2(4) -4 - 1 3 

■n/ 48 — 8 + 9 + V48 - 8 — 4 = 13 => ^49 4 736 = 13 
7 + 6 = 13 => 13-13 True 
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/ 300 + 60 + 81 f 

V 9 + \> 

W 


20 . .. 

+ 4 = 13 

3 


300 + 60-36 


= L 3 


441 324 

+ . = 13 

9 V 9 


21 18 ,, 
— + - 13 

3 3 


7+6 = 13 ro 13 = 13 . True 

“+f} 

12, V5x 1 +7jr+.2-'T4jr r +7jc + l«-*-4 

Sol. Vfx 2 + 7x + 2-V4x 2 + 7x+18 = x-4 (1) 

Tflfe \fcx 2 + 7x + 2 =o anrf V5x 2 +7x + 18 = 6 

(1) Become a-b = x-4 
AWb ! -4 ! 3 5x 2 +7x + 2-4x 2 -7x-I8 


(21 


-A 2 =x 2 -16 


a 2 -b 2 x 2 -I6 


( 3 ) + by ( 2 ) we get 

a~b x -4 

jp^f*){a+b) _ p>^4f(x+4) 

( 2 )+( 4 ) we get a + b = x +4 put a in ( 4 ) 

a- 6 =x -4 


(3) 


a +£.= x + 4 


(4) 


2a = 2x 


x+£ = x+ 4 |6 = 4 | 


a-x 


Put value of a => V 5 x 2 + 7 x +2 = x ==> 5 x 2 + 7 x+ 2 -x 2 
or 5 x 2 + 7 x + 2 -x 2 =0 =* 4 x 2 + 7 x + 2=0 (a = 4 t b = 7 , c = 2 ) 

.. _ -6 ± V& 2 - 4gc -7 ± 40f - 4(4X2) -T+v/49^32 

2fl 2(4) 8 

- 7 ±Vl 7 ■ ' 


x = - 


CHECKING 


-7 + ^7 

X = then (1) become 
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f-7 + Vn Y .’J-7 + Vnl. . I/-7+VT7Y J- 7 +V 17 I 


2 f 

+ 7 

) \ 


+ 2 + .4 


+ 7 


+ 18 


-7 + 'Jl7 


8 


-4 


f 49+- 17-]4VT7^ + 7 r^49 + 7Vr7 


64 

7 + VT 7-32 
8 


64 


+ 2-. 4 


49 + 17 - 14 ^^ ( -49 + 771 ? 


64 


64 


+ 18 


f 330 - 70 Vn -392 + 56 yT 7 +128 | 264 -^YPf -392 + - 5 W+?- + 1 152 

64 \ 


64 


-39 + Vr 7 
8 

/ 66 - 14 VT 7 ^1024 39 + VT 7 / 66 - 14 Vl 7 32 39 + V^ 


8 


8.27 . - 34.87 

4 = 

8 8 

-7±y/l7] 


8 V 8 8 8 

■ 2.96 = - 4,35 (. Approximately ) 


5.5 = 


8 


4 
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CUBE Root of unity 

Yroof : x = {1) 1/J 


a j -1 a’ - (if = 0 


1. 

(i) 

Sol. 


( V 1 >C-V' + X i 1 ) — 0 
X - 1 = 0 or X 2 + x + 1 = 0 

~b±4^4ac -l + ^/d) 2 - 4(1)0) _ _ -|±Y5 

2 ( 1 ) “ 2 


X = 


or x = 




-- 1 ± /V3 


x - 


Hence Cube Root of unity are 

-1 + /V3 -1-/^3 

'■ — ^ — • — i — 

Where (O — — ' — and c o 1 - — ■■ 


Sum - t + « + ftj" 

, -1+/V3 -1-/V3 

- i + — — — + 


Faisalabad 2008, Multan 2009, Sargodha 2009 


2 - I + /n/3 — I— 0 () 

? 0 ~ 


Product = 1 .aw : 

/'- 1+/ V3Y-i-/VT 


/ A 

Y-O-’-Ov^)^ 




J 


= 1 0-(-3» _ 1 + 3 _ 4 t 
4 4 4 

Find the three Cube roots of: 8,- 8, 27, -27, 64 

Find Cube root of 8. Multan 2008 

at - (8) 1 '* =>x s = 8 => x 2 - (2) 3 = 0 

(a • 2)(a : + 2a + 4.) - 0 
x - 2 - 0 or x 1 + 2x + 4 - 0 
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QUADRATIC EQUATION 


OQ 

Sol. 


x — 2 


~b±\jb 2 -4 uc , 

or x {a ~ 1, h - 2, 

2a 

_ -2 + J(2) a - 4(1 )(4j -2 ± J4 - 1 6 

2 ( 1 ) ” 2 

- 1 ± i-J 3 ^ 


X “ ■ 


x = 2 


•2 ± - J-I2 _ ^ 

r-i±v=j' 

f 

- 1 

2 

v 2 | 

jL 

V 


-l + /v/3 


ami x = 2 


) 


-1-/V3 


x = 2co & x -co 1 
Hence Root are j2.2ty,2cy 2 } 

x = (-S)' 13 =>* J =-8 =>x 3 +8 = 0 
x 3 + (2) 3 = 0 => (x + 2)(x 7 - 2 a- + 4) - 0 
x + 2 = 0 or x 2 - 2x + 4 = 0 

-(-2)±V(-2) 2 -4(l)(4) 


x - -2 


or x - 


2 ( 1 ) 


x = 


x - 


2 + V 4 - 1 6 _ 2 + V-I2 
2 ~~ 2 ' 

2 + t/(-3)(4) _ 2 ± 2V-3 
2 2 
2 t 1 + >/ == 3 ) * J . 2(1 - V~3) 

2 2 

_3- |_V5) 2(-l+^) 

2 2 
x = -2ry & y ~ -2oT 

So roots are j - 2. 2ro,-2co 2 ] 

(iii) Take x = (27) m => x 3 =27 => x 3 -(3) 3 =( 
Sol (x- 3)(x J + 3x + 9) = 0 

x-3 = 0 or x 2 +3x + 9 = 0 

-3± V(3) 2 -4(1)(9) 


x = 3 


x = 


(a = \,b = 


6-4) 


3, c = 9) 


2 ( 1 ) 
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QUADRATIC EQUATION 


IV. 

Sol. 


v. 

Sol. 


_ -3± V9^36 _ -3 + V^27 -3± V9(~3) _ -3±3yp3 

2 ~ 2 2 2 
_ (-1+^3) 


& x = 3 

2 


H-v-^3; 


x = 3 _ 

2 2 

x = 3 to & x=3a) 2 

Hence rootare |3,3e>,3a) 2 } 

Take xr=(-27) 1/3 x 3 = -27 => x 3 +(3) 3 =0 Gujranwala 2009 
(x + 1)(x 2 -3x + 9) = 0 
x + 3 = 0 or x 2 -3x+9 = G 

F=5| , = -^V(-3) ; -4(1X9) . = 

I 1 2(1) ’ . ' 

3±V9~36 3± V-27 

x = _- 2 X = „ 

2 2 

x= i±M±^ 

2 2 2 

x = - 3 fc lz ^) Ar - 3 H± ^ 

2 2 
x = -3(u 2 & x - -3<y 

Hence root are {-3,-3ft>,-3&> 2 | 

Take x = (64) l/3 => x 3 -64 => x 3 -64 = 0 
x 3 - (4) 3 = 0 => (x - 4)( x 2 + 4x + 1 6) = 0 
x-4 = 0 or x 2 + 4x + 16 = 0 

-4±V(4) 2 -4<1)(I6) , , t , 

or x = y - v - - - - — -(a = l, 6 = 4, c = 16) 

2(1) 


x = 4 


x = 


-4± Vl6~64 -4± V-48 ~4±4yf-3 


x = 4 


(-l±s/=3) 


, =4 (zi±£i) & xM .h-v- 


2 ----- 2 

x = 4w & x = 4a> 2 
Hence Root are {4,4ft> ( 4a> 2 j 
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2 . 

(i) 

Sol. 


(ii) 


Sol. 


(Hi) 

Sol. 


(iv) 

Sol. 


Sargodha 2006 

I + co + a) 2 = 0 


Evaluate 

(1 + ft ) + a > 2 ) 8 

(1 + co + ( o 2 ) 8 Note 

— (—(o' — co 1 ) s — > Use I ^ 1 + co — -a> 2 
= (-2 co l f = (-2)* (or ) 8 - 256 w 10 

- 256 . fti . fi / 5 - 2 5 6 . ( w , ( ft /) 5 
= 256 . ft >.(!) 5 = 256 eu 


co ” + co 19 + 1 


Sargodha 2010 


nr 8 + co' 9 + 1 = c o.co 27 +co 2 .co 27 + 1 


= co.(co ) +C0 (co ) + ] 

= cu.(l) 9 +or.(1) 9 +1 
- co + ar + \ = Q (Use 1 + co + co 7 =0) 


(l + co - <o 2 )(l - co + co 1 ) 

= (l + w-a> 2 )(l + or - co) 

- ( -a ) 2 - co 2 )(-co - co) 

= (-2co z )(-2co) = 4co 3 = 4(1) = 4 


Sargodha 2008 


v 2 J l 2 J 

- (ft)) 7 + (co 1 ) = CO 7 + ft/ 4 
= CO.(O b + CO ? .ft) 1 ' 

= ty.(ft) 3 ) 2 + co 2 .(co 3 ) 4 

= co.(\f + co 2 . (]) 4 = co + co 2 = -! (Use 1) 


CO 


co 

(V) =(-l + v C 3/+(-l-v C 3) 5 

Sol. = (2ft)) 5 + (2co 2 ? 

= 32ft) 5 + 32ft/ u 
= 32(fi/ +co lu ) 


Note II 
2 

2 _ -1 - V~3 

2 
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' =32 (<U 3 jW 5 + &M» W ) 

= 32(a>M+a;,(a* 9 )) 

= 32(at 2 + oj( 1) j ) = 32(0 + tf> 2 ) & 

= 32(-l) = -32 

3. Show that 

(i) * 3 - /■ * (* - f)( x - y ) 

Sol: R.H.S. - (x - y)(x - my)(x - 0 1 y) 

= (x - >0C* ~ ovX* - & 2 y) 

= (x- y)(jc 2 - coxy - ofxy + of y 2 ) 

-(x— vXjc 2 — xy(wya > 2 ) + ) 

= (* - y)(x 2 -xy(-\) + \ y ) = (* - y)(x 2 + xy+y 2 ) 

= jc 3 + y+ 

(ii) x 3 + y 3 + z 3 - 3xyz = (x + y + z)(x + coy + co 2 z)(x + a> 2 y + coz) Sargodha Z011 

Sol: R.H.S. =(xyy + z)(x + 6>y + G) 2 z)(x + & 2 y + az) 

= (x + y + z)(x 2 + <o 2 xy + coxz + coxy + w 3 /+ co 2 zx + afyz + <o i z 2 ) 

= (x + y + z)(x 2 y^xyycoxz+aoxy + V.y 2 +a> 2 yz+(oyz + l.z 2 ) 

= (x yy + z)(x 2 +xy( 0 + 0 2 ) + xz (0 + 0 1 ) + yz(co+0 2 )+y 2 + z 2 ) 

= (jc + > + rXx 2 +jcv(- 1) + X?(-I) + >^(-1) + ^ 2 +z 2 ) 

= (^+>?+ 2 )(j: 3 +y +z 2 _ -xy-yz-zx) 

= x 3 +y 2 +z*-3xyz 


Note 
-I + n/^3 

CO — 

2 

2co = -1 + 4~3 
2co 2 = -1- V-3 


Faisalabad 2008 


(iii) 0 + a»)(I + <y 2 )(1 + )(1 + ®* ) 2n factor = * Lahore 2009 

Sol. L.H.S = (l + 0 )(\+ 0 2 )(l + m 4 }(\+ 0 s ) 2 n factor 

- (1 + o>)(l + oj z X 1 +ft))(l + ty I ) 2 n factor 

= (l + ctM-aX +aXXl + fl> + fi) 2 +<y 3 ) — » factor 

= (0 + 1X0 +1) — « factor 

=1.1.1. n factor = R.H.S 


Note 

af=iii(J=ca\=oj 

cJ , -Q?o$=(J.\=a? 
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4 . 

Sol. 


Sol. 


If 10 is a root of x 1 + x + 1 = 0. show that its other root is a) 2 and prove that co 3 = 1 

x 1 + x + 1 = 0 - 1 


Giverut? is root so putx = co 
co 1 + ct)-\ 1=0 


II 


To check or put x = co' in \ 

{(y")" + co' + 1 0 => co ' + co~ +1=0 

or co* + 2 co 2 + 1 - to 1 = 0 ('+ ' & ' of ) 

or (co 2 + l ) 2 ~ co 1 =0 


III 


=> (co 1 + \ + co)(co 2 +1 -co) - 0 
(0)(ty 2 + i — w) = 0 =>0-0 
Hence co 1 is other root, 

Now HI — I co* + co 1 + 1 = 0 


0 = 0 


Alterr&e 
co+oj+1=0 
co+co' + l=0->0=0 


co ±co 1 i = 0 


co(co' -1) = 0 


co - co = 0 

but co * 0 => cd' 1 1=0 


co ' = I 


i i Vs"^ - 

Prove that complex Cube roots of - 1 are —and and hence: 


Prove that 


I + ^V ( 1 — V— 3 




= - 2 . 


x = (-1) 5 => x 2 = — 1 => x y + 1 = 0 

X 2 + (1)'’ = 0=> (x+ I)(x 2 - ,Y + 1) = 0 
x + 1 or x 2 -x+ 1 - 0 


_ -( lj-+Vf- 1) 2 -4(1)(1) 

2 ( 2 ) 


l±Vl^4 l±V-3 

X — > X = - 

2 2 

Hence Cube Roots are 

1 l 1-V^3 


I. 


Now we have to prove 


0+^5? 
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1 




= ~{® 3 ) 6 -W) 5 

= {)) 6 -(I) 3 

= -1 - 1 = -2 = R.H.S 

6. ^ a cube root of unity, from an equation whose roots are 2co and 2 cu 2 

Sol. a = = 2 m 1 Falsalabad 2007 

S — a +ft — 2(o + 2& 2 = 2(&+tv 2 ) 

= 2(-I) => S = -2 

P = (2w)(2co 2 ) = W = 4(1) = 4 
Required Equation is x 2 - Sx + P - 0 
Jf- ~( - 2)ar-+4 = 0 => x ? +2* + 4 = 0 

7 . Find four roots of 16, 81, 625 
(i) Take x = (16) 1/4 

Sol. x* =] 6 ^ x 4 - 1 6 = 0 => (x 2 ) 2 -(4) 2 =0 

(x 2 -4)(x 2 +4) = Q => (x-2Xx + 2)(x l + 4j = 0 

x-2 = Q,x + 2 = 0,x 2 +4 = 0 

x ~ 2 , x — —2, x -4 =j> x - ±<JZ, T *s ±V4/ s ±2/ 

Hence roots are 2,-2, 2/ f -2/ 

(fi) Take x = (Sl)^ 4 => .Jr 4 =81 => x 4 -81 = 0 => (jt 1 ) 1 -(9) 1 = 0 

Sol. (^ 2 -9 Xec 2 +9) = 0 => (x-3)(x+3)(;c 2 +9) = 0 

x~2> ~ 0, x+3 = 0, x 2 +9 = 0 

x - 3, x = -3, x-+V^9 =±3/ 

Hence roots are 3, - 3, 3i, -3/ 

(ill) ^ = (25) ^ x — 625 ■ ^ x* — 625 ** 0 

Sol. (x 2 ) 2 -(25) i =0 => (x 2 - 25)(x 2 4 25) = 0 


L.S.II= 


I + V-3 


-V=3 


\» 

J 


to — - 


- 6 ) = 


IVote 

-it£l 

2 

l-V-3 


e> 2 = 


=> -<y = 


-1 - V-3 
, 2 
1 + V=3 
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8, 

(i) 

Sol. 


(H) 

Sol. 


{iii> 

Sol. 


(iv) 

Sol. 


O-5)(jc + 5)(^+25) = 0 
*-5 = 0, * + 5=0, x 2 +25 = 0 

x = 5, x = -5, ,r=-25 a- - +V-25 
Roots are x = ±5i 

S.S={ 5, -5, Si, 5/} 

Solve the following equations; 

2x 4 - 32 = 0 

'+' by 2 => x 4 - 1 6 = 0 

* 4 -(4|f = 0 => (* ? ) 2 -(4) z = 0 

(x 7 -4)(x 2 +4) = 0 => (x-2)(x + 2)(x 2 +4). = 0 

a 1 — 2 = 0, x + 2 — 0, x‘ + 4 = 0 

x - 2, x = -2, x 2 = -4 => x = ±yj- 4 => x = ±2 i 

S.S =|+2, ±2/} 

3/ -234^ = 0 


'+ 'by 3 => v 5 - 8 I ;; = 0 => y(y* - 8 1) = 0 => y = 0 or y* -8 1 = 0 
7=o] or (y 2 ) 2 -(9) 2 =0 


(y-my+ 9) = o 


(y 2 +9Xy-3)(^ + 3) = o, >-+3 = o 
y - +V-9, y = 3,y = -3 
y - ±3/0' =* ±3^ S.S = {0, ±3, ±3/} 
* 3 +jc 2 +jc + 1 = 0 
x 2 (x + l) + l(x + 1) = 0 


(x + I)(x 2 +1) = 0 
or x 


x + 1 = 0 or x 2 +1 = 0 


x = ± 


-1 


x — ±V— 1 :=> x - ±i => S.S = {—!,+/} 


5* 5 -5* = 0 =; 

5 x = 0 or x 1 —1 = 0 


5x(* 4 - T) = 0 Sargodha 2009, Multan 2010 


x = 0] or (at -1)(x 2 +1)= 0 


(*-iX*+i)(* 2 +i) = o 
x-l -0, * + 1 = 0, x 2 --1 
x = 1, X = -l, X= ±V-1 


=> x = ±i => S.S - (0, ± 1, +/} 
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Remainder Theorem: Sargodha 2009, Faisalabad 2008, Multan 2009, 10 

If a Polynomial /(x) of degree n> 1{ n is non negative) is divided by (x- a) till no 
x term exits in the remainder then / (a) is remainder. 

Factor Theorem: Faisalabad 2007, Multan 2010 

The polynomial (x-a) is a factor of the polynomial f(x) if and only if f(a)-0 


Exercise 4.5 


Use the Remainder Theorem to find the remainder when the first 
polynomial is divided by the second polynomial: 


01 . 

Sol. 


02 . 


Sol. 


03. 

Sol. 


04. 


SoJ. 


.v +3.V + 7, JT + 1 Multan 2008, 

Let /(x)-x 2 -3*-7 
Take x + 1 = Q => x = 1 

/(- t) = (-l) 2 +3(-l)+7 = 5 

Remainder - 5 

- x 1 + 5x + 4, x-2 Faisalabad 2007 

Let f (x) — x 3 - x : + 5x + 4 
Take x~ 2 = 0 =>x = 2 

f (2) = (2) 3 — (2) z + 5(2) + 4 = 18 

Remainder = 18 

3.v J + 4x 3 + x-5, jc + l ' 

Let f(x) - 3x 4 + 4x’ + x - 5 
Take x + 1 = 0 => x = -l 

/(-1) = 3H)«+4(-l)*+H)-5 
/( - I) = 3 + 4(-l> — 1-5 = — 7 
Remainders -7 

x s -2.x 1 + 3 jc + 3 , .v - 3 

Let f(x) = x 5 - 2x" + 3x + 3 
Take * - 3 = 0 => x ^ 3 

/(3) = (3) 3 - 2(3) 3 + 3(3) + 3 
-27-18 + 9 + 3-21 * 

Remainders 21 

Use the factor theorem to determine if the first polynomial is a factor of the second 
polynomial. 
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05. * .v-1, ,v 2 + 4.v - 5 
So). Let f (*) = x 2 + 4x - 5 

Take x - 1 = 0 => x = 1 

/(]) = (l) 2 + 4(1) — 5 = 0 
Yes A' — 1 is factor of jr 2 +4,r-5 

06. A' -2, x i + AT 3 - 7x + I Sargodha 2008 

Sol. Let f (x) — x~ + x 2 — lx + 1 

Take x - 2 = 0 => x = 2 

■t; 

/(2) - (2) 3 + (2) 3 - 7(2) hi 
= 8 + 4-14 + 1 =-l * 0 
Hence x -2 is not factor of x 3 + x 2 — 7x + 1 

07. a> + 2, + 0 ) 1 -4a? + 7 

Sol. Let f(co) = 2a> i +co 2 -4co + 7 

Take co + 2 = 0 -4> to - -2 

/(- 2 ) = 2 ( 2f + (— 2) 2 ~ 4 (— 2 ) + 7 
= 2 (- 8 ) + 4 + 8 + 7 = 3 5 * 0 
Hence co + 2 is not of factor 

08. x — a, x" — a" when n is a positive integer Lahore 2009 

Sol. • Let f(x) = x"-a" 

Take x-a = 0 then x-a- 0 => x-a 

f(a) = a"-a"=0 

Yes x-a is, factor of x” - a” 

09. A' + ff, x" +a" where n is a odd int eger. 

Sol. Let f{x) = x n + a" Sargodha 2009,Faisalabad 2008,09, Lahore 2009 

Take x + a = 0 => x = -a 

/(-«)» (-«)"+ a" 

Because n is odd, 

= -a" + o” - 0 • 

Yes x + a is factor of x tt +‘a H 

10. When x 4 +2,f +/tr J +3 is divided by .v-2, the remainder is 1. Find the value of k, 

Sol. Let fix) = x 4 + 2x* + kx 7 + 3 Multan 2009 

x-2 = 0 => x = 2 
Put x * 2 




/(2) = (2) 4 + 2{2) 3 + k{2f + 3 = 4k + 35 
Given remainder is 1 so 
4* + 35-1 . => 4k = 1-35 = -34 
=> k - -34/4 =» 1—17 / 2 ' 

u When the polynomial x 3 + 2x l + hx +4 fc divided by x -2* the remainder is 14. 
Find the value ofk. 

Sol. Let f(x) = x 3 + 2x 2 +kx + 4 Faisalabad 2008,09 

Take x — 2 = 0 =? x = 2 

f (2) = (2) 3 + 2(2) 2 + k{2) + k 
= 8 + 8 + 2A + 4 = 2i + 20 

G7vm rcmiru/er is \ 4 then 

2£ + 20 = 14 2k = 14-20 

2k = -6 . & — -3 

Use synthetic division to show that X is the solution of the polynomial and use the 
result to factorize the polynomial completely. 

12. jc 3 -7* + 6 = 0, x = 2 

Sol. oxx 3 +0x J -7* + 6 = G 

Now m 



Re m ainder is 0 so x = 2 is solution 


Also x 3 -7x + 6 = (x 2 + 2x-3x)(* - 2) 

- (x 2 + 3x - x - 3)(x - 2) 

= (x(x +3)-I(x + 3))(x - 2} 
= (x-l)(x + 3)(x-2) 

13. x 3 - 2Sx - 48 = 0, x = -4 Sargodha 2008 
Sol. or x 3 + 0x 2 -2#x-48 = 0 



Remainder is o so x = - 4 is solution 


-4 
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Also T 3 - 28.y - 48 = (x + 4)( ,v 2 - 4.r - 1 2) 

= (* + 4)(.v' - 6x + 2x-\2) 

~(x + 4)(.v(x - 6) + 2(.v - 6j) 

= (.r + 4)(A--6)(^ + 2) 

14, 2-t 4 + 7 jc 3 - 4jc 2 - 27.v- 18, a - = 2, Jt = -3 Sargodha 2006 

Sol. x = 2, * = -3 



2 

7 

-4 

-27 

-18 

2 


4 

22 

36 

18 


2 

11 

18 

+9 

1 o “ 

-3 


-6 

-15 

-9 



2 

5 

3 

0 


Hence x -2, v — -3 are sal ut ions. 

Now lx' + 7 X s - 4.y’-27a-18 

= (*-2K* + 3X2ir a +5* + 3) 

= (x - 2)(.t + 3){2,v' + 2.v + 3.y + 3) 

= (.v-2)(.v + 3)(2.y(.v + I) + 3(a'+ 1)) 

= 0r-2)(jf + 3)(* + l)(2;t + 3) 

Use synthetic division to find the values of p and if if x + I and 
,v-2 are the factors of the polynomial x + px m +<jx + 6. 

Sol. ,v J + px 1 + qx + 6 = 0 Multan 2008, 09 

jc + 1 = 0 a = - 1 
x -2 = 0 => x = 2 


1 

P 

q 

6 



1 

-p+i 

-q+p-i 


1 

P-1 

q-p+l 

[ p-q+5 



Since x -+ 1 is factor so p q + 5 = 0 / 


2 

1 

p-i 

q-p+i 



2 

2p+2 


r 

P+l 

P+q+3 


p + q + 3 = 0(.r - 2 is factor ) II 



COLLEGE Mathematics.! 


QUADRATIC EQUATION 


I + II 

P--&+ 5 = 0 
■P + -9-+ 3=0 


I -II * 

p--q + 5 = 0 
--p-±q± 3=0 


16 . 

Sol. 


2p+8=0 


PZZ 1 


r 2 9 + 2 = Q 


Fmrf the vetoes of a and b if -2 and 

x 1 —Ax 1 + ax + b, - 

Let f{x) = x i -Ax 2 +ax+b 


— 2q = —2=> 


q = i 


2 are roots of the polynomial 


Put x = -2 


fi~ 2) - (-2) 3 - 4(-2) 2 + o( -2) + 6 
y (~2) — -8 -16-2a + A = -2a + A-24 

-2 roo/ jo -2a+A-24 = 0 I 

/ (2) - (2f - 4(2) 2 +o(2) + A 


= 8 — 1 6 + 2a + A 

- 2a + A - 8 // 

2 /j too/ so 2a f A -8 = 0 
/+// 

-X t A -24 = 0 

X+*A-8 = 0 


11 

/-// 

2a + /-24 = 0 
■ 2a±/^8-0 


2A-32 = 0 
A — 16 


4a-16 = 0 


a = --4 
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Exercise 4.6 


Sum = a + ft — 

a 

c 

Product = aft = — 
a 

Equation from roots is 

jf J - 5 a- + p = 0 

Proof 1 we know that 

-b± Jb 2 - 4 ac 
2 a 

-b + \Jh~ -4 ac 


I 

II 

III 


x - ■ 


a = 


2a 


& ft = 


-b - Jb^- 4 ac 


2a 


Sum = a + ft 

_ -/? + V/;~ - 4ac -b -\Jb : -4ac _ ~b + \[b^'^ r 4ac ~b- Jjb^'Aac 

2a 


2a 


2a 


~jb 

/a 


S ~ a + ft — — — 

a 


Proof’ll Product ~aft= c / 


aft = 


+ Jb 2 -4 ac ^ 

—b — sjh 2 — 4 ac 

2a J 

2a ) 


(-^) a - V (^-- 4^) 2 
4 a 1 

b 2 ~(b' -4uc) 2 lr-b 2 + 4ac 


4u~ 

4 ac c 


4 a 2 




4 a a 

Proof III we know that 

ax 1 + bx + c = 0 
t by a we get 

’ b ’ C n 
a a 


p=aft=^ 

a 
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1. 

(/) 

Sol. 


/ 


<«> 


Sol. 


di) 

Sol. 


2 u C n 
or x x + — = 0 


Use result I and II 
x~ + -Sx + p - 0 

0 

If cc,P are the roots of 3.v 2 — 2.V + 4 — 0, find the values of 

1 1 

— r ■*" ■ — r 
a* p 1 

Given 3x 2 - 2x + 4 ~ 0 

„ b -(-2) 2 

a+ ft = - - — - = — 

a 3 3 

p c 4 

a. 6 ~ — = ~ 
a 3 

_1 \ . 

a 1 fi i a 1 p 1 

= a 2 + P 2 ^lap-lap 

(ctP? 

(u + pf -lap (2/3) 2 -2(4/3) 


{upf 


(4/3) 2 


4/9- 8 / 3 .4-24 9 

(— — ~) x — 

16/9 9 16 


-20 

16 


--5/4 


Sargodha 2011 


a p 

P a 

a_ P _a~ + p 2 
P a ap 

_ a 1 + / / 2 + 2uP_ - lap 1 (a + py lap 
afi ap 

_ (2/3)- -2(4 /3) 4_8 ■ 3 

4/3 9 3 X 4 

.4- 24 x 3 -20 3 

=^ x r ( T )( f- 5/3 

a' + p* 

a 4 +p 4 = (a 2 ) 2 +{p ? )- 
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(iv) 

Sot. 


(V) 

Sol. 


= {a 2 ) 2 +{p 2 ) 2 + la 2 p 2 -2a 2 p 2 
= (a 2 + p 2 ) 1 - 2a 1 fV 
= {a 2 + p 7 + lap - lap) 2 -la 2 p 7 

= [(a + pf -lap^ -l{apf 


(|)=-2(i) 

A 8 , 




.16. 


4-24. 


= (-- r ) : -2(— ) = ( 
v 9 y x 9 ' v 9 , 

-20 2 32 400 32 

~ 9 + 9 ” 81 9 

400-288 112 

81 


32 
9 


81 

a } +p i Multan 2009 

a 2 +p : ' = (a + P)(a 2 -ap + p 2 ) 

+ &-2a / ffj = (a + p){a l + p 2 + lap - lap - ap) 


= {a + P){{a+P) z -l>aP) 
= (2/ 3) [(2/ 3)* -3(4/3)] 

2 4 

=( t x ?- 4) 

3 9 27 

1 


a 5 p 3 


1 1 a 2 + p J 


a J p 3 a 3 p 3 

_ (a+/?)(a : + p 2 +2ap -lap -ap 
( a /?) 3 


(a +£)[(<*■+ y?) 3 -3a/?] 


( -)' -3( 4 ) 
l 3 3 J 

(a/7)' 


(4/3) ;> 
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H 


64 

27 


l = (2 )( 1=M 27 

3 ' 9 64 


3 ' 9 64 

(W) a 1 - p 2 - 

Sol. a 2 -/f- = (a + ^X«:-j3) 

We know that 
(a - pf = a 2 + p 1 -lap 
= ct* + p 2 + 2 ap - 2ap-2ap 
= {a±pf-4ap 

(« - P ) = >/{« + y?} 2 - 4«/f 

I becomecr-/? 2 =(«+£)(« ^/?) 

= (« + P)^(a + p) 2 4ap 
= (2/ 3)\J(2/ 3) 2 - 4(4/3) 
_A I 4 >6 7 f 

3V9 3 St 


4-48 




11 


= -Vn; 

9 


2 . If &*P are the roots of x 2 — px — c ~ 0 , prove that 


Sol. 


(l + a)(l + ^)=I-o 

7te«+^ = ±M = /. 


Sargodha 2008,2009 Lahore 2009, Rawalpindi 2009 


and ap — 


(~p-c) 


~P~c 


L.H.S - (I t «)(! + £) 
~\ + a + P + dp 

- 1 + p — p — c 

. =1 -e = R.IIS 
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3 . Find condition that one root of x 2 + px • + q = 0 is 

(7) Double the other 
Sol. x 1 + px + q -0 (a = \,b - p,c = q) 

According to the given condition x 
a and ff = 2a so 

Hp) 


Federal 


a 


+ P- — 

a 

3 a ~ -p 


a +2u = 

a^ 


1 


Sot. 


And aJ3 = 


(a)(2a) 


2a 1 


11 


a 

\2 


=>2(-p/iy=q : 

(//) Square of the other 


2 (p 2 19) - q 2 p 1 = 9 q 


According to the given condition 
a = a & p = a 2 then 


a+p~ — 

a 

£ 

Also afi — 


a = q 


a = q 


I become a + a~ — -p 


a±a~ =— £L = -p 

1 

(a)(a 2 ) = l 


q m Hq m f = 


q Vi +q m = 


— // or{q Vi +q m f=(-pf 


(</ l/3 ) 3 + ( q 2n ) 3 + 3 (? 1 / 3 )(r' J )(<?'" + r ' } ) = - P 1 
q + q 1 +lq i ' i+m l-P) = -p i 
q + q 1 -3 q\p)+p i =0 


.2/3, 


_ 1/3 


-2/3, 


p y + <?+<r = 2pq 


(iii) Additive inverse of the other 
Sol. According to the given condition 
a ' = a &. p = -a 


a + P = — 

a 

a -a = -p 


a + (-a) = — 


0 — p 


1 P -o 





COLLEGE MA THEMATICS-! 


(/V) Multiplicative inverse of the other 

Sol. According to the given condition 

1 


QUADRATIC EQUATION 


Multan 2009 


4. 

Sol. 


5. 


Sol. 


a - a &. /3 = — so 
a 

a p = — = 

a 


all' 

.a) 


1 

1 


\ = q 


if the roots of the equation x 2 - px + q = 0 differ by unity , prove that 
p l =*q + \. S argodha 2007 

x 2 -px + q = 0 (a = l,b = -p,c = q) 

According to the given condition , 

ct = a & p = a + 1 then 


a+P =-— 
a 


a + a + 1 = - 


t-P) 

I 


2a + l = p ==> 2a- p-\ 


p-1 

a — 
2 


And aP = — => 

a 2 +a = q{Put 1 ) 


a(a+ 1 )=— 




/>-l 

+ -£— = q 
2 H 

W by A => 
p 2 - 1 = 4 ^ 


4 2 y 

/r - 2 ^+l + 2/>-2 = 4 # 


/> = 1 + 4 ^ 


Find the condition that 

x-a x—b 

but opposite in signs, 

a & c 

+ - = 5 

x-a x-b 

■x ’ both sides by{x - a) (* - b) 
ctijx-b)+b(x-a) - 5(jc -a)(x-b) 
ax-ab+bx-ab = 5(jr 2 -ax-bx + ab) 
ax + bx- lab - 5* 3 -Sax- Sbx + Sab 
Sx 1 - Sbx - Sax + Sab ~ ax - bx + lab = 0 
5x 2 -6ax-6k.Y + 7a?> = 0 

5x 2 - 6(« + b)x + lab = 0 


a b 

+ - S may have roots equal in magnitude 
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Sot. 


(0 

Sol. 


According to the given condition 
A = 5 ,B = - 6 (a + b), C - lab 
a = a & ft = -tr so 

a+fs=± aa+( - a)= d : 6 ( g+ ^] 

a 5 

■ 6(a+j> > ^ Q _ 6(a + b) 

5 5 


a-a 


a± h - 0 


If the roots of px + qx ^ q - 0 are a and (3 then prove that 

Multan 2007, 2010 


Ir&^o 


a + p = — 

P 


l & ap - £- 

P' 


II 


4 a P - /// 7 V/Are square root of II 


a + p -ql p 

i — j — Divide. I by III 

yjafi yjq/p 

=> ~ i p = i±l!jl 

V ~ap -Jap fq / p 
'Jcfa + f_P_f_P _ ~ \jq / pyfq/ p 
\fctsjp \faffi \fP~P 


NOTE 

X = yfxjx = (\fx ) 2 = . 


'rJHi 

If CC, p are the roots of the equation ax 1 + bx + c = Q, form the equation 
whose roots are 

a\p l 

a + P = — and ap = — 
a a 

are Given ( For all parts) 

S = a 2 +P 2 

-a 3 +P 2 +2ap-2uP 
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(«) 

Sol. 


m 

Sol. 


, m 2 * „ MY' JA k 2 ^ f> 2 ~ 

= (a+py-2ap = — -2 - =-j- > 

a ) \a J (T a a 


- 2ac 

J- 


c Y c l 


p = a 2 0 2 =(apf = - ± 


- lac \ c 2 

— — \y+— = 
a J a 


0 


y + p = 0 

3 b 2 

y 

V 

'x ’ by a 2 

a 2 y 2 — (b 2 - 2ac)y 4- c 2 =0 

i 1 

a p 

J t 1 _ a+P _ -b! a 

a 0 afi cl a 

-b a b 

= — — x — * — — 
a c c 

p m ± m ± m J_=_L=£ 

a 0 afi c(a c 
y 2 - Sy + p =0 

/-(— )y+- = Q 
c c 

V by c 

cy 2 + by + g = 0 

_L 

n2 ’ oi 


a 1 0 2 


r t 1 f+d 

d p 2 dp 2 



_ a +p + 2a0 — la0 _ (a + 0) - 2a 0 _ \ a 
~~ orp 1 / ~" a 


2c 

a' 


'cY 


U, 


r_2e 

a 2 a 
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(/V) 

Sol, 


( 1.2 


b~ - 2 ac 


a 

.2 ^2 


a b 2 - lac 


v- «= 


i 


i 


i 


r= 


a- p- a 2 p 2 ( ap) 2 ( c/af 

1 a* 
c 2 /cr " c 2 


J' 3 -Sy + Z 5 - o 

"J 

y- 


a 2 

>- + — = 0 






r X ' by c 2 

c 2 y 2 -(b 2 -2ac)y+a 2 =0 

a 3 ,£ J 

5 = a 3 + p l = (a + - a> g + p 1 ) 

= (« + P)(a - 2 + /7 2 + lap - lap - ap ) 

= (a + P)[(a + P) 2 - lap] 

-b 

a 



-b 

a 

- b i + 3abc 


-31- 




a 


a 


P = a 2 p l = (apf = f — I 
y 2 - Sy + p = o 


3 > 
7 




-b* + 3 abc 


a 


y+~ = o 


’x ’ by a 2 

a y~ + ( b J — 3 abc)y + c 2 = 0 


1 


1 



<W) 

Sol. 


__ (a + 0){a 2 - aj3+fl 2 ) 

" t ^) 3 

= (a + /?)(g a + p % +2&fi - lap - 

(a$? 

... (a + M( a + Pf -lafi)) 

(a/3f 

3c] { bVb 


7z*Y-^l l*Y*i_2£ 

S V J . H J_l « • a 

/ \i 3 

0 i 


-6 j b l -3oc 1 a 


a V a 2 


-b 3 + %abc j ^ a 3 


-b } +3ctbc 


P = -.— = - 

« 3 0 3 0 

y 2 -Sy+p = 0 


1 V 

1 (c /a) 3 c* 


2 f-r+3 abc\ a 1 rt 

/- ' ■ 3 " y+— = o 

l * / / 

- (-A 3 + 3 «£c)j '+« 3 = 0 , 

a £ 


={a+^)+-+— 
a (3 

, a , ct + 8 , b v - b i a 

ap a c/a 

a at- a c 



-be - ab 


(.vi 7) 

Sol. 


P=(a+-)C/?+i) 
a p 

,, a B I 
= afi +—+£- + — 

P a ap 

= a0 + ± + Zll£ 

a/3 ap 

. 0/ s + _L + ^ii£i±25&^2£ 


= a /i + J_< (s^£L=M_ 

cep ap 


- £ + J_ 

a c / a 


<--)’ - 2c 
.. </ a 


= £ + £ + |*l_2£| o 

c (t 2 fl j c 

_ a ~ +'t’* , f £ -2»c 'l a 

+ — x- 

ac a ) c 

_ cr +C 1 | (b 2 -2ac) 
etc ac 

cr + c + b~ —2 ac 


y -Sy + P = 0 


y- _ (~& c ~ c 3p) + fl 2 + c 2 + fr ; -2fl c 
jV etc 

V £>' »c 

-y 2 ac + b(c + a) y + a 1 + b 7 - lac = 0 

(““A) 1 »(« + /?)* 

S P? + (a + pf 

= (a- + p- - lap) + (a h p) 2 
= (a J +/J 2 + 2a/i -lap -lap) y {a + p) 1 
= (a + pf -4a/J + (a + P) 2 
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if— T -4— 
a ) a 


= 2 (a+pf- 4 ap = 2 

2b 2 4c 2b 1 —4ac 
cr a a* 

P={a + pf(a + pf 
= (a 2 + 0 1 - 2 afi + lap - 2 ccP)(a + P) 2 
^((a + P) 2 -4aP)(a + pf 

(b 2 ) 

7 

V a J 



y 2 —Sy+P = 0 




r 2 b 1 


(V-wV 

> 

k + 


a J 


l « J 


= 0 


(mi) 

Sol. 


V by a 4 

a 4 y 2 2 a 1 ( b 2 - 2 ac)y + b* - ab 2 c - G 

_X _L 

a* P 3 


I 


-1 


5 a 3+ {p 3 ) . a J 


1 1 


-a* -p 3 


(A'+/f) 


a 3 p 3 {apf 

= (g + p)(a- +p 2 + lap - 2 ap - ap) 

(a P ) 3 

_ (a+PK(a+Pf-3aP) 



*[-) 

W 


r-i .2 


b 2 3c V 


a a 


Cb'-SacVS' 


A 


AC 


QUADRATIC EQUATION 


3 
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b 2 ~3abc a 3 b 1, -3abc 


i r 




(<*P? 





l 'b'-3abc^ ~ 3 


7 


^ + “T = 0 

£' 


V &y c 3 

C 3 ^ 2 - (& 1 - + £) 3 = 0 

If ot, fi are the roots of 5 jc 2 — jc — 2 = 0 , form the equation whose roots 

8 . 3 3 

Ore — ami — . federal, Faisulabad 2008, 09, Gujranwatu 2009, Mu! tan 2009 

l 

5 



3 3 

Given roots are — and — 

a p 

S = —+— = 3(—+—) = 3^—^l 
a P a p a p 

_ 3(1/5) 3 5 _3 

- 2/5 5*-2 ~ 2 


P = 


"2 

<CC 


9 


JJ ap -2/5 -2 

y 2 - Sy + P = 0 

^ f~ 3 l 45 „ 

y-{-j y -- = 0 
=> y 2 +-y-— 

r 2 

'x 'by 2 => 2 y 2 + 3 y - 45 = 0 


9x5 -45 

2 



(XMbftATTC EQUATION 


If a and 0 are the roots of x 2 - 3x + 5 » 0, from the equation 

9. , _ I — Of . 1-0 

whose roots are and - — £ — 

t+a 1+0 

Sol. a + 0 = ~ = ^^ = 3 

« 1 

n c 5 
.« 1- 


Roots are 


\~a \-0 


\ + a 1 + 0 

1-0 i 1-y? (!-«)(! + l) + (l-/Q(l + g) 

(1 + a)(l + 0) 


S = 

1+a 1 + 0 

- 1~# + /?~ a ff+l~/?+g~Q r /? 

\+a + 0 + 0.0 

! 2-2(5) 2-10 


l + (c* + #) + «/? 1+3 + 5 9 

P = Y l ~/Q = 1 -a-p+ap 

\\ + O ) f + 0 j \ +o + 0 + Op 

~ 1 ~( a + 0)+®P _ 1-3 + 5 _ 3 
l + (a+0)+ap 1+3 + 5 9 

y 2 -Sy+p = § 


1 

9 




/J-?W2=o 

9 , 9 


Why 9 9y 2 + 8j;+3 = 0 
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Exercise 4.7 


i. b~ — 4ac < 0 Roots are complex 

ii. b 2 -4 ac = 0 Roots are equal 
in, b 2 - 4 ac > 0 {Not Square) Irrational 
iv. b 1 - 4 ac > 0 (Square) Rational 

01. Discuss the nature of the roots of the following equations: 

i. 4* 1 + 6x + l = 0 Faisalabad 2009 

Sol. 4x 2 + 6* + 1 = 0 (a = 4, b = 5, c = 1) 

Take x + 1 = Q =>* = -1 
b 1 - 4 ac - (6) 2 - 4(4)(1) 

= 36-16 = 20 Irrational and unequal 
«. 4f 2 -5jr + 6 = 0 Multan 2010 

Sol. b 1 - 4 ac = (— 5) 3 - 4(1X6) 

= 25 - 24 = 1 = (l) 2 Rational & unequal 
HI- 2.v i -5x + 1 = 0 Multan 2009 

Sol. b" ~4ac = (~5) 2 -4(2)(1) = 25 -8 = 17 Irrational unequal 
iv. 25.v J - 30* + 9 = 0 Multan 2009 

Sol. a = 25, 6-30, c = 9 


- Faisalabad 2009 

| Re al 


02 . 

i. 

Sol. 


b 2 - 4 as = (-30) 2 -4(25)(9) - 900-900 = Equal 
Show that the roots of the following equations will be real: 


-iL + i) 

^ m) 


a = 1, b = ~2 | m + — |,c = 3 

m 


x + 3 = 0; m * 0 Rawalpindi 2009 


1 


b 1 -4 ac - 




-2 


1 


-4(I)(3) 


= 4\ m 1 +-4 + 2 

nr 


m + — 

«. 

^ i 4 

-12 = 4nr + — + 8-12 


J 


m 


- Am 1 + — r- — 4 = 4 [ nr +~-l 
\ nr 
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Sol. 


03. 

L 

Sol. 


ii, 

SoL 


04. 

f\ 

SoL 


Il\ 

Sol. 


-4! 


= 4 


m 


: +-L 1-1 + 1 1 - 4! m I +~-2 + l 

) \_ m 


m 


m 

m) 


+ 1 


> 0 Hence Real 


(b-c)x 1 + (c - a)x + (a - b) = 0; a,b,c,e Q 
A -b-c, B — c — a,C — a — b 
B 2 - 4 AC - (e- a) 2 - 4 (b - c)(a - b ) 

— c + a " — 2ac — 4 ab + 46 2 + 4 ac - 4 be 

— a ? + c + lac - 4o6 - 46c + 46' 

— ( a + c - 26 ) 3 > 0 Hence Real 

Show that the roots of the following equations will be rational: 

[p + if ) X 2 — px — q = 0 Sgd 2009 , Lahore 2009, Mu! tan 20 1 ft, Fsd 2007, 08 

a = p + q,b = ~p,c = -q 
b 2 -4uc = (-p) 2 -4(p + q)(-q) 

- p 2 + 4 pq + 4ry 2 ~ ( p + 2q ) 2 Hence Ra t ion a I 
p .v 2 — (p- q)x - q - 0 S arg odha 2009, Mul tan 2008 
a = p, b = (p -?),£? = -<? 


6 2 - 4 ere = [-( p - r/)]‘ - 4(p)( -q) 

- p 1 ~2 pq + q 2 +4 pq 

— p 1 + 2pq + q 2 ~{p + q) 2 Hence Rational 

For what values of m will the roots of the following equations be equal? 
(m 4- 1) -v 2 + 2 (m + 3 ).v + m + 8 = 0 S arg odha 2006 
a - m + 1,6- 2(m + 3), C -m + B 


b l - 4 ac = [2 (m + 3)f 4(m + l)(m + 8} 

- 4(m 2 + 6m + 9) - 4 (m 2 + rn 4 8m + 8) 
b 2 - 4 ac - jinr + 24 m + 36 - j4 rfr - 4m - 32 m - 32 - - 1 2m + 4 
Given roots are equal i.e b~-4ac-0 => -12m + 4 = 0 

12m - 4 

m - 4 1 1 2 m — ^ 


x 2 - 2(1 + 3m)x + 7(3 + 2m) = 0 
0 = 1,6 = -2(1 + 3m), c = 7(3 + 2m) 


Lahore 2009 
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Hi. 

Sol. 


05. 

/. 

Sol. 


b 1 — 4 uc — ‘ — 2(1 + 3m — 4( l)(7(3 + 2m)] — 4(1 + 6m + 9m “ ) - 28(3 + 2m) 

= 4 + 24w + 36m 2 -84 -5 6m 

- 36m 2 - 32m - 80 

- 9 m 3 -8m-20(V6>’4) 

= 9 mr -18m + 10m -20 

- 9 m(m - 2) + 10(m - 2) = (m - 2)(9 m + 10) 

Given roots are equal so 

(m - 2)(9 m + 10) = 0 
m - 2 = 0 or 9m + 1 0 = 0 

m = 2 or m = -10/9 
(1 + m)x 2 - 2(1 + 3 m)x + (1 + 8m) = 0 
a = \ + m, b - -2(1 + 3m), c = 1 + 8m 
Roots are equal if b l -4 uc - 0 
=> [ 2(1 + 3m)] 2 -4(l + m)(l + 8m) - 0 
4(1 + 9m 2 + 6m) - 4(1 + m + 8m + 8m 2 ) = 0 
4(9m 2 + 6m + 1) - 4(8m" +9m + 1) = 0 
+ by 4 ; (9m" + 6m + 1) - (8m 2 + 9m + 1) = 0 
9m 2 + 6m + 1 - 8m 7 - 9m - 1 = 0 
m 2 -2m- 0 => m{m -3) - 0 


Mu! tan 2008 


m = 0 


or 


m - j 


Show that the roots of jr 2 + (ntx + c) 2 = a 2 will be equal if c 1 = r? 2 (l + m l ) 

.V 3 + (mx + C) 2 = a 1 Federal. Fad 2(107, 2009, Mul tan 2008, Sgd 2007, 08 

x ? + m~x 2 + 2 max + c 1 - a 1 =0 
(1 + m 1 )x 2 + 2mcx + (c 1 - a 2 ) ~ 0 
A = 1 + m 2 , B = 2mc, C ~ c 2 - a 2 
Given roots are equal so B z - 4 AC = 0 
(2mc) 2 - 4(1 + m 2 )(c 2 -a 2 ) = 0 

- 4 cf + 4 a 1 - + 4 nfa 2 = 0 

- 4c 2 +4 a 2 +4 m 2 a 2 = 0 
+ by 4 => —c 2 + a 2 + a 2 nf = 0 

or — c 1 + tr 2 (l + m 2 ) = 0 


c 2 = tr (I +m 2 ) 






Show that the roots of (mx + e) 1 = 4 ax will be equal if c = a/m; m* 0 

(mx+e) 2 =4ac Sargodha2010 

m 2 x 2 + 2mex + c 1 -4ax = 0 


m 2 x 2 + 2 mfx - 4ax + c 2 = 0 


m 2 x 2 4- (2 me - 4a)x + c 2 = 0 
A = m 2 , B~2mc-4a, C = c 2 
Roots are equal so B 2 -4 AC - 0 
(2 me— 4a) 2 -4 m 2 c 2 =0 

Jnt^+16a 2 ~16amc- J 4m 1 c^ = 0 => \6d 2 -\bamc = 0 

V 1 by 16a => a - me = 0 => me -a =$ | c-a/m 

Frave that ■= 1 will have equal roots 

4M. A ' 


If c 2 «= a 2 m 2 + b 2 ; a * 0, b i* 0 

x 2 ( mx+c ) 2 , x 2 b 2 


Faisalabad 2008, Mul tan 2007 


jf j (mx+c) 2 , x 2 b z +aHmx+c) 2 . 

— 1 0,1 7P — ■-* 

x 2 b 2 +a 2 (m 2 x 2 + 2 mex + c 2 ) = a 2 b 2 

x 2 b 2 + a 2 m 2 x 2 + 2a 1 mex + a V - a V = 0 

(b 2 + a 2 m 2 )x 2 +2a 2 mcx + (a 2 c 2 ~a 2 b 2 ) = 0 

A = b 2 + aW,B = 2a 7 me, C = aV - a 2 b 2 

Roots are equal so B 2 ~4AC ~ 0 

=> (2a 2 me) 2 — 4{b 2 +a 2 m 2 Xo 1 c 2 -aV) =0 

4a i *t*c r ~4a 2 b 2 c 2 +4 a 2 b A ~ + 4aWb 2 =0 

'+ by 2a ^ J ^ “ 4a 2 6 2 c 2 +4aV + 4a 4 mV = 0=> -c 2 +A 2 +a V = 0 

=» c 2 =a 2 m 2 +6 2 

Show that the roots of the equation (a 1 -bc)x 2 + 2(b 2 -ca)x+e 2 ~ah = 0 will 
be equal, if either a 1 + b y +c* ~3abc or b = 0 

(a 2 - bc)x 1 + 2(A J - ca)x + ( c 2 ab) = 0 
A = a 2 - be, B = 2(b 2 - ca\ C = c 2 - ab 
Roots are equal so B 2 ~ 4 AC = 0 

[2(& 2 - ca) J - 4(a 2 - bc)(c 2 - ab) = 0 

4(i 4 +c 2 a 2 —2ab 2 c) - 4a 2 c 2 +4a i b + 4bc 2 4ab 2 c = 0 
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4 6 4 + A-e- 2 -#- 2 - 8 ab 2 c - 4-e- 2 -& 2 + 4 a 2 b + 46c 3 - 4cr6 2 c = 0 
46 4 - 1 2o6 : c + 4o 3 6 + 46c 3 = 0 V by 4 

6(6 3 -3o6c + £? 3 +c 5 ) = 0 => 6 = 0 or a 3 +6 3 +c 3 - 3o6c = 0 
=> a 3 + 6 3 + c 3 = 3a6c or 6 = 0 




Exercise 4.8 



Solve the following systems of equations: 


01 . 

Sol. 


02 . 

Sol. 


it 

• iii 


2x- y = 4;2x* -4xy- y 1 = 6 

2 * - y = 4 /, 2x* - 4xy - y 2 =6 — 

From i -y = 4-2x ^y = 2x-4 — 

(Pul iii in ii } lx 1 - 4*( 2x - 4) - (2x - 4) 3 =6 

2x 2 -8x 2 + 16x-(4x 2 -16x + 16)-6 = 0 

2x 2 -8* 2 + 16x-4x 2 + 16*-I6-6 = 0 

-10* 2 + 32x-22 = 0 => 10x 2 -32* + 22 = 0 ('x'6^-1) 

+ by 2 both sides 

5* 2 -16x + t 1 = 0 => 5* 2 -5*-ll* + ll = 0 
5x(*-l)-ll(*-l) = 0 (jc — 1)(5jc — 1 1) = 0 

II 


*- 1=0 


or 


5x - 1 1 = 0 => * = 1 or x = 


When * = 1 then y = 2(I)-4 = 2-4 = -2 


11 


22 


— -4'=— -4 = 
^5 J 5 


When x = ~ then y = 2 

S.S = {(l,-2),(y,|)} 

x+y ■ 5; x 1 + 2y = n 
x + y = 5 — 

From i x = 5- y 
Put value of x in ii(5~ y) 2 + 2_y 2 = 17 


22-20 2 


Mul tan 2010,5 argorffta 2011 


i, x i +2y i =l7 
— iii 


25-]0y + y 2 +2_y 2 -1 7 = 0 


3/-10.y + 8 = 0 


3/-6>--4;y + 8 = 0 => 3y(y-2)-4(y-2) ~ 0 

(y ~ 2)(3y - 4) = 0 => y-2 = 0 or 3.y-4 = Q 

y = 2 or y = 4/3 when y = 2 then * = 5-2 = 3 
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whin y - 4 / 3 thin x - 5 - 4 / 3 - 


15-4 11 


03 . 

Sol, 


04 , 

Sol. 


= {(3.2)41) 

3x + 2.y-7; 3x J -25 + 2 y 2 


3* + 2 y - 7- 


-I 1. 3x 2 - 25 + 2y 


-II 


{From 1) 2y-l-2x 
i’ui value of y in ii 

3 . V --25 + 2 (— -) 1 


7-3x 


/// 


3x 2 - 25 + -2( 


49 - 42. v + 9x‘ 


3x 3 - 25 + 


9x 2 - 42x + 49 


(x) fro//r .viV/e.v by 2 fix 2 - 50 + 9x 2 — 42x + 49 

or 9x 2 - 42x + 99 - 6x 2 — 0 => 3x 2 - 42x + 99 = 0 

-f sides by 3 x* — 14x + 33 — 0 

x 2 -3x-l lx + 33 -0 => x(x-3)-l l(x-3) = 0 

(x ~ 3)(x — 1 1) — 0 => x-3 = 0 or x-11-0 

x - 3 or x - 1 1 

, , 7-3(3) 7-9 % 

When x-3 then y - - = = — = -l 

2 2 -r 

,, , 7-3(11) 7-33 -26 

When x - 1 1 then y = — = — — - - 1 3 

2 2 2 

5.5 - |(3.“I),(1 1,-1 3)} - 

jt + y = 5; — + — = 2, x * O,^ * 0 

x y 


-II 


2 2 

— + — = 2 — 

x ;y 

■ /// (x) /A 7v xy fto/'/j i’/rfes 

2 v + 3x = 2 xy IV ^ 


x + y = 5 — 7 

From 1 x — 5 — y 

Put value of x in 
2 y + 3(5 - v) - 2(5 - v) v => 2y + 1 5 - 3 y = 1 0 v - 2y“ 
2y + 1 5 - 3,v - 1 Oy + 2_v ? - 0 ly 1 -11^ + 15 = 0 
2 y 2 - 6 y - 5y + 1 5 - 0 => 2y(y-3)~ 5(y-3)~ 0 

(>»-3)(2y-5) - 0 => .y-3-0 or 2y-S -0 
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(y-3X2y-5)--0 => ^-3 = 0 or 2j-5 = 0 
5 

y - 3 or y = - 

Wken y = 3 then * *5-3 = 2 

5 c 5 10-5 _ 5 

When y = — then x-5-.^- % 2 


QUADRATIC EQUATION 


05. 

Sol. 


S.S 




a b 


x + y — o-rb} —+ — 2 

xy 


x + y = a+b 


a b „ 
-/ — +— = 2 


-// 


x y 


( From 1 )x=a+b-y 


{Put value of x in IV) 
ay + b{a + b- y) = 2(a+b- y)y 


III (x) II. by xy we get 
ay + bx = 2xy IV . 


ay + ab + b 2 — by — 2 ay + 2 by 2.y 

ay + ab + b 2 —by— 2ay — 2by + 2y 2 = 0 
2 y 2 - qy-3by+ab+b 2 = 0 => : -(a + M)y+ab+b 2 =Q 

A = 2,B= -{a + 3 b \ C-ab+b 2 

-[■(-a + 36) ] ± \/[~~( a + 36)] ~ 4(2 ){ab + Itr) 

2(2) 

(a + 361 £ yjq 2 + 6 a6 + 9b 2 —%ab —Bb . 

y— a 


(a + 36) ± yja 2 - 2ab + b 2 _ (a+36)i:^/(tf 6)~ 

^ = 4 4 

(a+36)±(a-6) 

* = i 


y = 


a+3b+a-b 


y= 


■a* + 36 — ■a- + 6 


4 ' 4 

2a+2b_^a+bf_ = af± ^ 

' ” 4 4 2 4 

a +b a + b 2 ff+ 26 -g -6 o + 6 

FT6ei? > = -- then x-a+b— ^ 2*2 

y=6 ffcew x = a+^-'fr^o 
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06. 

Sol. 


07. 

Sol. 


3x + 4j = 25; — = 2 

x y 


3x + Ay = 25 


l + ±-2 

jf y 


Rawalpindi 2009 

— — a 


-m 






9y+l00-16y-50y+8y 2 =0 


25 4 

(From I) x - - ~ y (x) //^ xy^3>+4x = 2xy 

vo/«e o/ x in III 
'2$-4y)_ ? f25-4y 
3 

100-16y 50^-8/ 

y 3 ~ 3 

(x) fto/A f«fef 3 

9 > y+J00-16>'- 50.y -8y* => 

8/-57>' + 100 = 0 => By 2 -32y~2Sy+]00 = 0 

%y(y — 4 ) - 250 — 4) = 0 => O- 4)(8^ - 25) = 0 

y- 4 = 0 or By -25 = 0 => jy = 4 or y = ~ 

When y= 4 //ie« * = -— - = ^ -3 

3 3 

25-4f— V 25- — 

wheny=2%thenx= 2 _ = 25 I_25 

/8 3 3 2 3“ 6 

S.S = {(3,4),(^ ”)} 

6 8 J 

(x — 3) 3 + y 2 'm 5; 2x = y + 6 

(x - 3 ) 2 + / = 5 , 2x = y + 6 -/ 

or x J -6x+9+/-5 = 0 (From 1) y =2x-6 

or x 2 +y~6x+4 = 0 1/ 

/*«/ vo/ue of III in II 
x 2 +(2x-6) 2 -6x+4 = 0 

x 2 + 4 x 3 - 24 x + 36 - 6 x +4 = 0 => 5 x 1 - 3 & x +40 = 0 => x 1 - 6 x + 8 = 0 + by 5 


-III 
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^ x 1 — 2x — 4* + 8 = 0 

x(x - 2) - 4{* - 2) = 0 => (* - 2X* - 4) = 0 

x -2 = 0 or *-4 = 0 => * = 2 or x = 4 
When x = 2 then y = 2(2) -6 = 4-6 = -2 
When * = 4 then >' = 2(4)-6 = 8-6 = 2 
{(2,-2), (4,2)} 

08. (x + 3) a + (JP - 1) J * 5 i x , +> , +2*=9 

Sol. * 3 +6* + 9 + >' a -2> + l“5 = 0 ; x 2 +> 2 +2*-9 = 0 

x 2 +y+6x-2j'+5 = 0 / ; **+/ + 2x-9=0 II 

Subtracting II from I 

+ 6 * - 2y + 5 = 0 
j£#3?±2x *9 = 0 

4x-2.y + 14 = 0 => 2x-y+7 = 0 =* y = 2x + 7 III 

Put value of III in II x 2 +(2x+7) 2 + 2x-9 = 0 
x 2 +4x 2 +28x+49 + 2x-9 = 0 =* 5x 2 + 30x+40 = 0 => x 2 +6x + 8 = 0 
^x 2 +2x+4x+8 = Q 

x(x + 2) + 4(x+ 2) = 0 =*• (x+2)(x+4)-0 

* + 2 = 0 or *+4 = 0 => * = -2, * = -4 

When x = -2 then > = 2(-2) + 7 = -4 + 7 = 3 , 

* = -4 >- = 2(-4)+7 = -8+7 = -1=>5-S = {(-2,3), (-4,-1)} 

09. x 2 +(y + l) 2 =*l$ i (jc + 2) a + j?* * 21 

Sol. or x 2 + y 2 + 2y + 1-18 = 0 ; x 2 +4x+4 +y 2 -21 = 0 

* 2 +y+2y-17 = 0 I ; * 3 +.v 2 +4*-17 = 0 II ' 

II~I=> x^y? +4x- J & = 0 

±2y$¥f- 

4x-2y = Q => 4* = 2y => 2x = y III 

Put value of III in II 

x 2 + (2x) a + 4* - 1 7 = 0 =► x ! + 4x 2 + 4x-I7 = G 

- * : ^ A -4±J(4> 2 -4(5)(-17) 

5x 2 +4*-17 = 0 => * = i 

2(5) 
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10 . 

Sol. 


-4±Vl6+340 -4+7356 

10 10 

-4 + V4x89 -A±2M ^{-2±yfS9) 


10 10 

-2+V89 B -2-^89 
x & x 




™ -2 + V»9 . J -t+xiw'] -4+2\/89 

When x = — — then y - 2 \ 

When x = - - //kh _y = 2 



£.5 = 


-2 + ^9 f -4 + V89 ^] ff -2-V89 
. 5 )\ 5 


x 1 + y 1 + 6x = I 
x 1 +y 2 +6x = 1 ■ 

U-l -* 




X 1 +y 1 + 2(x + >) = 3 


— 4 + 2>/89 


\ 


-I, 


£*)?±6x 


x 2 + y 2 + 2x + 2y ~ 3 
= 3 

= 1 


-II 


-4x + 2y—2 => -2x + y => _y = 2x + I 

(Put value of y in I) x 2 + (2x+l) 2 +6x = l 
x 2 +4x 2 + 4x + + + 6x-+ = 0 => 5x z +I0x=0 
5x(x + 2) = 0 => 5x = 0 or x+2=0 
x = 0 or x - ~f 

When x = 0 then y-2 (0) + l=0+l = l 

When x = -2 then y = 2 (~2)+l = -4+1 = -3 =>S.S = {(0,1), (-2,-3)} 

Examples (Exercise 4.9): x 2 + _y 2 = 25 1 S arg odha 2010 

Sol. 2x 2 + 3_y 2 = 66 II 

11-2x1 2x 2 +3y i =66 
2x 3 ±2/=50. 


y 2 =16=*_y = ±4 

(Put in /) x 2 +(±4) 2 = 25 => x 1 +16 = 25 
x 2 = 25 - 16 = 9=> x = ±3 => S.S = {(±3,14)} 
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Show the following systems of Equations: 

01. 2x 2 =6 + 3/; 3.v J -5j 2 = 7 

Sol. => 2x 2 - 3y 2 = 6' 1 & 3x 2 -Sy 2 =l i 

(x) 1 by 3 II by 2, then subtracting 

Jxf*' -9 y 2 = 18 

-J^+10/ =14 

y 2 = 4 => y ± 2 

Put y =xi 2 in I 
lx 2 -3(±2) 2 = 6 
2jc 2 -3(4) = 6 
2x 2 =6 + 12 = 18 
jc 2 = 9 => x = ±3 

S.S ={(3,2), (3, -2), (-3, 2), (-3, -2)} or {(±3, ±2)} 

02 . 8 jc 2 = y 1 ; x 1 + 7y 2 = 19 

Sol. 8.t 2 = .y 2 => 8x* =0 I 

x 2 +2 y =19 // 

(x) I by 2 and add in II 

16x 3 = 0 
x 2 +2^_ = 19 



.(38 
\ 17 
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03 . 


Sot. 


04 . 


Sol. 


2* J -8 = 5/ ; jc 1 - 13 = ~ 2 y 2 
2x 2 ~S = 5/ ,x 2 -\3 = ~2y 2 

=> 2x 2 -5/ =8 / 

A 2 +2y=13 — — - II => x 2 +4y 2 =26 

1 - 111 =$ 


^r**- 5 y 2 =8 

-a**±4y = 26 

-9y=-I8 =5 y 2 =2 =5 y = ±V2 

Pw? in II x 2 +2(±yl2) 2 = \3 
x 2 = 13-2(2)= 13-4 = 9 =>^=±3 
S.S = {(±3,±>/2)} 

A- 2 - 5av + 6/ = 0 ; a 2 + y = 45 

a 2 -5aj/ + 6>' 2 = 0 1 ,x 2 +y 2 = 45 

(/ram /) a 2 - Sxy + 6_v 2 = 0 
a 2 ~2xy~3xy + 6y 2 = 0 
x(x - 2 y) - 3 y(x - 2 y) = 0 
(A-2y(A-3y = 0 


A-2_y = 0 HI or A-3_y=.0- 

=> x = 2y Put value of x in II 

(2y) 2 +y 2 =45 

4 y+y =45 

5y 2 =45 => y = 9 => y = ± 3 

When y = 3 tfrgn x = 2(3) = 6 
When y = ~ 3 a = 2(— 3) = -6 

/mm /K a = 3 >' 

/'w/ Fa/we o/ a in II 
( 3 yf +y 3 = 45 

9 y + y = 45 =5 i oy = 45 



When 



_ 9 ±3 

= 2 


( 


Ti, 


9 

1 Ti 


■IV 


■III 


II 



COLLEQE MATH gMA-ncS-j 


05. 

Sol. 


When y = 

ss 


7 ? ' /, ' BJC=3 ("^') = ^ 

12* ! -25*y + I2/ =0 ; 4/ +7/ =148 

12jt 2 ~25xy + 12/ = 0 /, 4/ + 7/ = 148- 

(from I) 1 2 / - 25xy + 1 2 /= 0 
12 jc 2 -16j^-9:fy+12/ =0 ’ 

4x(3x - 4y) - 3_y(3x — 4 y) = 0 
(3x-4yX^x-3y)-0 

3x-4y = Q> in or 4x-3y=0 IV 


from III 3jc = 4y 
Pul value of x in 

4 


X = — V 

3^ 


-// 


[!*] +7/ = 148 
(f/]+7/-148 
+ 7/ * 148 


4 
64/ 


(x) Ay 9 both sides 
64/ +63/ =1332 
.* 1332 4x333 

y = 


127/ =1332 


127 


127 


> = ±2, 


IME = ±2 J 

Y127 V 


9*37 
127. 



When y = ± 2 





, /fen * = — 

127 3 


±2 



,-±! 

3 


tan 2010 

-// 


M =+ £ [9^37 ,8x3 f37“ . '.[W 

Vl27 ~3 V 127 3 Vl27 =S> * -± 'vi27 


from V => 4x = 3y 
/Ttf Fiz/ae q/" x in II 


3 

* =— y 
4^ 
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06. 

Sol. 


"1 

-y I +7/ =148 

U 1 


4 Jl/ +7/ =148 

ur J 

- /+7/ =148 
4 

(x) by 4 
9/ +28/ =592 
37/ =592 

y 2 = ~ = 1 6 => y - ±4 

"37" 

3 

When y = 4 f/ien a: = — (4) = 3 
7 4 

When y = -4 then x = — (-4) = -3 
7 4 


S.S - 1(3, 4), (-3, -4), 

Ux 1 -Wxy + ly 2 
1 2x 2 — l\xy + 2y 2 = 0 - 


± 8 J ^,±6 37 


\ 


' 127 


1 127 


0 


2x 2 +7xy = 60 


II 


2x 2 + 7xy - 60 

{ from I) 12 x 2 - 1 Ixy + 2/ = 0 
\2x 2 -$xy-3xy + 2y 2 =0 
4x(3*-2^)-3<3x-2^) = 0 
(3x-2/(4x-^) = 0 

3x - 2y - 0 III or 4x-y = 0 IV 


from III 3x-2y 


2 

x = —y 
3 


II 


Put x = —y in_ 

pj 

2 (/] + /^60 



. FAPMATHgMATICS-l 


07 . 

Sol. 


8>? 2 14 j ■ , n 

-£-+ — v =60 

9 3 

(x) by 9 we get 
8/+42y ? =*540 
50^=540 


-546- 54 



When y — ±$J-^ then x = 

from TV as y=4x 
Put Value of y in IT 



2jc 2 + 7x£4x) ” 60 


2x 2 +2»x i =60 

30x 2 = 60 => x*=2 => 

When jc = ±^2 then y = ±4-Jl 


S.S = 


(±V2,±4>/2), 



jc*'— jf* — 

x z -/=16 1 xy~\S 

15 

{from II) y = — 

Put value of y in I 



or x 4 -225 = l6x 2 
x*-16x a -225 = 0 
x 4 + 9x a - 25x a - 225 = 0 
x a (*U9)-25(x a +9) = 0 



x = ±*v/2 

y 

> 

— it 
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08 . 

Sol. 


(x 2 + 9)(x 3 — 25) = 0 
x 2 +9 = 0 ok 

x 2 = —9 or 

x = ±V=9 or 

x = ±3/ or 


x 2 -25 = 0 
* 2 = 25 
x = ±5 
X = ±5 


+ 5 - 


When x = ±5 then y = ±~ = ±3 

15 

When x = ±3/ then y = ±— 

,5 5 ; 5/ 5/ 

^ = ± T = ±-x- = ±— = ±— =±5/ 

i i i r -1 


SS = {(±5,13), (±3/, ±50} or S3 = {(5, 3), (-5,-3), (3/,5i),(-3/,-5/)} 


x*+xy=9 ; x 2 -y*= 2 


x : +xy = 9 


J, x 2 -y 2 =l 


II 


(*) / by 2 and II by 9 we get 


2x 2 +2xy = \% III 

Solving III & IV 
9x 2 -9y 2 =m 

2 x 2 ±2xy = ±& 

7x 2 — 2xy — 9y 2 =0 
7x 2 -9xy + 1 xy -9y l = 0 
x(7x - 9y) + y(7x -9y) = Q 
(7x - 9yXx +>) = 0 

7x — 9y = 0 III or jr + y=0 

{from IV) x = -y put in II 
(-y?-y 2 ~ 2 => y 2 -f = 2 =3 


9* 2 -9/ = 18 IV 


-IV 


0 = 2 ( Not possible) 


from III 7x - 9 y - 0 
Put in II 


7x = 9y 


x = 


9 y 


x 2 -y 2 = 2 


(f! 


-y 2 = 2 


j 
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09. 

Sol. 


81 y 


98 


49 


- v 2 =2 =>8 1 v 2 -49v 2 = 98 =>32/ = 98=>/ = — => y 2 = — 
49 ' 32 16 


7 9(7 

When y = —then x = — — 
7 4 7 V 4 


9 

4 


use V 


7 9 f _7 ^ -9 

When y~ — then x = — — = — 
/ 4 4 v. 4 J 4 


/ - 7 = 2xy 
y 2 - 7 = 2.vy — 
or / - 2xjy - 7 


2/ + 3 = xy 


-111 


Sargodha 2010 

—11 

or 2x 2 -xy = -3 IV 


lx 2 + 3 = xy 


(X) III by 3 &. IV by 1 

3/ - 6xy = 2 1 V & 1 4x 1 - 7 xy = -2 1 

VI + V 

14/ - Ixy = - ~2 t 

—6x}> + 3 y 2 = 31 


-VI 


1 4.t‘ - 1 3xy + 3y 2 - 0 
14/ - 7xy-6xy + 3/ = 0 
7x{2x-y)~3y(2x-y) = 0 
(2x-y)(7x-3y) = 0 

2x-y = 0 VII or 7x-3y = 0 VIII 

( from VII) y = 2x put in II 

2/+3 = x(2x) => 2/ -2/ +3 = 0 =>3 = 0 

from VIII 7x~3y = 0 => 3y = 7x => y = 7 x/3 

Put value of y in II 2/ +3 = *(7/3) 

1 X~ 

2/+3 = — — V by 3 we get 6/ +9 = 7/ 

-6/ + 7/ = 9 => x 2 =9 => x = +3 


When 


x = 3 then 



=> y - 7 


When x = —3 then y 3) => y = -7 => ={(3,7), (-3, -7)} 


=> y = ± 
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10. .v + .V = 5 
Sol. a 3 +/=5_7 
Put III in I 

A 


= 2 Mul tan 2010 

; jcv = 2 II y- 2! x 


III 


X + 




\xj 


- 5 


x 1 + — - 5 'x ' by x n r e gel 

x 

X 4 + 4 - 5.v 2 => A-' - 5 a- 2 +4-0 

a 4 -a 2 -4a 2 +4 = 0 a' (a 2 - 1)-4(a 2 -1) - 0 

(a 2 -4)(a 2 - 1) = 0 => a* — 4 — 0 or a' - 1 = 0 

(a- 2 - 4)(a" - 1) - 0 => ' a - ±2 or x - +1 

r "2" 

When x - 2 then y — — - ] 

2- 

When x — 2 then y = — - -1 

-2* 

2 

When x = 1 y — — = 2 

■ 1 

When x = — 1 ///£/? v = — - -2 

S.S = [(2, 1), (-2, - 1), (1, 2), (-1, -2)} 



01 . 

Sol 


The product of one less than a certain positive number and two less than three 
time the number is 14 find the number? Multan 2007 

Leix he the positive number then one less then positive number = a — 1 two 

less then three time. — 3a — 2 then 
According to the given condition equation is 


(a- 1)(3a - 2) - 14 => 3a 2 - 2a -3a + 2 = 14 

3a 2 - 5 a - 1 2 - 0 => 3a 2 - 9,v + 4 a - 1 2 - 0 
=? 3a( a - 3) + 4( a - 3) - 0 => (a - 3)( 3a + 4) = 0 
=> a - 3 = 0 or 3 a + 4 = 0 — > a = 3 or x = -4 / 3 (ignore ) 
—4/3 is not possible so x - 3 
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02 . 

Sol. 


03. 

Sol. 


04. 

Sol. 


05. 

Sol. 


The sum of a positive number and its square is 3S0.find the number. 

Let a positive number — x , Square - x 2 
According to the given condition equation is 1 
x + x : = 380 => x 2 -ix- 380 = 0 

+ 20x- 19x -380 = 0 ^ x(x + 20)-19(x + 20)=0 
=> (x + 2Q)(x - 1 9) = 0 => x + 20 = 0 or x-19-0 
=> x = -20 or x = 1 9 - 20 is not positive jo 1 x = 19 


Divide 40 into two parts such that the sum of their square is greater than 2 
times their product by 100, 

Let one part = x , Another part = 40- x 

According to the given condition equation is 

(x) 2 -i (40 -x) 2 = 2x(40-x) + 100 

x 2 + 1 600 - 80x + x 1 = 80x - 2x 2 -i 1 00 

=> x 2 -t- 1 600 - 80x + x 2 - 80x + 2x 2 - 1 00 = 0 

=>4x : - 160.V + 1500 = 0 (Dividing by 4 both sides) 

-40x+375*= 0 => x 2 -25x-15x + 375 = 0 
=>x(x- 25)-15(.v-25) => (x-25)(x-15) = 0 
=>x-25 = 0 or x - 1 5 = 0 => x = 25 or x = 15are required numbers. 

The sum of positive number and its reciprocal is — Find the number. 

Faisalabad ZOOS 


—> 


Let the number = x Its reciprocal = l/x 

t 

According to the given condition equation is 
x 2 + l 26 
5 

> 5(x : + l) — 26x => 5x : +5-26x = 0 

>5x 2 26x + 5 = 0 => 5x 2 -x-25x + 5 = 0 

> x( 5x-l)-5(5x-l) ~ 0 => (5x-l)(x-5) = 0 

> 5x - 1 


1 26 
x+—= — 

x 5 x 

..2 


■ 0 or x -5 = 0 


x = 1 / 5 


or 


are required number. 

A number exceeds its square roots by 56. Find the number. Sargodha 2008 

Let the number - x , Its square root= \[x 
According to the given condition equation is 
x : . — -Jx + 5 6 1 ^ x-56 = sfx 
Squaring both sides 

x 7 - 1 1 2x + 3 1 36 = x =^> x 2 - 1 1 2x - x + 3 1 36 = 0 
=> x 2 - 1 1 3x + 3 136 = 0 => x 2 - 64x-49x + 3 136 = 0 
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06. 

Sol. 


07. 

Sol. 


OS. 


Sol. 


x(jr - 64) - 49(x - 64) = 0 => (x - 64)(x - 49) = 0 
=> v - 64 = 0 or x- 49 = 0 => x-64 or x = 49 


{Put x = 64 ini) 64 = V64 + 56 :=> 64 = 64 
( Put x - 49 in I) 64 = %/49 + 56 => 64 = 63 {not possible) Hence 

ft 

Find two consecutive number, whose product is 132. 

Let two consecutive number are.v and x + 1 then 

According to the given condition equation is 

x(* + () = 132 => x 2 +x- 132 = 0 

=> x’ + 12-l lx- 132 = 0 => x(x + 12)-l ](x+12) = 0 

=> (x + 12)(x- 1 1) - 0 => x + 12 = 0 or x-ll=0 


x - 64 

Faisalabad 2007 


=> x--I2 or x = 1 1 [i f* nor x = -12 
IF x — 1 1 then x + 1 = 1 2 
Hence Required number 11, 12, 

The difference between the cubes of two consecutive even number is 296. Find them. 

Let two consecutive numbers are x and x + 2 then 
According to the given condition equation is 
(x + 2) 3 - x 3 =296 

=> **+6x 2 + 12x + 8~** -296 = 0 
=> 6x" + i 2x - 288 - 0 (+)6y 6 x 2 + 2x -48 = 0 

=> x 2 +8x-6x-48 = 0 => x(x + 8) -6(x + 8) = 0 
=? (x + 8)(x -6) = 0 => x + 8 = 0 or x-6 = 0 
=> x = -8 or x ~ 6 ( Ignor x = - 8 ) 

IF x - 6 then x + 2- 6 + 2 = 8 
Re quire d number 6,8 

A former bought some sheep for Rs.9QQ0. if he had paid Rs.100 less for each, he 
would have got 3 sheep more for the same money. How many sheep did he buy, 
when the rate in each case is uniform? 

Let number of sheep = x 
Rate of x sheep = 9000 


Rate of one 


. 9000 

sheep = - — — 


x 

If three sheep are more, then rate of one sheep = 
According to the given condition equation is 


9000 
x + 3 
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9000 9000 9000-100* 9000 

-100 = — ■ => = — — 

x x + 3 x x + 3 

=> (jc + 3)(9000 - 1 00*) = 9000* => 9000* - 1 00* 3 + 27000 - 300* = 9000* 

=> mm * - - 9006-^ + 1 oo * 2 - 27000 + 300* = 0 

=> 100* 2 +300* -27000 = 0 (+) by 100 

* 3 + 3* -270 = 0 =* * 3 +18*-15*-270 = 0 
=> *(* + 18)-15(*+18) = 0 => (* + 18)(*-15) = 0=>* = -18 or * = 15 
- 1 8 Not possible so * = 15 = number of sheep 

09. A man sold his stock of eggs for Rs.240. If he had 2 dozen more, he would have got 
the same money be selling the whole for Rs.0.50 per dozen cheaper. How many 
dozen eggs did he sell. 

Sol. Let number of eggs = * dozen 

Rate of x dozen eggs = 240 

J 240 

Rate of 1 dozen eggs 

* 

£ 240 

If 2 dozen are more then rate of one dozen = 

* + 2 

According to the given condition equation is 

240 240 240-0.5* 240 

0.5= => = - 

* *+2 * * + 2 

=> (* + 2)(240-0.5*) = 240* =0 240*-0.5* 2 +480-* = 240* 
or >W*-j24O*+0.5* 2 -4SO + * = O => 0.5* 2 +*-480 = 0 
{x)by2 * 2 + 2* - 960 = 0 

=> x 2 +32* -30* -960 = 0 => *(* + 32)-30(* + 32) = 0 

=> (* + 32)(*-30) = 0 => * + 32 = 0 or *-30 = 0 

=? * = -32 Not possible => * = 30 dozen = number of eggs 

10. A cyclist travelled 48km at a uniform speed. Hed he travelled 2 km/hour slower, 
he would have taken 2 hours more to perform the journey. How long did he take 
to cover 48km? 

Sol Let speed=V ; Time=t 

According to the given condition equation is : 

Distsmce=S=vt =48— / & (v-2X/ + 2) =48— II {two hn slow = v-2 two how' more =i +2) 
U => vr + 2v - 2/ - 4 = 48 
{put vt = 48) -48- + 2v-2/ - 4- -4S- = 0 

2v - 2/ - 4 = 0 ((+) by 2) v-t -2 = 0 =>v = / + 2 /// 

Put III in I => v/ = 48 =o (/ + 2)r = 48 
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11 


Sol 


12 . 


Sol 


t 1 + 2( - 48 - 0 
f J +8/-6r-48 = 0 
/(/ + 8 )- 6 (/ + 8 ) - 0 
(/ + 8 )(/ 8 ) — 0 

(ignore J — --8 ) 


/ =6 


The area of a rectangular field is 297 square meters. Had it been 3 meters longer 
and one meter shorter, the area would have been 3 square meters more. Find its 
length and breadth. Federal 

Length - x , , breadth = y 


x+3 


IF 3 meters longer then length — .y + 3 
IF 1 meter shorter then breadth - y- 1 
According /of he given condition equal io is , 


3 

y-1 

X 





xy -291-1 8c (x + 3)0 - 1) - 297 + 3 
x + 3 y - 3 - 300 

(put xy - 297) 297 - x + 3y - 3 = 300 => - x + 3y + 297 - 3 - 300 = 0 
- x + 3y - 6 - 0 ~=> x- 3 y - 6 

Pul in 1 (3 v -6 )y- 297 =5 3 y 1 - 6y - 297 = 0 y 2 - 2„v - 99 = 0(^y3) 

/ -11 y + 9 y - 99 - 0 ~ y(y -11) + 9(y - 1 1) - 0 
=> (y - 1 1)(J + 9) = 0 =5 y - 1 1 = 0 or y + 9 = 0 

297 

=7 y - 1 1 or y = -9 (Not possible ) When v - 1 1 then x = -7- — - 27 

11 

So length - 27 ; breadth - 1 I 

The length of a rectangular piece of paper exceeds its breadth by 5cm. If a strip 
0.5cm wide be cut all around the piece of paper, the area of the remaining part 
would be 500 square cms. Find its original dimensions. 


Lei breadth - x 
then length — x + 5 
New length - x ! 5 - 0.5 - 0.5 - x - 1 
According to the given Condition 
equation is 

(x l)(x + 4) = 500 => x 1 +4x - x - 4 - 500 


x + 5 


0.5 



0.5 

x+4 

x-l 

0.5 


0.5 




x 
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=5> x 2 +3.V-4 = 500 => X 1 +3.V-504 =0 
=> x 2 +24r- 21* -504 = 0 => x(x + 24) - 2 l(x + 24) - 0 
=> (x + 24)(x — 21) = 0 => x + 24 = 0 or x - 21 = 0 
— > * - -24 or x = 2 1 then length - x + 5 = 2 1 + 5 = 24 
Not possible breadth = x = 21 

13. A number consists of two digits whose product is 18. If the digits are interchanged, 
the new number 27 less than the original number. Find the number. 

Sol Let digits' are x & v then 

xy — 18 1 

Number - 1 Ox + y 
Rc verse = x + 1 Oy 

According to the given Condition equation is 
x + lOy - 1 Ox + y - 27 => 10 x + y- x - ; 1 Oy - 27 - 0 
=> 9x - 9y - 27 = 0 Divide by 9 => x - y - 3 - 0 => y = x - 3 
Put in 1 => x(x — 3) — 1 S 

x 2 — Bx — 1 8 = 0 x — 6x + 3x — 18 — 0 
=> x(x - 6) + 3(x - 6) = 0 => (x - 6)(x + 3) = 0 
=> x - 6 = 0 or x + 3 = 0 => x = 6 or (x - -3 ignore) 

Use I When x-6 then 6y = 1 8 y = 3 So Number - 1 0x 4 y - 10(6) + 3 = 63 

14. A number consists of two digits whose product is 14. If the digits are interchanged, 
the resulting number will exceed the origin- . number bv 45. Find the number. 

Sol Let digits are x & y then 
Two digit Number = 1 Ox + y 
Rc versed = x + 1 Oy 

According to the given Condition equation is 

xy = 14 / 

Also (x + 1 Oy) = (1 Ox + y) + 45 

=> 1 Ox + y + 45 - x - 1 Oy = 0 => 9x - 9x + 45 = 0 

('+ 1 by 9) x-y + 5 = 0=>y = x + 5 

Put in I —> (x + 5)x = 1 4 =0 x" + 5x 14 = 0 

=3- x 2 4 7x - 2x- 14 = 0 => x(x + 7) 2(x + 7) = 0 

=> (x + 7)(x - 2) = 0 => x + 7 = 0 or x - 2 = 0 

=> x = -7 or x-2 {Ignore, x = -7) So x = 2 put in I 2y = 14 => y - 7 
So required number = lOx + y ~ 10(2) + 7-27 
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15. The area of a r(ght triangle Is 21Q square meters. If Its hypotenuse Is 37 meters 


Sol 


16 . 

Sol 


long. Find the length of the base and the altitude. 

Let base = a & Altitude = 6 

then Area = ^ lbase%altitude) ~ ah = 2 1 0 
1 


-ah = 210 =? ab = 420 - / 



2ab = 840-// 

{by pyihagoras theorem) a 2 +b 2 =c 2 => a 1 +b 2 =(37) 2 

=*a 2 +b 2 = 1369-/// ' III ^ II a 2 +b 2 =1369 

lab =840 

a~2ab+b 2 =529 => (o-6) 2 = (23) 2 

=> a-b = 23 => 6 = o-23 in / =*(o-23) o = 420=> o 2 -23o-420 = 0 
a 2 -35o + 12o-420 = 0 => o(o - 35) + 12(o - 35) = D 
(a-35Xo + 12) = 0 => a-35 = 0 or o + 12 = Q 
— ♦> o = 35 or a = -12 {not possible) 

^2 0 

fVhen a = 35m then b = — — = 12m Soa = base = 356 = Althide = 1 2 

■35- 

The are of a rectangle Is 1680 square meters. If Its diagonal is 58 meters long, find 
the length and the breadth of the rectangle. 

Let base -a & Altitude = 6 


then Area = {length^breadth) => 1680 = ab~ 


2ab = 3360 II By pyihagoras theorem 
a 2 +b 2 =c 2 => I = a 2 +6 2 = (58) 2 
=> a 2 +b 2 = 3364 III 


III -// 


a 2 +b 2 = 3364 
2a6 = 3364 



a 2 — 2ab+b 2 =4 =$ (o-6) 2 -4=?o-6 = 2:^o = 6+2 — /^ 

/=> 06 = 1680=? (6 + 2)6 = 1680 =^6 2 +26-1680 = 0 

b 2 +426 - 406-1680 = 0=} 6(6 + 42) -40(6 +42) = 0=>(6+ 42X6 - 4Q) = 0 
6+42 = 0or6-40 = 0=>6 = 40 or (6 = ^2/ghore) 
o = 6+2=?a = 40+2: 


// 


o = 42 


56 a = length = 42 b= breadth =40 
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17. To do a piece of work, A takes 10 days more than B. together they finish the work 
m 12 days. How long would B take to finish it alone? 

Sol Let B finishes in = x days. 

Let A finishes in = x + ] 0 

B one days work = — 

x 

A one days work = — i — 
x + \0 

(■ A + B)' s one days work = — - 1 - — 

Jr + 10 x 

According to the given Conditions equation is 

1 I 1 _ J_ —j, * + * + 10 1 2.r + 10 1 

Jf + 10 x 12 x(x + 1 0) 12 ^ *(* + 10) ~V2 

(By cross multiplication ) 1 2(2jc + 1 0) = *(* + 1 Q) 

24.r + 120* = x 2 + 10* => jc 3 + 1 Ox — 24,v — 1 = 0 

=> *‘ ~ 1 4* + 120 = 0 => * 2 -20jt + 6*-120 = 0 

x(*-20) + 6(*-20) = 0 => (x-20)(jc + 6) = 0 

x — 20 = 0 or x + 6 = 0 x — 20 or x = —6 

=> x = 20 = B finish work -6 not possible 

So in 20 days B finish his work. 

18. To complete a job, A and B take 4 days working together, A alone takes twice as long as 

B alone to finish the same job. How long would each one alone take to do the job? 

Sol Let B finishes in — x days. 

Let A finishes in = 2x days 

B |A one days work — — 
x 

A ,s one days work = — Federal 

2x 

(A + B) ,s one days work = -i + -L 

x 2x 

According to the given Conditions 

1 + -L.I ^ 2+i_I ^ J__i 

x 2x 4 2x 4 2x 4 

=t> (2x) = 12 => x = 6 B finish in 6 days A finish in 1 2 days 
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19. 


Sol 


20 . 


Sol. 


An openbox is to be made from a square piece of tip by cutting a piece 2 dm 
square from each comer and then folding the sides of the remaining piece. If the 
capacity of the box is to be 128c dm, find the length of the side of the piece. 

Let the aides are (x— 4), (x-4),2 

This volume = 2(x - 4)(x - 4) 

=> 128=2(x-4Xx-4)=> (x - 4) 2 = 64 
=> (x - 4) = ±8 => x = 4 + 8 

=>x = 4 + 8 and x = 4-8 **'* - ' 

=> x - 12 and (x - -4 ( not + ve) so ignore ) 

■=> x = 1 2 dm Hence sides are 2, 8, 8 (x — 4 = 1 2 - 4 = 8) 

A man invests Rs.1,00,000 in to companies. His total profit Is Rs.2080. If he receive 
Rs.1980 from one company and at the rate 1% more from the other, find the 
amount of each investment. 

Suppose investment inlcompany =x, investment inllcompany = 100000 -x 
Pr ofit from I at y% = 1 980, profit from II (y + 1)% = 3080 
then according to the given condition equition is xy% - 1 980 


=>Jt — =1980 => xy = 198000-/ 

U.ooJ 

and [O' + 1)%] [100000 — x] = 3080 



(1 00000 — x) = 3080 


=>0* + 1X100000 — x) — 308000 
=> 1 OQOOOy - xy + 1 00000 - x = 308000 
=> 1 00000>' + 1 98000 + 1 00000 - x = 308000 use I 
=> 1 00000}- - 1 98000 + 1 00000 - x - 308000 = 0 
1 00000}- - x = 406000 II 


(from— I) => x = 


198000 

y 


put in II 


lOOOOOjy -— 1 m =406000 

y 


=5 1 00000/ - 1 98000 = 406000^ ] 00000/ -406000.)' = 1 98000 

(+ 6y2000) 50/ -203}' -99 = 0 

_ -(-203) ± V(-203) 2 — 4(50)(-99) 
y ~ 2(50) 




_ ‘203± V4 1209 + 1 9800 _ 203 ± V6 1 009 

y ~ ioo Too 

203 + 247 203 + 247 _ 203-247 

y- =s> y — — ; &y- ■ — 

100 loo 100 

450 J -44 

y = ana y 

100 100 

y - 4.5 and (y = -0.44 Hot possible) 

.... . . , 198000 

When y = 4.5 then x = ■— = 44000 

4.5 

Amount invested in one — 44000 

two - 1 00000 - 44000 - 56000 
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QUADRATIC EQUATION 


Q ft 1. Select the Correct Option 


TEST YOUR SKILLS 


Marks: SO 


til. 


IV. 




vK 


Vlf. 


VIM. 


IX. 


X. 


If polynomial f(x) is divided by its factor x — ci, then remainder is: 
a) 0 b) /(«) 

c ) — r~r ' d) /(-a) 


( 10 ) 


/(«) 

If b 2 - 4ac is positive and not perfect square then roots of ax 2 + bx + c = Oare: 
a) Irrational b) Equal 

c) Rational d) Imaginary 

If a, pare roots of x 2 - px - p-c = 0, value of ot.p is: 

a) ~ 2 P b > P /c 

0 P + c d> -(/>+*§ 

If polynomial x 3 — x~ + 3x + 3 is divided by x — 2 then remainder is: 
a) 13 b) -15 

c) 6 d) -2 

If co is cube root of unity then co 2 = ? is equal to: 


a) 1 b) 

c) 0 )' d) 

Factor of x 3 - y 3 are 

a) (x-yXx 2 + xy+y 2 ) b) 

c) (x-y)(x*-y 2 ) d) 


-1 


CO 


-2 


(x-y)(x 2 +y 2 ) 

(T + yX* 2 */) 


Let a,p are roots of 4x 2 +5* -6 = 0 then value of 4a +4p are 


a) 

c) 


- 5 / 


b) 

d) 


-5 

- 2 / 


/2 75 

If co is cube root of unity then form equation whose roots are 2 co Sc. lop 
a) x 2 +2x + 4 = 0 b) x 2 -2x + 4 = 0 

c) x J +2x-4=>0 d) x 2 - 2x - 4 = G 

A quadratic equation ^x 2 +Bx + C = 0 become linear equation if: 
a) C = 0 b) A = 0 

c) 5 = 0 d) A = B 

The product of four forth roots of unity is: 
a) I b> -1 

c) 0 d) i 
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QUADRATIC EQUATION 


Q # 2. Short Questions: 


(10 X 2 = 20} 


i. Solve the equation 2* + 2" r+6 - 20 = 0 

ii. Show that x ? + y 1 + z 3 - 3 xyz = (* + y + z)(x + cay + g> 1 z)(x + ary + coz) 

iii. If a, (i are roots of 3;c 2 - 2x + 4 = 0 find value of — + — 

fi a 

iv. Solve x + y - 5 ; x 1 + 2 y 1 ~ 1 7 

v. Evaluate (at 2 * + at 2< * + 1) 

vi. Show that roots of (tux ± c) 1 = 4ax will be equal if c — — 

m 

vii. State Remainder Theorem: 

viii. If a,/? are roots of x 1 - px- p~c = 0 prove that (I + a)(\ + (}) - 1 -c 

ix. Prove that sum cube roots of unity is zero: 

x. Use synthetic division to prove that x = -4 is a solution of ,v } - 28* - 48 - 0 


Long Questions; 


(2 X 10 = 20) 


Q#3. (a) Solve the Equation x 4 - 3jc 3 + 4x 2 - 3* + 1 = 0 

(b) Solve the equation x 2 + y 1 = 25, 2x 2 + 3 y 2 ~ 66 

Q#4. (a) Show that the roots of x } + (mx + c) 1 = a 1 will be equal if c ! =a 1 (l+m 2 ) 

(b) Solve yfx + 7 + V7 +"2 = V6jt + 1 3 
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PARTIAL FRACTIONS 


PARTIAL FRACTIONS 



Ur) mi: > 

Exercise 5.1 




Partial Fraction Re 


Expressing a rational fraction as a sum of partial fractions is called partial fraction 
resolution. 


r. 


onditional Equation: 


Sargodha 2008 


It is an equation which is true for particular values of the variable, e.g. 


2x — 3 is true only if x - — 

7 


Identity: 


It is an equation which holds good for all values of variable e.g. 
(a + b) x - ax + bx 


Rational Fraction : 


Multan 2007 


P{x) 


The Quotient of two polynomials — — Where (7 (.y) * Owith no common factor is 

Q(x) 

called Rational fraction. 


Proper Rational Fraction: 


Fix) 

A Rational fraction , is called a Proper Rational fraction If the degree of 


eoo 

polynomial P(x) is less then degree of polynomial Q(x) . e.g. 


3 2* -5 


1 > 2 4 

x + 1 x" +4 


Improper Rational Fraction: 


Multan 2008, Sargodha 2008 


P(x) 

A Rational fraction — - - is called an improper rational fraction if the degree of polynomial 


P(x) is greater then or equal to the degree of polynomial Q(x) . e.g. 


3x 2 + 1 
x — 1 
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PARTIAL FRACTIONS 


Example 1: Reyp/ve 


lx + 25 


- into partial Fractions 


Sal. Suppose 


(x + 3)(.v + 4) 

Faisalabad 2007, Sargodha 2008, Federal, Multan 2007, 2008 

7x + 25 A D 


(x + 3)(x + 4) x + 3 x + 4 
"x " by (+ + 3 )(+ + 4) both sides we get 
7x + 25 = A(x + 4) + 5(x + 3) - — II 
put x + 3 = 0 x = — 3 in 11 

7( 3) + 25 = A (-3 + 4) + 5(-3 + 3) 


21 +25 = ,4(1) + 5(0) => A = 4 

put x + 4 = 0=>x = ~4 in 11 

7(-4) + 25 = A(-4 + 4) + 5(-4 + 3) 

-28 + 25 = y4(0) + 5(-1)=> -3 = -B : 

. . lx + 25 4 3 

/ become + - 


5 = 3 


(x + 3)(x + 4) x + 3 x + 4 



j" ■ [ - 

EXERCISE 5.1 



Resolve the following into Partial Fractions: 
1 


x 2 -1 


Sol 


1 


Faisalabad 2008 
1 


x 3 -l 

Now- 


(x-l)(x + t) 

1 A 


(x-l)(x + l) x-1 x+1 

Multiply both sides by (x-l)(x + l)we get 

l = 4(x + l) + (*-!) >11 

Put x - 1 = 0 => x = 1 in II 

I = ,4(1 + 1) + 5(1 -I)=> 1= 24 + 0 = 
Put x + ! = 0 => x = -I in II 

1 = A(—] + 1) + 5(-l - 1) => 1=0-25 


-+/ 


A = 1/2 


5 = - 1/2 


Put values of A and B in I. 
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PARTIAL FRACTIONS 


Sol 


1 


1/2 - 1/2 


Hence 


(x-l)(x + l) X-l x + l 
1 1 1 


.V --1 (x-l)(x + l) 2 (x - 1 ) 2 {x + \) 


x 2 +l 


(x + l)(x-l) 

jr 3 +l _ x 2 +l 
(x + l)(>-l) _ x 2 -l 


Improper so. 


x 2 -\ 


x 2 + 1 
x 2 + 1 


x 2 +l 


= 1 + 


T- JL l- „ 

(X 2 ~l) x 2 -l 


Now Take 


x* - 1 (x - l)(.v + 1) 


A B 
- + ■ 


-> III 


(x-lXx + 1) x — 1 x + l 
'x' by (x-l)(x + 1) we get. 

2^A{x + \) + B{x-\) 

Put x - 1 = 0 => x = 1 in III. 

2 = 5(x + 1) + B(1 - 1) => 2 = 2./1 + 0 
x + l =0=>x = -l -in III. 

2 = v4(-I + l)+£(-l-l) 

2-0-25: 

Put values in II. 


->// 


^ = 1 


5 = -] 


2 1 ] -1 
(x-I)(x + l) x — 1 x + l 

= ' + u^Tx+Ti) = 1 + ^ y + ih (Pulin,) 

2x + 1 

(x-l)(* + 2)(x + 3) 

Sol Suppose 

2x + 1 ABC 

(x-l)(x + 2)(x + 3) x-l + x + 2 + x + 3 
'X' both sides bv (x - l)(x + 2)(x + 3) 
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PARTIAL FRACTIONS 



4. 


Sol 


2x + 1 = A(x + 2)(x + 3) + B(x - I)(x + 3) + C(x - l)(x +2) 

Put x - 1 = 0 x = / in II 

2(1) + 1 = A(] + 2)(1 +3) + 5(1 - 1)(1 +.3) + C(1 - 1)(I + 2) 

3 = j4(3)(4) + 0 + 0 => 3 = 1 2/4 

1 


-+// 


A-l 

4 


=> A = — » 

12 4 

Put x + 2 = Q=> x = -2 in II 

2(-2) + 1 = A(-2 + 2X-2 + 3) + B{~2 - 1X-2 + 3) + C(- 2 - 1)(-2 + 2) 
-4 + 1 =0 + B(-3)0) + 0 


-3 = -35 =i> 5 = 


■ 0 - 


i=*ur=i 


Put 


x + 3 « 0 x = -3 in II 


2(-3) + 1 = A(-3 + 2)(-3 + 3) + 5(-3- I)(-3 + 3) + C(- 3 - l)(-3 + 2) 
-5 = 0+Q+C(-4X-l) 


-5-4C 


C = -5 / 4 


I become 

2x + 1 1/4 1 -5/4 1 1 S 

(x-l)(x + 2.)fx + 3) x-l + x + 2 + x+3 4(x-l) + x+2 4{x+3) 

Sx'-Ax-S 
(*-2X* 2 +7*+I0) 


3x 2 -4x-5 Sx* - 4x - 5 

(x - 2)(x 2 + 2x + Sx + 1 0) " (x - 5X*(x + 2) + 5(x + 2)) 


3x 2 - 4x - 5 


(x-2)(x + 2Xx+5) 

Suppose 

3x 2 -4x-S A- B- C . 

(x-2)(x+2Xx + 5) ~ x-2 + x+2 + x+5 
'X' by (x - 2)(x + 2)(x + 5) 

3x 2 - 4x - 5 = A(x + 2)(x+ 5) + B(x- 2)(x + 5) + C(x + 2Xx - 2) II 

Put x — 2 = 0=> x = 2 in II * 

3(2)“ - 4(2) - 5 = A(2 + 2X2 + 5) + B(2 - 2X2 + 5) + C( 2 + 2X2-2) 

12 -8 - 5 = ^(4)(7) + 0 + 0 

12 - 8 - 5 = /f(4)(7) + 0 + 0 
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5. 

Sol. 


A = -1/28 


-1=2 84 => 

Put x + 2 ~ 0 =>‘x = -2 in tl. 

3(-2) 1 2 - 4(-2) - 5 = A(~ 2 + 2X-2 + 5)+ 5(-2 - 2X-2 + 5) + C(-2 - 2X-2 + 2) 
12+8-5=0 + — 4)(3) + 0 

15=— 1'2j5=>| 


5 = -5/4, 


Put x + 5 = 0 => x = -5 in li. 

3(-5) 2 - 4(-5) - 5 = 4(5 + 2X-5 + 5) +B(-5 - 2)(-5 + 5) + C(-5- 2X~5 + 2) 
75 + 20 -5 = 4(0) + 5(0) + C(-7)(-3) 

90 

90 = 21C=^C=> — =>. 

21 

I become. 

3x 2 — 4x-5 


30 

7 


3x 2 -4x-5 


-1 


30 


<*- 2X^+7* + 10) (x-2)(x+2)(x + 5) 28 (x-2) 7(x+5) 4(x+2) 


1 


(x-l)(2*-l)(3x-I) 
Suppose 

1 A 


Sargodha 2009, Faisalabad 2008 


B 


(x-l)(2x-l)(3x-l) x-1 2x-l 3x-l 

'X' by (x - l)(2x - l)(3x - 1) -+ II 

1 = A{lx - lX3x -l)+B(x- lX3x - 1) + C(x- lX2x - 1) 
Put x - 1 = 0 => x = 1 in II. 

1 = 4(2 - 1X3 - 1) + B{ 1 - 1X3 - 1) + 0(1 - 1X2 - 1) 


-+/ 


->// 


1 = 4(1)(2) + 0 + 0 1 = 24 =5- 


aA 

2 


Put 2x-l=0^>x = l/2 inll. 

1 - 4( 2(i) - 1)(3(I) - 1) + B(j - 1X3(|) - 1) + C(j - 1)(2(|) - 1) 
1 = 4(1 - 1 X | - 1) + B(~ - 1)(| - 1) + C(i - 1X1 - 1) 

" Z Z Z 

1 = 0+ 5(--)(-)+0=> I = -~B 

2 2 4 

Put 


5=-4 


3x -1 = 0 =>* = !/ 3 inn. 
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6 . 

Sol. 


1 = ; 4 ( 2 (i) - 1 X 3 ^) - 1 ) + - 0 + c 4 " 3 X 2 (i) - 1 ) 

3 3 3*3 3 3 

i = ^(j - 1X1 - 1) + >S<| - 1X1 - 1),+ 0 


I = 0 + 0+C(- 

Put values in I.' 
1 


-X-i) => 1 = -C => |C = 9/8 
■3 ^ q L L_ 


1 


+■ 


(jc — IKSje - 1)(3^ - 1) 2(x - 1) 2x— l 8(3jt-X) 

x 


{x-a)(x-b)(x-c) 

Suppose 

X 


Multart 2009 


A B C 
■+ +- 


(x-«X* - £X* -c ) 'x—a x-b x—c 
'X' by (x-a)(x-£Xx— c) 

x = A(x - b)(x —c)+ B(x -a)(x -c) + C(x - a)(x - 6) 
Put x—a - 0 x = a in II, 

a - A(a - byia - c) + B{a - a)(a-c)+ C(a -a)la - b) 
a ~ A(a ■ b)(a — c) + 0 + 0 


-*/ 


A=- 


a 


(a - b)(a - c) 


Put x-A = 0=> x = 6in ll. 

b = A(b - b)(b - c) + B(b - a%b - c>+ C(b - a){b -b) 
b = 0+B(b-a)(b-c) + 0 


B = 


(b-a)(b-c) 


Put x — c = 0=5x = cin II 

c - Aic - i>X c - c) + B(c - a){c — c) + C(c - a)(c - b) 
c = 0 + 0 + C(c — a)(c - b) 


C = 


(i c-a)(c-b ) 


Put values in I. 
x 


(x - aX* - &X* ~ c ) ( a ~ b)(a - c)(x - a) 


->// 
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7 . 


Sol 


(b - a){b - c)(x - b) (c - a)(c - b)(x-c ) 
6x* +5x 2 -7 


(Improper) Federal 
lx—% 


Now 


2 V-JC-I 

6x 3 +5x 3 -7 
2 x 3 -at — 1 . 

7*-3 

2x 2 -x-1 2 jc 3 -2^+x-I 

7*-3 7x-3 


= 3x + 4 -f 
7*-3 


2jr - x - 1 


2x(x-1) + (.t-1) (*-1X2x + 1) 


7jt-3 


B 


U~1X2jt + 1) x-l 2jf + l' 
X by (x - IX2x + 1) 

7*-3 = ,4(2jt+l) + 5(x-l) 
Put jt-1 = 0=> jt = 1 in IH. 
7(1)-3 = ^(2(I) + I) + 5(1-1) 

4 = ^(3)+0=>lZ=4/3| 


Put 2x + 1 = 0 => x = -- In III. 

2 


1 


7(-I)- 3 = A(2(~) + 1) + B{~ - 1) 
7 3 

-f— «-t> . 


3 


7.V-3 


13 


-I l x 1 -x 


-II . 


-Ill 


(jr-l)(2* + l) 3 (jc-1) 3(2jc+1) 

HENCE 

6.v 2 + 5 jr - 7 


{II become) 


2 X 2 —AT — l 


= 3;c + 4+- 


13 


3(jc- 1) 3{2x-l) 


( I become) 


: 3x+4 

I^+Sa: 3 -? 

-6-t<- 3 ^3jr 2 4:3jr 

W+ 3*-7 
-8x 2 T 4 jc T 4 
7x -3 
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PARTIAL FRACTIONS 


8 . 

Sol. 

Now 


2x 3 +x 2 -5.V + 3 
2.v J + ,v : - 3.v 

2x i +x 2 -5x + 3 


2x' J +x 2 -3x 
-2x + 3 


Improper 

-2x + 3 

2x 3 +x 2 -2x 
3-2x 


2x i + x 2 -3x 


— 1 + 


-+/ 


>/ + /'-5jc + 3 
±/t3x 


2x 2 +x 2 ~3x x(2x 2 +x-3) 

3-2x 

x{2x 2 + 3x-2x-3) 

3-2x 

“ jf C(2x + 3)x - I(2 jc + 3)) 

3-2* ABC 

- — — 1 1 ► // 

x(2x+3)(a'-1) x .v-1 2* + 3 

V '&yx(x-l)(2;c+3) 

3 - 2x = A(x - l)(2.v + 3) + Bx{2x + 3) + Cv(x - 1) 
Put x = 0 in III. 

3 - 2(0) = A(0 - 1)(0 + 3) +0 + 0 
3 = A(~ 3) => A ~ -1 


-2a: + 3 


-*/// 


Put A--l = 0=>.v = lin III. 

3 ~ 2(1) = /4(1 - 1)(2(1) + 3) + 2?(1)(2(1) + 3) + C(l)(l - 1) 
3-2 = 0 + B{2 + 3) + 0 => 1 = 5/i : 


B = 1/5 


Put 2.V + 3 = 0 : 


. x = — in 
2 


3 - 2(- 1) = ^(- 1 - 1)(2(- 1) + 3) + S(- |X2(-| +3))+C(-|x-|-l) 

3 + 3 = A(- 1)(0) + fi(- |X0) + C(-|)(- 


6 = 0 + 0+C(j) 

Now I become. 

2a: 5 + a- 2 -5a: + 3 

2x 2 + x 2 -3x 


•C = 6x- 


= 1 + - 


15 


3 -2a: 


cJ 

5 


2x +x- -3x 


1 


1 


8 


= 1 f ■ 

x 5(x— 1) 5(2x + 3) 
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9 . 


Sol 


(x-l)(x-3)(*-5) 

(*~2)(*-4)(*-6) 

(a -1)(X- 3)(x - 5) (x-l)(* 2 -8x + 15) 


(a - 2 X.T -4X* - 6) (x - 2Xx 2 - 1 Qx + 24 ) - 


Improper 


a?-8x 2 +15x-x 2 + 8a- 15 x 3 -9x 2 +23x-15 


= 1 + 


x 3 - 10 x 2 + 24 x - 2 a - 2 + 20 a - 48 a 3 - 12 a 2 + 44 a - 48 
3 x ? - 21 x + 33 


— 1+- 


A 3 — 12 a 2 + 44 a — 48 
3a 2 -2 lx + 33 
(a-2)(a-4X^-6) 


Now 


3 a 2 - 2 lx +33 


A t B 


a 3 -12a 2 + 44a -48- 

1 

— 9a 2 + 23a - 1 5 

- 

^ T I2a 2 ± 44a + 48 


3x J -21x + 33 

■ C 

+ — — 

x-6 

>// 


' X ' by ( a - 2)(x - 4 )(a - 6) we get. 

3 a 2 -21a + 33 = A( a - 4Xa - 6) + B\x - 2)(x-6) + C(a - 2)(x - 4) 

Put a— 2 =0=> A = 2in III. 

* 3(2 ) 2 - 21(2) + 33 = A ( 2 - 4X2 - 6) + B{2 - 2)(2 - 6) + C( 2 - 2X2 - 4) 


+ /// 


12 - 42+33 = A(- 2X~A) + 0 + 0=>3 = 8 ,'l => 


A.- 3 - 

8 


Put x-4=0=>x-4inlll, 

3(4) 3 - 2 1(4) + 33 = A( 4 - 4)(4 -6) + B(4- 2X4 - 6) + C( 4 - 2)(4 - 4) 


48 - 84 +33 = 0 + (2X~2) + 0 :=> -3 = -4 if ; 


B = - 
4 


Put a-6 = 0=^a = 6 in III. 

3(6)“ - 2 1(6) +33 = A( 6 - 4)(6 - 6) + 6 - 2X6 - 6) + C( 6 - 2)(6 — 4) 


108 - 1 26 + 33 = 0 + 0 + C( 4 )( 2 ) => 1 5 = 8 C 


8 


l become. 

(a — l)(x - 3 )(x - 5 ) 
(a-2)(a-4Xa-6) 

1 




15 


8 (a- 2 ) 4 <a- 4 ) 8 (x - 6 ) 


10 . 


(l-aA)(l-&AXl-CA) 
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Sol 


11 . 


Sol. 


1 


A B C 
-+ +- 


*1 


0-«*Xl-toXl-to) 1 -ax l-bx 1 -cx 
'x' (1 - ax)(\ - to)Q - cx) we get. 
l = A(i- bx)(\ - c*J + 5(1 -oxXl - cx) + C(1 - cwX 1 - to). 

Put ! - ax = 0 =i ax = 1 => x = — in II. 

a 

1 = 41- *(-)Xl -c(-)) + 5(0) + C( 0) => 1 = ^1(—— —)(“—) 

a a a a 


->// 




a 


(a-b)(a-c) 


Put l~bx~ 0 =>x = — inli. 

b 


1 = 40 ) + 5(1 - - 4 -jr» + C( 0 ) 1 = ° 

h h \ b A ® 


■) 


B = 


(b-a)(b-c) 


Put l-cx = 0 =>x = 


1 


. = 40 ) + 5 ( 0 ) + C (1 - a(— )X 1 “/>(“)) ^ 1 - C (- -1 

* ' C C \ C / 


.c 


-b} 


\ c J 


C = 


{c-a)(c-b) 


I become. 


1 


( 1 -ascXl— toXl-oc) Q-axXa-bXa-c) (l-bxXb-ayb-c) (l-ctXc-aXc- 6 ) 


4 + 4 


(x 2 +4x4 +4x4 +d l y 


Replace x 2 by y. 


4 + 4 


0 + 4 ) 


(4 + 4 X 4 + 4)(4 + 4 ) ( y+tfXy + c^Xy+d 2 ) 


(>+ 4 ) 


A B r C 

-+ — + ■ 


0 + 4 ) 0 + 4 ) 0 + 4 ) 0 + 4 ) 0 + 4 ) 0 + 4 ) 

'x'by O + b 2 %y + 4)0 + 4) we get. 

^+4 = 4 y+ 4 Xx+ 4 )+ 50 + 4 ) 0 +^ :! )+ 0 + 4 Xx+ 4 ) — +// 
Put y + 4 = &=> y = -4 in 'll. 
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~b 2 + a 2 = A(-b 2 + b l X-b 2 + d 2 ) + 5(0) + C(0) : 
Put y+c 2 —0^y = —C 2 in II. 

-c 1 +a 2 = A(0)+ B(-c 2 +b 2 )(-c 2 +d 2 )+C(0) - 

Put y + d 1 - 0 => y = -d 2 in IL 

-d 1 + a 2 - A( 0) + 5(0) + C(-d 2 +b 7 )(-d 2 + c 2 ) ■■ 


A = 


a 2 -h l 


{e 2 -b 2 )tf 2 -b 2 ) 


B = 


a 2 -c 1 


(b 2 -e 2 )(d l -c 2 ) 


I become. 
y+d 


a 2 -d 2 


C = 


(b 2 -d 2 )(c 2 -d 2 ) 


<£-#) 




tf-c?) 


(y+dXy+dXy+d) (y^ytf-dX#-<?)% : +dX#-<?X<?-ct) 

Replace y by x 2 

*+*? ' d-d , d-d d-d 

(d +dXd+dXd+d) (d+W-dXd-d) {d+dXd-dXd-d) ' (d +dxd -dxd -d 2 ) 
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Resolve the following into Partial Fractions: 
2x 3 -3x + 4 


1 . 

Sol 


2 . 


Sol 


t-v-1) 3 

Suppose 
2x 2 -3x + 4 


B 


(*-l) 3 x-l (x-l) 2 (a:-!) 3 

'X' by (x — l)' 1 we get, 
lx 1 - 3x + 4 = A(x - 1 ) 2 + B(x - 1) + C 
Put x~ 1 = 0=> x = lin II. 

2(1) 3 - 3(1) + 4 = A(l- 1) 2 + 5(1 - 1) + C 
3=0+0 + C 


-*// 


C = 3 


Rearrange II, 

2x 3 - 3x + 4 = Ax 2 - 2 Ax + A + Bx-B + C 
Comparing Co-efficient 

jc ; 


2 = A 


x; -3 = -2A+B ^> -3 = —2(2) + 5=*-3 = -4 + fi: 
I become 


£ = 1 


2x 2 ~3x + 4 


1 


(x-l) 3 x-l (x-l) 3 (x-l) 3 

5.x 3 - 2x + 3 

— — t — Faisalabad 2009 

{x + 2f 

5x 3 t 2x + 3 C 

(x + 2) 3 x + 2 (x + 2) 2 + (x + 2) 3 
Multiply by (x + 2) both sides, 

5x 3 -2x + 3= A(x + 2) 2 + B(x + 2) + C 
Put x + 2 = 0=o x = -2 in I. 

5(-2) 3 - 2(-2) + 3 = A(r 2 + 2) + B(- 2 + 2 )+ C 


-+/ 


20 + 4 + 3 = C => |C = 27 
Re arrange 1 

5x 3 -2x+3 = Ax 2 + 4/4x + 44+ 5x + 2S+C 
Comparing Co-efficients 
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PARTIAL FRACTIONS 


3. 

Sol 


4. 

Sol 


|5 = A 

x;-2=4 A+B 

Or - 2 = 4(5) + B 

Put values of A. B, C. we get. 

5x 2 -2x + 3 5 22 


B = -22 


27 


<* + 2) j 

4* 


<.v + l) 2 (*-l) 
Suppose 
Ax 


x + 2 (x + 2) 2 (x + 2) 3 

Federal, Sargodha 2006, 2010,2011 Multan 2010, Lahore 2009 


B 


C 


x - 1 


(x+l)"(.t- 1) X + 1 (x + 1) 2 
'X' by (x + 1)" (x - 1 ) we get 
4x =A(x + 1 )(x - 1 ) -t- B(x - 1) + C(x + 1) 2 
Put x - 1 - 0 x - I in II. 

4(1) = A( 1 + 1)(1 - 1) + 5(1 - 1) + C( 1 + 1) 2 
4 = 0 + 0 + AC : 




c = i 


Putx + l = 0=>x = — 1 in II. 

4(— 1) - A(- 1 + 1X-1 - 1) + 5(-l - 1) + C(~ 1 + l) 2 

-4 


-4 = 0 + (-2)5 + 0 => if = 


-2 


B-2 


Rearrange II. 

4,v - Ax 2 - A + Bx- B + Cx 2 + 2Cx + C 

Comparing Co-efficient 

x 2 ; 0-,4+C=>0-/t + l^> A = — 1 

I become 


4x 


1 


1 


(x + l) 2 (x — 1) x + 1 (x + 1) 2 (jc-l) 

9 

; Sargodha 2011 

(jc + 2) 1 (jc-1) 

Suppose 

9 _ A B C 

(x + 2) 2 (x - 1) “ (x + 2) 4 (x + 2) 2 + 

'x ' by (x + 2) 2 (x- 1) 


+ 7/ 


-+/ 
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PMmALFRAC-nONS 


5. 

Sol 


9 = A(x + 2Xjc - 1) + B(x - 1) + C(x + 2;) 2 
Put x — 1 — 0 x = 1 in II. 

9 = 41 + 2X1 - 1) + 5(1 - 1) + C( 1 + 2) 2 
9= 0+Q+9C : 


►// 


C = 1 


Put x + 2 = 0=3-x = -2 in II. 

9 = ,4(-2 + 2)(-2 - 1) + 5(-2 -1) + C(- 2 + 2) 2 


9 = 0 + 5(-3) + 0 => 5 = [5 = -3 
Rearrange 11. 

9 = Ax 2 - Ax + 2Ax - 2A + Bx - 5+ Cx z + 4Cx + 4C 

Comparing Co-efficient 

x 2 ; 0 = A + C^>0 = A + \^ Ja^\ 

I become 

9 1 1 3 

<x+2) 2 (x-I)~ x-l x+2 (x+2 f 


1 


(x-3) z (x + l) 
Suppose 
1 


Sargodha 2009, Rawalpindi 20(0, Gujranwala 2009 


B 


x+1 


(x-3) 2 (x+l) (x-3) (x - 3) 2 

'X' by (x - 3) 2 (x + 1) We get. 

1 = A(x - 3X* + 1) + B(x + 1) + C(x - 3) 2 
Put x-3-Q=> x-3 in II. 

1 = A3- 3X3 + 1) + 5(3 + 1) + C( 3 -3) 2 
1=0+45+0 


■fJ 


>. II 


5 = 1/4 


Put x + l = 0=>x = -l in II. 

1 = ,4(-l - 3) + (-1 + 1) + 5(-l + 1) + C(-l - 3) 2 
1 = ,4(0) + 5(0) + C(1 6) => |C = 1/16| 

Rearrange H. 

1 = Ax 2 + Ax -■ 3 Ax - 3 A + Bx + 5 + Cx 2 - 6Cx + 9 C 
Comparing Co-efficient. 


0 = X + C=s»0=X+ t/t6, |4 = -l/l6 

1 become 
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PARTIAL FRACTIOHB 


1 


-1 


6 . 

Sol 


7, 

Sol 


1 


1 


(x-3) 2 (x + l) 16 (jc-3) 4(jc — 3) 2 

I 1 1_ 

16(x+l) 16(x-3) + 4(x-3) 2 

jr ! 

7 Multan 2007 


16(x+l) 


(*-2)(*-l) 
Suppose 


5 


(x-2)(x-l) 2 (x-2) (x-1) (x-1) 2 

'x'by(x-2Xx-l) 2 

x 2 ' = A(x - 1) 1 + B(x - 2~%x - 1) + C(x -2) 
Put x - 1 = 0 => x = 1 jn II. 

(I) 2 = *^(1 - 1 f + 5(1 - 2)0 - 1) + C(1 - 2) 


-*// 


i = o+o-c=» lc=-i 

Put x-2 = 0=>x = 2 m II 

(2) 2 = A(2 -l) 2 + 5(2 -2X2 - 1) + C(2 -2) 

4 = A(l) + 5(0) + C(0) =* fl=4 
Rearrange II 

x 1 = Ax 2 -2Ax+A+ Bx 2 - Bx- 2 Bx + 23+Cx- 2 C 
x 2 ; ^ + 5 = l=>4+5 = l=> [5 = -3 
I become 

x 3 4 3 1 


x-2 (x-1) (x-1) 2 


A 


(x-2)(x-l ) 2 

1 

(xr-lfU+i) 

Suppose 
1 

(x - l) 2 (x + 1) X- 1 " r (x - 1) 2 
'x'by(x-l) 2 (x + l) - 
1 = A(x - l)(x + 1) + 5(x ^ 1) + C(x - 1) 2 
Put x-1 = 0=> x = 1 In II, 

1 = A(\ - 1X1 + 1) + 5(1 + 1) + C(1 - 1) 2 


5 


(x + 1) 


■4/ 


-*// 
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PARTIAL FRACTIONS 


8. 

Sol 


1 =0 + 25+0 ^[JTj/2. 

Put x + 1 = 0 =5 x = -1 in II. 

1 = ^(-1 -1 X - 1 + 1 ) + B(- 1 + 1)'+ C(r l~\f 
1=0 + 0 + C(-2) 3 => 1 - 4 C => ) C — 1/ 
Rearrange II 

1 = Ax 2 - A + Bx + B + Cr - 2 Cx + C 
Comparing Co-efficient, 

1 


r ; 0~A+C=>0 = A + -^ A = -1/4 

4 I 

I become 
1 


I 


1 


1 


(*- l) 2 (x + 1) 4(x-l) 2(x- 1) ! 4<x + 1) 

1 I , 1 

4(.y + 1) 4(x- 1) + 2(x-I) 3 

_ l 


(jt-ijV+i) 

Suppose 


B 


D 


(*-l)-(x + l) x-1 (x-1) 2 ' (x-1) 3 ' (x + 1) 

'X' by (x-I) 3 (x + !) 

.r = A(x - !) ; (x + 1) + B(x - l)(x + 1} + C(x + 1) + D(x - 1) 3 
Put x-l = 0^>x = l in II. 

(I) 3 = //(l-l) : (l + l) + 5(l l)(l+l) + C(l + l) + (l-].) 3 
! = 0 + 0 + 2C + 0 


-+/ 


-+// 


0 = 1/2 


Put x + 1 - 0 => x = -l in II, 

(-1) 2 = 4-1 + 1) 2 (-1 + 1) +J S(-|-1)(-1 + 1) + C(-I + 1) (-1-I) 3 

1 = 0 + 0 + 0 + Z?(-8)-^ |/3 = -l /jj| 

Rearrange II 

/ = A(x 2 - 2x + l)(x + 1) + B{x 2 - 1) + C(x + 1) i D{x 3 - 3x ; + 3x - 1} 

x 1 - Ax 3 2 Ax 1 + Ax + Ax ' - 2 Ax + A + Bx 2 - B + Cr + C + Dx' J - 3 Dx 1 + 3£>x - D 
x 3 ; 0 - A 4 D => 0 = A - 1/8 => |^ = 1/8| 

x l 1 — —2A + A + B — 3 D ± iU 
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PARTI A L F RACTION? 


9 . 

Sol 


x-I 

x-l 


l = -A + B-3D 

I 1 I 3 ■ 

l = -i + ^_3(_i) =>1 = --+/?+- 

8 8 8 8 


1 = £+ 


-1 + 3 


8 


l = B+~. 

8 




1 


*=2 

4 


t become 


3T _ 1 3 1 1 

(x - l) 3 (x + 1) ~ 8(x - 1) + 4(x - l) 2 * 2(x-]f 8(x + 1) 

x-l 


(x-zxx+i y 

Suppose 

x-l A B C . D • 

(x-2)(x + l) 3 x—2 x+l tx+l) 3 (x+1) 3 

'X' by (jc - 2)(x + 1) 


+ // 


x — 1 — A(x + 1) 3 + B(x - 2)(x + l) 2 + C{x - 2Xx + 1) +D(x- 2) 
Put x-2 = 0=> x = 2 in II. 

2 — 1 = A(2 + lf + B( 2 - 2)(2 + 1) 2 + C( 2 - 2)(2 + 1) + 0(2 - if 


1 = J 4(27)+Q+0++Q=? A — 1/27 


Put x+1 = G=>x = -l in II. 

- 1 - 1 ^ A (- 1 + 1) 3 + B(-l - 2)(-l + 1) 3 + C(- 1 - 2)(- 1 + 1 j + - 2) 
-2 = 0 + 0+£>(-3)=> | D - 2/1 


+ // 


Rearrange II 

= Ax 3 +3 Ax 2 +3 Ax +A + B(x - 2){x 2 + 2x + 1 )+- C(x 2 + x - 2x - 2) + D(x - 2) 
=Ax?+3Ar+3M+A+B?+2&+Rc-3£$-4Bx-2M+0?-2Cx+Cx-2C+Cx-2D 


Comparing Co-efficient 

x 1 ; 0 = A + B +III 

x 2 ; 0 = 3 A+C —^>IV 


x; 0 = 3>4 + l?-4£-2C+C + Z)^0 = 3^-3a-C + £> >¥ 

Constant; = A-2B-2C-2D +F7 

III => 0 = — + 5 => B = - 2 - 
27 27 
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PARTIAL FRACTIONS 


10 . 

Sol 


vy=>o=3(— )+c=>o=-+c=> 

27 9 

l become 

x-1 1 1 1 i 2 

0-2)(* + l) 3 _ 27(* - 2) " 21{x + 1) ~ 9(;e + 1) 2 + 3(.r + l) 3 

4jc 3 

(x 2 -l)(x+lf 



4x 3 _ 4 jc 3 _ . 4x 3 

(x 2 -lX-x + I) 2 (a- — 1)(a- + 1)(jc + l) 2 (;t-l)(x+I) 3 

Suppose 

4X 3 A B C D 

(a-1)(a- + 1) 3 ~ x-l x + l + (x+l) 2 + (x+l) 3_ 

'X' by (a--1)U- + 1) 3 

4x 3 - A(x + 1) 3 + B(x - \)(x + 1) 7 + C(x - l)(x + 1) + D(x - 1) >// 

Put in II 


4(1) 3 = A( 1 + If + 5(1 - 1)(1 + 1) : + C(1 - 1)(1 + 1) + D(1 - 1) 


A.X 

2 


4 — /((8) + 0 + 0 + 0=>j'l= — => 

8 

Put A' + 1 - 0 => x = - 1 in II 

4(-l) :! = A(~l + 1) 3 + 5(-l- 1)(-1 + 1) 7 + C(-l- IX— 1 + 1)+ D(-l - 1) 


-4 = 0 + 0 + 0 + D(-2) => \D=2 


Rearrange II 

4.r 3 - A(x 3 + 3x 2 + 3x+l) + B(x- l)(x 2 + 2x + l) + C(x 2 - 1) + D(x - 1) 

4x 2 = Ax 3 +3Ax 2 +3Ax + A+Bx s + 2Bx 2 +Bx-Bx 2 -2Bx-B + Cx 2 -C-Dx-D 
Comparing Co-efficient s 

x 2 \4 = A + B=>4 = - + B=>B = 4-~=> 

2 2 


5 = 2 
7 


x 2 ; 0 = 3A+2B-B+C^>Q=3A+B+C=>0 = 3(—)+—+C 

2 2 


3 7 


10 


0 = -+-+C=>0 = — + C=>0 = 5+C=> [c = -5 

*- » 2 

1 become 
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.PAffTTALFRACTlOMS 


4x : ' 


4x 3 


I 


5 2 

'+■ 


11 . 

So! 


(jr-lXx+1) 2 (x-l)(x+h) 3 2(x ~ 1) 2(x+1) (x+1) 2 (x+1) 1 

2x+l 

(xr+3)(jc-lX^+2) 1 

2x+l A 


B C 

w "4 — ■■ H 4 _j ' 


D 




(x+3Xx-lXx+2) 2 x+3 ' x-J ' x + 2 ' (x+2) 2 

'X'by (.r + 3)(x -lXx + 2) 2 we get. 

2x + 1 =A(x - IX* + 2} 2 + B(x + 3X* + 2) 2 + C(x + 3X* -IX* + 2)+D(x+ 3)(x - 1) - — >// 
Put x— 1 = 0 =>x = 1 in H. , 

2(1) + 1 = ^(1 - 1)(1 + 2) 3 + 5(1 + 3)(1 + 2) 2 + C( 1 + 3)(1- 1X1 + 2) + £K\ + 3X1 - 1) 
3 = 0+ £(4)(9) +0 + Q => 3 = 36B B = 3/36 => [£ = 1/12 
Put x+3 = 0=?x = — 3 in !L 

2(-3)+l=4-3-IX-3+2) 3 +£(-3+3X-3+2) 2 +0(-3+3X-3-lX-3+2)+£3(-3+3X-3-l) 


-5 = X(-4X1) + 0 + 0 + 0 = 

Put x+2 = G=> x = -2 in II. 


2(-2)+l = 4-2-lX-2+2) 2 +^(-2+3X-2'1-2) 2 +q-2+3X-2-lX-2+2)+ZX-2+3X-2-l) 
-3 = 0+0+0+ j Z?(1X-3)i^ [d=T 
Rearrange H. 

2x+I=4x-1X^ ! +4x+4)+5(x+3X^+4x+4)+0(x+3Xx 2 +x-2)+£(x 2 +2x-3) 

2x + 1 = Ax 3 + 4 Ax 2 + 4 Ax - Ax 1 - 4 Ax - 4 A + Bx 3 + 4ilx 2 + 4Bx + 3 Bx 2 + 1 25x 

+ 1 2 B + Cx 3 + Cx 2 - 2Cx + 3Cx 2 + 3Cx -2C + Dx 7 +2Dx-3D 
Comparing Coefficients 

x 3 ;0-.4 + ^ + C^O = -+— + c = o = ^i^- + e 

4 12 12. 

I become 

2x+l 5 14 1 

(x + 3Xx - W* + 2) 2 ~ 4(x+ 3) + 1 2(x - 1) ~ 3(x +2) + (x + 2) 2 
2 jc 4 


C = 


46 


12 


c-4 

3 
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PARTIAL FRACTIONS 


2x-2 

x 3 +jr-8x-12)-2-* J 


--2--* 4 ± 2x J + 1 6* 2 + 24x 


= 2x~2 + 


t 8jc + %x — 24 
x J +x 2 -8t-I2 


-2-* ; +16.r +24* 
-2V+2r ±16 jc±24 
18* 2 +8*-24 


-+/ 


18* : +8.r -24 18.v' +8.V-24 A 


B C 
- + ■ 


*V* 2 -8* 2 -12 (x-3)(x + 2) 2 x-3 x+2 ( x + 2 f 

'X' by (*-3)(.r + 2) 2 

1 8r + 8* - 24 = A(x + 2f + B(x - 3)(* + 2) + C(x - 3) > III 

Put jt — 3 = 0 =!> x = 3 in III. 

1 8(3)" + 8(3) - 24 = A( 3 + 2f + 5(3 - 3)(3 + 2) + C( 3 - 3) 


-+// 


162 + 24-24 = 25,4 => A = 162/25 


Put * + 2 = 0 ^>* = -2 in III. 

1 8(-2>- + 8(— 2) - 24 = 4-2 + 2) 2 + 5(-2 - 3X~2 + 2) + C(- 2 - 3) 
72-16-24 = 40) + 5(0) + C(-5) 


32 = +0 + Q-5C => jC = - 32/5 

Rearrange III 

1 8x 2 + Hx - 24 = /I* 2 + 4/lx + 4 A + Bx 2 -Bx-6B+Cx- 3 C 
Comparing Co -efficients 

x 2 ; 18 = . 4 + 5=?18 = — + 5=>5 = 18 -— => 

25 25 

I become 


5 = 


288 

25 


lx 


(x-3)(.r + 2)' 


= 2 *- 2 +- 


162 


288 


32 


25(.v — 3) 25(* + 2) 5(* + 2) a 


Example 2; 


44+8* 
4 + 24 +9 


federal 
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PARTIAL FRACTIONS 


Here x 4 i- 2x 2 4 9 - x 4 + 2x 2 + 9 + 4x 3 - 4x 2 = x 4 + 6x 2 + 9 - 4x 2 

- (x 2 + 3) 2 - (2x) 2 - (x 1 + 3 + 2x)(x 2 + 3 - 2x) 

- (x 2 + 2x + 3)(x 2 - 2x + 3) 

4x' + 8x 4x 2 +8x Ax + B Cx + D 

A o%v . — — — ; — = \ / 

x 4 + 2x 2 +9 (x 2 + 2x + 3)(x 2 -2x + 3) x 2 + 2x + 3 x 2 -2x + 3 

V ’ by ■ 1 a 2 + 2x + 3)(x 2 ~ 2x + 3) we get 
J x 2 4- 8x - ( Ax + B) f x 1 - 2x + 3) + (Cx + D)(x 2 + 2x + 3) 

4 ' + 8x - Ax- - 2 Ax 2 + 3 Ax + Bx 2 - 2 Bx + 3 B + Cx 3 + 2Cx 2 + 3Cx + Dx 2 + 2 Dx + 3 D 
Comparing Co - effi cents 
x :> ; 0 = A + C —II 


x 1 ; 4 - -2,4 + B + %C + D III 

x; K=3A-tB+3C + 2D IV 

cons tan / ; 0 - 3 B + 3D => 0 - B + D — V 
IV > 8 = 3^ + 3C-2if + 2Z) 

8 = 3( J 4+C)-2£ + 2D 

{use II)% ^ 3(0) -2/3 + 2D 
8 = -2 />’ * 2/) 

: by 2 

4 = -B + D VII 


III^4 = -2A + 2C + B + D 

4 = -2A + 2C + 0(useV) 

2 - -A + C — VI(~by 2) 
II + VI _> 0 - X + C 

2 - —/( + C 

2 - 2 C r-> jC= 1 
II A+C = Q 


/1 + 1 = 0=> 



v+vn=>a =/ 1 d 

4 = -/ + £> 


4 = 2D=> i>-2 


p =>o = J g + 2=> [g~=-2: 

/ -42 + , H)'- 2 + J12X 2 

4 + 24+9 4 +2* + 3 4-2x + 3 

~x - 2 x + 2 

— — " — H — ; — 

x 2 +2x i 3 x 2 -2x + 3 


x + 2 (x + 2) 

x 2 - lx +3 x 2 + 2x + 3 


I 
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PARTIAL FRACTIONS 


EXERCISE 5.3 


Resolve the following into Partial Fractions: 
9x - 7 


1. 

Sol 


2 . 

Sol 


(x 2 + l)(x + 3 ) 


Lahore 2009 


Suppose 

9x-l Ax + B 


■+1 




(x 7 -+l)(x + 3) x 2 + 1 x+1 

'X' by (x 2 + l)(x + 3) we get, 

9x -7 = ( Ax + B)(x + 3) + C(x 3 + 1) 

Put x + 3 = 0 => X = -3 in II we get. 

9(-3) - 7 = (A(-3) + B)((- 3) + 3) + C((-3) 2 + 1) 

-27-7 = 0 + 10C =»C = -34/10 =>|C = -17/5 


Rearrange II. 

9 x - 7 - Ax 2 + 3 Ax + Bx + 3B + Or + C 
Comparing co-efficients 

x 2 ; 0 = A + C=>0 = A-1 7/5=>[A = 17/5 


t; 


17 „ 51 45-51 

9 = 3 A + £^9 = 3 (— )+B=> B = 9 --r - — — => 
5 5 5 


B = ~ 6/5 


1 become 


9 x-l 


\lx 

5 


6 

'5 


(x- 


1 


IX* +3) 

Multan 2009 


x 1 +1 


17 

5 1 7x - 6 . 17 

x + 3 5(x 7 +l) 5(x + 3) 


(JC‘+1)(JC + 1) 

Suppose 

! Ax + B 


C 


(x 2 +l)(.V + i) X' + 1 x + l 
'X' by (x 2 + l)(x + 1) We get. 

1 - (Ax+B%x + 1) + C(x 2 + 1) 

Put x + 1 = 0 =3- x = — 1 in II 
1 - (Ax + B)(- 1 + 1) + C((-l) 2 +1) 
U0 + 2C=>|C = l/2 


-+/ 


-+II 


Rearrange II 

1 — Ax 2 + Ax + Bx + B + Cx' + C 
Comparing Co-efficients 
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PARTIAL FR; 


a. 

Sot 


4. 

Sol 


x 2 ; 0 = A + C=o0 = A + l/2=>|A = -l/2 


x; Q = A + B=>0 = -\/2 + B=> \B = ]f2 
t become 

1 (-* + !) 


1 


*-1 1 
x+ - 


'i 


1 ... 


(jr+lXx+1) x~ + 1 x+\ 

(-* + 1) . 1 


I 


A 2 + 1 
I -X 


1 

2 


x + 1 


2(^ + 1) 2(x + l) 2(1 + x) 2(1 + x 2 ) 

3.t + 7 


Faisalabad 2009 


(,v J +4)(.v + 3) 

Suppose 

3a + 7 Ax + B C 
( x 2 +4)(-t + 3) x 2 4-4 a- + 3 

'X' by (,r : +4)(.v + 3) 

3* + 7 = ( Ay + BXx + 3) + C(x 7 + 4) 

Put x + 3 = 0 :=> x = -3 in II 
3(-3) + 7 = (Ax + BX-3 + 3) + C((- 3) 2 + 4) 
— 2-0 + 130 


0 = -2/13 


Rearrange - II 

3-v + 7 = Ay 2 + 3 Ay + Z?,v + 3/? + Or’ + 40 
Comparing Co efficients. 


0 = A + C => 0 = A - 2/1 3 => [ A = 2/13 


x; 3 = 3A + fl=>3 = 3(— ) + £ 

13 


B = 3 — 

13 

I become 
3a + 7 


33 

13 


2 a 33 -2 

13 13 t 13 


2.y + 33 


-II 


(.V-+4X.V + 3) A- +4 A + 3 13(a 2 +4) 13(a + 3) 


A* + 15 


(.V 2 + 2.v + 5)(.v-l) 

Suppose 
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PARTIAL FRACTIONS 


S. 


Sol 


x 2 + 15 = Ax+.B C 

(x 2 + 2x + 5)(x-l) x 2 +2x + 5 x-1 

'X' by (x : +2x + 5Xx-l)We get. 
x : + 1 5 = { Ax + B){x - 1) + C(x- + 2x + 5) 
Put X-1 = 0=>X = 1 


(I) 2 +15 = (.4(1) + fi)( 1 - 1) + C(( I) 2 + 2(1) + 5) 


16 = 0 + C(8)=» iC = 2 

Rearrange II we get. 


-V 2 + 15 = Ax 2 - Ax + Bx - B + Or + 20: + SC 
Comparing Co-efficients 


2 

x-; 

x; 


1 = A + C => I = A + 2 => \A - -1 


0=-A+B+2C 
0 = -{-!) + 5 + 2 ( 2 ) 


x 2 + 2x + 5 x-1 


0 = 1 + fi + 4^ |fi = -5 

l become 

x 2 + 15 -x-5 

(x 2 + 2x + 5){x- 1) 
x 2 

(x 1 + 4)(x + 2) 

Suppose 

.v 2 Ax + B 


+ ■ 


2 

x-1 


(x“+4)(x + 2) x~+4 x + 2 

'X' by (x 2 + 4)(x + 2) We get. 
x 2 = (/fx+fiX*+2)+C(x 2 +4) 

Put x + 2 = 0 => x = -2 in H. 

(_2)= = {A(- 2) + fiX- 2 + 2) + C({-2) 2 + 4) 
4 = 0 + 8C 


->/ 


+ // 


C = 1/2 


Rearrange II. 

x 2 = Ax 2 +2Ax + Bx + 2B + O 2 + 4 C 

Comparing Co-efficients 

r; 1= /4+C=>l- /i+1/2 


A = l-\/2=> .4 = 1/2 


4 / 


+ // 


(x + 5) 
x" + 2 ,t + 5 
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6. 

Sol 


x;Q = 2A + B=>0 = 2(\/2)+B 
0 = 1 + B— ~B~~\ 


become 


x 


1 i 1 

- x - 1 - 

2 2 

— -+ z 


x-2 

f. 


1 


(r + 4j(.v + 2) x 2 +4 x + 2 2(x 2 + 4) 2(x + 2) 

.v 2 + 1 

x 3 +l 

x J + 1 _ x 2 + 1 
x 3 + 1 (x + l)(x 7 - x + 1) 

Suppose 


x 2 +1 


A Bx + C 
- + - 


-->! 


(x + 1 )(x J X + 1) X + 1 x 2 - X + 1 
'X' by (x + I)(x 2 - x + 1) we get. 

x 2 + 1 - A(x 2 - x + 1) + (Bx + C)(x + 1) 

Put x + 1 =0 x - -1 in II. 

(- 1) ; + 1 - A((-l) 2 - (-1) + 1) + (B(-l) + C)(- 1 + 1) 

2 — , 4(1 + 1 + 1 ) + 0 2 — 3 A => A - 2/3 

Rearrange II. 

r +1 - Ax 2 - Ax + A + Bx 1 + Bx + Cx + C 
Comparing Co efficients 

T 

2 


>// 


x :\ = A + B=>l=2l% + B=>B = \--^> 2? = 1/3 

3 — 

x; 0 = - A \ B + C 


H 

l become 


0 = -^i + C: 

3 3 


0 — h C : 

3 


C - 1/3 


x 2 +1 


I 1 

- x + — 

3 3 


(x + 1) 


x J + l 3(x + 1) x 2 -x + l 3(x + l) 3(x 2 -x + 1) 


PARTIAL FRACTk 


1 x-2 

2(x + 2) 2(x 2 +4) 
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PARTIAL FRACTIONS 


7 . 

Sol 


8 . 

Sol 


.v 2 +2x + 2 
(,v 2 +3 )(jc + I)(.v-1) 

Y + 2x + 2 AxyB | C D ^ 

(a: 2 + 3)(x + l)(x - 1) " x 2 + 3 + x + 1 + 

' x ' by (x 2 + 3)(.r + 1 )(x - l) we get. 

x 2 + 2x + 2 = ( Ax + B)(x + 1)(jc -1) + C(.r + 3)(x - 1) + D(x 2 + 3)(,v + 1) 
Put x - 1 - 0 => x - 1 in II 


( 1 ) 2 + 2(1) + 2 = (A(\)+ B)(\ + 1)(1 - 1) + C(\ 2 + 3)0 - 1) + D(V + 3)(1 + 1) 
1 + 2 + 2 - 0 + C(4)(G) + D(l 2 +3)(1 i l)=>5 = 8P^> |fl-5/ij 


Put x 4 1 = 0 x ~ -1 in II. 


4/7 


(-1) 2 +2H)+2=(4-1)+5X~1+1X-1-1)+C((-1) 2 +3)(-1-1)+A 1) : i 3X - 1 4 1) 
l-2 + 2 = 0 + C(4)(-2) + 0=>l = -8r=> |C = -1/8 


Rearrange ll 

x 2 + 2,v + 2 = (Ax + B)(x 2 - 1) + C(x ’ + 3)(x 1 ) + D(x 2 + 3)(.v + lj 

-x 2 + 2 a- + 2 = Ax y - Ax + Bx l -B + CY - Or + 3Cv - 3C + Dx 2 + Dx 2 + 3 Ox i 3 D 

Comparing II 

a - ’; 0 = /l + C+ D=>0=/4 i- — 0 — /O — 0 = ,4 + -- =;■ 

8 8 8 2 

.r;l = B-C+ D => 1 = B -(--) + -■ => 1 = B + - + - => 1 = B + - 

8 8 8 8 8 

l = ZJ + 3/4=> Zf = 1 - — => 

4 

I become 

_i j_ 

Y+2x + 2 2 X+ 4 (~I/8 ) 5/8 

(x 2 4 3)(a + I)(.t- 1) x 2 +3 + x±l *'jc-l 

-2x + l 1 5 5 1 {2x 1) 

4(x : +3) 8(x + l) 8(x-l) 8(.v-l) 8 (,y + 1) 4(.y 2 + 3) 

1 

(.v- 1 ) 2 (.y 2 + 2 ) 

1 A _B_ ' Cx + D 

(x - 1> 1 (x l + 2) .Y - 1 + (A- - l| + A'" + 2 * 

'X' by (x - 1) 2 (y 2 +2) we get. 









COLLEGE MATHEMATICS-! 


PARTIAL FRACTIONS 


I = /4(*- IX* 2 + 2) + B{x 2 + 2) +(Cx + Z>X* - 1) 3 
Put x-l = 0=>x = linM. 

I = A(l - 1X(I) 3 +2)+ 5((1) 2 +2)+(C(1) + 0X1 - i) 2 


->// 


l = 04»g(3) + Q=>l=3fl=> |fl = l/3 

Rearrange - 1). 

1 = Ax* + lAx-.ix 2 -2A + Bx 2 +2B+ C* J - 2 C* 2 +Cx+Dx 2 -2Dx+D 
Comparing Co-efficients 

* | 0 = J^ + C — ^ 111 r 

* 2 ; 0 = -A+B-ZC+D - >1V 

*; 0~2A+C~2D >V 

Constant 1 = -2 A + 2B+ D > VI 

(VI*2 + V) 2=-4 A + 4B+Jff 
0=2 A+C-jrf 

2 = -2A+4B+C 

2 - —2 A + 4(-j) + C(put value of B) 

2 = -2 A + ~ + C => -2 A + C = 2 — ~ = j — vil 


VII -III-. 


-2A+Z = 2/3 
A±tf = 0 
-3A = 2/3 


-3A = 2/3: 


^ = A 
9 


From HI 
IV 


C = 


A + C = 0^-- + C = Q 
9 

0 = -A + B- 2C + D 

0 = -(-f, + f2(|) + fl 


1 


D = -l 
9 


I become 


-2/9 1/3 ■ 

- + - + 


2*1 

9 1 


<*-l)V+2) x-l (*-l) 2 x 2 + 2 



COLLEGE MATHEMATICS-1 


307 


PARTIAL FRACTIONS 


9. 

So) 

Now 

Now 


- 2 -*_U + . ^ 


9{x-l) 3(.t - 1) 3 9(x ! +2) 


-1 


1-x 

X 4 =-l + 


- (Improper) 


-;c 4 +! 


l-x 4 


-I 


x 4 + 1 


1 


1 


I 


l - -*' 4 (l-jr 2 Xl + ^ : ) (l-x)(l + x)(l + jr) 

1 A B Cx + D 

- + J- ■ 


->// 


(I-X)(l + .T)(l-f .V 2 ) \~X l + X \+X 7 

by (1- *)(1 + *)(] + .y 2 ) 

1 = AO + *)(1 + -v s ) + (1 - x)(! + y : ) + (Oe + Z))(l - x)(l + x) 

Put x + 1 = 0 => x = -1 in III. 

1 = ^(1-1)(1 + (-l) 2 )+ 5(1 -(-1))(1 + (-l) 2 ) + (C* + D)(l -(-!))(! -1) 


■>111 


l = 0 + 5(l + l)(1 + I) + 0=>l=4fi=>L« = l/4 


Put jc— 1 =0=> jc = I in III => 1 = ^(1 + 1X1 + 1) + 0 + 0 => ] = 4 A => Ya = 1/4 
Rearrange III we get. 

1 = A + Ax 2 + Ax + Ax 2 + B + Bx 2 -Bx- Bx ? + Cx- Cr 3 +D- Dx 2 
Comparing Co-efficients 

1 1 


X ' ;0 = i4-/?-C=>0 = C => 0 = -C => C = 0 

4 4 1 

x 2 ‘, 0 = A + B-D 


0 = 


I 1 

I 

4 4 


-D 




t become 

■ -, + _i_._ 1+ i 

!“■* (1-xXl+JrXi+x 2 ) 

= . i + _ !_ + _ 1_ + M±1I2 

4(1 -X) 4(1 + A) l+x 2 
t , ] | 1 | I 

4(1- x) 4(l + x) + 2(l + r) 
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FRACTIONS 


10 . 


Sol 


jc*'-2jic.+ 3 
x 4 + jc* + 1 

x 2 -2x + 3 x 2 - 2x + 3 x 2 -2x+3 

x 4 +x 2 +l x 4 + x 2 +l + x 2 -x 2 x 4 +2x 2 +l-x 2 

x 2 ~ lx + 3 _ x 2 - 2x + 3 
(x 2 + l) 2 - x 2 (x 2 + 1 + x)(x 2 + 1 - x)* 

, x 2 -2x+3 Ax+3 Cx + D 

Suppose — ; 5 : --T- — ~+^T -/ 

(x 2 +x + l)(x -X + 0 X 2 + X + 1 X 2 - X + I 

'X' by (x 2 + X - l)(x 2 - x + 1) we get. 

x 2 - 2x+3 = (4x + ^K 3fJ " Jf + 1 )+(Cx+£)){x 2 +x+l)' 

x 2 ~2x + 3 = Ax* - Ax 2 + Ax+Bx 2 -Bx+B + CX 3 +Cx 2 +Cx + Dx 2 +Dx+D 
Comparing Co-efficients 

x i ;Q=‘A + C — : — -11 iP' => -2 — A-B+C + D 

x 1 ; 1 =-A + B+C + D III or -2 = A+C-B + D 

x;-2 = ±A-3+C + D IV Pul A+C = 0 

Catt; 3 = B+D — — V -2 = -B+D VI 


III^\=-A + B+C + D 
or I=-A+C+B + D 
Use B + D = 3 

\ = -A + C+3 ^> -4+C= -2 


V + VI=*3~4 + D 
- 2 =-/ + D 


1 = 2 Z): 


b = \(% 


-VII 


II + VII 

o=4 +c 

-2 = -/ +C 
-2 = 2C =» [c^-1 


K =>3 = 5 +- 

2 2 


5 = 2/5 


//=>0 = 4 + C 


Q = 4-1=>U = 1 


I become 

x 2 -2x+3 x 2 -2x+3 (Qjf+5/2 (-l)x-H/2 

x 4 +x 2 +l (x 2 +X+lXx 2 -x+1) x 2 +x + 1 + x 2 — x + 1 

2x + 5 ^ (-2x + l) ~{2x-l) 2x+5 

2<x 3 + x + 1) x 2 - x + 1 = (x 2 - X + 1) + 2(x 2 + x+ 1) 
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PARTIAL FRACTIONS 


EXERCISE 5.4 


Resolve into Partial Fractions: 
x 1 + 2-v + 2 


l. 

Sol. 


2 . 

Sol. 


(.v 2 + .Y+ l) 2 
Suppose 

+2x + 2 Ax + B Cx + D 

(jr+jr+1)' x"+.y+I (x 2 +x + l) 2 

'X' both sides by (x 1 + x + l) 2 we get 
•t 3 + 2.v + 2 = (Ax+ B)(x 2 + x + 1) + Cv + D 

or x 3 + 2x + 2 = Ax 3 + Ax 2 + Ax + fir + Bx + B+Cx + D 
Comparing Co-efficients 


1 = A 


x 2 ;0 = A + B=>0=:1+B=> [g = -l 

*; 2= A+B+C =>2 = 1-1 + C=>\q = 2_ 
Constant; 2 = B+D 

2 = -1+£>=> [z) = 3 

Hence 

■Y J + 2x + 2 (l)x-l 2x+3 


(x 2 +x+l) 2 x 2 + x + l (jl- 3 +JC + 1) 2 
Or 


x 3 + 2x + 2 x - 1 


2x + 3 


(x J +x+t) 2 x 2 +x + l (x 2 +x + l) 2 




(Jr 2 +I) 2 (a:— !) 

Suppose 


Ax + B Cx + D E 

- -I : r +■ 


+ 1 


(x 2 + l) 2 (x-l) x 2 + I {x 2 +1) 2 x— 1 
X both sides by (x + ] )* (x — 1) we get 

x 2 = (Ax+ B)(x - i)(x 2 + 1) + ( Cx + D)(x - 1 ) + £(x 2 + i) 2 
Putx-1 = 0^>x = l in II 

U) 2 =(^c+B)(l-l)+(l 2 +\)+(Cx+D)(\-l)+E(i 1 + 1) 2 

l. = 0+0+4£=>HrT74 


+11 
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PARTIAL FRACTIONS 


Rearrange li 

-r - ( Ax'- - Ax + Bx - BX x : ! + 1) ■ + Or -Cx+Dx-D+ E(\ J + lx 2 + 1) 

•v 3 = Ax' - Ax' + Bx- - Bx 2 + Ax 2 - Ax +Bx-B+Cx 2 -Cx+Dx-D+Ex* + 2£x 3 + £ 
Comparing Co-efficients 


3 . 

Sol. 


x 4 ;0 = A + £^0 = A + l/4=> A = -l/4 


x 3 ; 0 = -A + B=f>Q = -(-\/4)+B=> B = -l/4 
x 2 ;\=-B+A + C + 2E 
l=_(_l/4)-I + C+2(^) 

>=^-f c+ r 

x; 0 = -A + £?-C + £ 


•C = l-l/2=> 0 = 1/2 


0 = -(- 1 / 4) + (-1 / 4) - — + £ 

0 = 1/4-1/ 4 + D-1/2 
0 = Z? — 1 / 2 : 

Hence 


£= 1/2 


-l/4x-l/4 l/2x+l/2 1/4 


(r+lfix- 1) 


Or 


2jc-5 


x' + 1 
-x-1 


(x + 1) x-1 

X + 1 1 


4{x 3 + 1) 2(x 2 + l) 2 4(x- 1) 


(jC + I) X + 1 


4(x-l) 4(x 2 +1) 2(x 2 + 1)" 

Federal 


(jr' + Z^Or-l) 

Suppose 

2x-5 Ax + B Cx + D 




(x 2 +2f(x-2) x 2 +2 (x 2 + 2f x-2 

'X' both sides by (x 2 +2) : (x-2)we get 

2x - 5 = ( AX' + B)(x 2 + 2Xx - 2) + (Cx + DX* - 2) ■ + £(x 2 + 2) 3 
Put x — 2 = 0 => x = 2 in ll 

2(2) - 5 = (Ax + B)(2 2 + 2X2 - 2) + (Cx + D)(2 - 2)+ £(2 2 + 2) 2 


-»// 
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PARTIAL FRACTIONS 


4 . 

Sol. 


- 0 + 0 + 36iT=o -1 = 36£=> = —1/36 

Rearrange II 

2.r - 5 = ( Ax' + 2 Ax + Bx 2 + 2 B)(x - 2) + Or 3 - 2Cx + Dx -2 D+E(x 4 + 4x 2 + 4) 

2x-5=(Ax' +2Ax? +& +23c-2Ax? ~4Ax-2 Br -4B+Cjr -TCx+Lk-lD+Ex* +4Ex ? +4E 

Comparing Co-efficients. 


T 4 ; 0=A + E=>0 = A~\/36=>\a^U36 

y 3 ; 0 = B-2A => 0 = B- 2(1/36) =o0 = £-—=>[£= m$ 

18 ‘ — 


y : ; 0 = 2^-2fi+C + 4£=?0 = 2(l/36)-2(l/18)+C + 4(-l/36) 

' 1 ry 

or 0 = —— -- + C — r^0 = C-i — — — zz> 0 = C I 7~' — i / 1 a 

18 9 9 18 ^ L L ~ Jn ° 

y; 2 = 2£ - 4,4 - 2C + £> => 2 = 2(— ) - 4(— ) - 2(— ) + D 

18 36 18 


or 



1 1 3 _ 3 ’21 r 

9-?’? + - D=52+ ? = 0 = 5D =7=!IZIio 


I S 3 7 

— Y + — — Y + — 

- 36 18 , 18 3 


1/36 



36(y 2 + 2) 1 8^x“ + 2) 3 36 (y-2) 
-1 


-+■ 


y + 2 _ + 3(y + 14) 


1 


y + 2 


y + 34 


36 (x 2) 36(y +2) 18(y~+2)' 36(y-2) 36(y 2 + 2) + 6(y 2 + 2) : 

- 

(x 2 + i)\l-x 2 ) 

8y 3 8y 3 


(y 2 +1)-(1-y 3 ) (y 2 +1) : (1-y)(y + 1) 

Suppose 

8y 3 


Ax + B Cx + D E 

-I : + - 


-+/ 


(y- + 1) 2 (1-y)(y+1) y : + 1 (y 2 +I) 2 + y-I + y + 1 

'X' both sides by (y 2 +!)'(] -yX1 + y) we get 

8i- ={.4x+Bfor +1X1 yX! +y)+(Q-+i?KI -aXI +.v)+££r +!)’(! +x)+P{ x 1 +])’(] - x ) >n 

Put 1 - Y = 0 => y = 1 in II. 






8(1) 2 = 0+0+0+£(l 2 + l) 2 (l + l)+0 

8 = £(4X2) => 8 = $E => [e = 1 
Put l+x=0=>x = -liri II. 
g(_l)^ = 0^O+G+ ^((- 1 2 ) + (-1)) ■ 

8 = i*Y4X2) => [f = 1 

Rearrange II 

&c J =(.4x 3 +Ax+Bx 2 +B)(}-x)+(Cx+DXl-x)+E(x +2x 2 +1Xl+*)+*tf +2 x i -i-1X1-x) 
or 8x 2 = Ax+B~Ax s -Bx 4 +Qc-Cx 3 +D-Dx 2 + Ex* +2 Ex 2 +E 
+ Ex s + 2 Ex 3 +Ex+ Fx* + 2Fx 7 +F-Fx 5 - 2Fx J - .Fx 
Comparing Co-efficient. 

x s ; 0 = ~A+E-F — -»ig=»0^-^ + l-l=» U-0l 

x“;0 = -B+E+.F — ^/K=>.d^-g+I+l=>0 = -J+2=> [g^ 

x 3 ; 0=-C+2F— 2F C+2(l)-2(l)=>0=-C+2-2=>Ici0 

x 3 ;8 = 2£+2F 

x;0=^+C+£-F —>VIl 

Constant; Ci — B + D+E + F => 0~2 + jP + 1 + 1 ^ £)= — 4 
Put values ini. 


(* 2 +1)-(1-*X*+1) (* 2 +i) (JC 2 +I) 2 1-Jf 1+* 

2 4 _1 1_ _ J 1_ . 2 4 

" (7+i) ~ (x 2 + 1) 2 + a - *) + (i + ^) ” 1 - ^ + 1 + ^ + ^ + 1 (* 2 + *) z 

4x 4 +3x* +6x 2 + 5x 
(x-lX* 2 +*+l) 2 

Suppose 

4x 4 + 3x 3 + 6x 2 + 5x _ A ^ Bx + C ^ Dx+E ^ 

(x - 1X-T 2 + x + 1) 2 x-1 x 2 +'x + 1 (x 2 + x + 1) 2 

'X' both sides by (x-lXx 2 + x + 1) 2 we get 

Ax* + 3x’ + 6x 2 + Sx = A(x? ix+,1) 2 +{Bx+Cj(x - \%x ? + x + )) + (Dx + Efe - 1) - 
Put X-1 = 0=>X = 1 in ll. 

4(1) 4 + XI) 3 + 6a) 2 + 5(1) = A( l 2 + 1 + 1) 2 +0+0 

18 i 1 

4 +3 +6+ 5 = AQf => 18 = 9A => A= — =>U^2' 
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PARTIAL FRACTIONS 


Sol. 


Rearrange equation II 

4x ' + 3 v ' + 6x ' + 5 * = A(x 4 + -v 3 + 1 + 2x 3 + 2x + 2X 1 ) + (Ex + C)(a 5 - 1 ) + (Dx+ E)(x - 1) 

4* + 3a + 6a + >.y - Ax 4 + 24a 3 + 34a" + 2 Ax + A + Bx 4 - Dx + Cx J - C + Z).v 3 — Dx + Ex—E 

Comparing Co-efficients 

a 4 ; 4 = 4 + 5 


x 3 ;3-2A + C 
x 2 ; 6 = 3 A + D 


-+/// 

-»/K 

— 


5 = 2 


a; 5^2A-B~D+E 

Constant; 0 = A-C-E 
Put values in I 
4a 4 + 3a j + 6.v 2 + 5 jc 2 

(a-1)(a 3 + a + 1)’ 1 
2 a* 4 ■ 3x 4 — 4.v 


^4=2+5 

^>3 = 2(2) + C=>3 = 4 + C=> C — — 1 
=> 6 = 3(2)+0 => 6 = 6 + 

*Vl —■ !► 5 = 2 ( 2 ) — 2 — 0 + E 5 = 2 + E ^ E~ 3 
>V7l 

2a -1 3 


A-l A 2 +A-tl (A 2 +A + 1) 2 


(at 2 + 2) 2 (a+1) 2 
Suppose 
2a 4 - 3a 3 - 4x 


B 


Cx + D Ex + F 


->/ 


(* + 2 fix + 1) 2 A + 1 (A + 1) 2 " A- + 2 (A 2 + 2) 2 

X' both sides by (x“ + 2)^ (x + !)" we get 

2x -3a 3 - 4a = A(x + IXa 2 + 2)* +B{x + 2) 2 +(Gr + D)(x f I) 2 (x 2 + 2X£x + t X_r+ 1) 1 

Put x+ 1 = 0 => x = — 1 in II 

2(— 1> 4 — 3(— 1J 3 - 4(-l) = 0 + 5((-l) 7 +2) ' +0+0 
2(!)~3(-1 )h 4 = 5{l + 2) 2 ^2 + 3 + 4 = 5(3) : 


>27 


5 = 1 


>9 = 95: 

Rearrange II. 2a’ -3a 4 -4a = 4(ah 1)(a 4 +4a 2 +4) + 5(a 4 +4 + 4a 2 ) 

+(Ca + OX a 2 + 2 a + l)(x 2 + 2) + (Ex + F)(x 2 + 2x + 1) 

2a - 3a - 4a = ,4a -t- 4.4 a + 4 Ax' + 4a j + 44 + 4.4a 2 + Ex' + 45+ 4Z£t 2 + Cx + 2Cr 4 + Cx 3 + 2Cr J 

+4Q +2Cx+Lk +2D<? +Fk~ +2 Dc +4Qi'+2£)+£x 3 -t -lExr +Ex+Fx? +2Fx+F 
Comparing Co-efficients 

r';0 = 4 + C >/// 

x 4 ; 2 = 4 + B+2C + D >JV 

a j ;-3 = 4A + C+2C+2D+E=>~3 = 4A+3C+2D+E -> V 
x ;0=44+45+4C+D+2D+2£ + F=>0 = 44+4£+4C+3'£>+2£+£ — >VI 
a; -4 -4A + 2C + 4D+E+2F -+VU 
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cw7slanf;0 -4A + 4B + 2D + F -+VIII 
— 

From III |C - —A \ Put values of B and C in IV. 

2 = 1 = A — 2A + D=t> 


2- A + 1 + 2(-A) + D 
Hut values in V -3 = 4 A + 3(- 4) + 2(1 + A) + E 

-3 = 4A-3A + 2 + 2A + E =>-3-2 = 3 A + E 

Put values in VI. 

0 = 4A + 4(1) + 4(-A) + 3(1 + A) + 2(-5-3 A) + F 

Q = 0 + 4-0 + 2 + lA-\Q-bA + F 
0 = -3-3 A + F => 3 = -3,4 4- F ~+ XI 

Put values in VII. 

-4 = 4 A + 2( -A) + 4)(1 + A) + (-5 - 3,4) + 2 F 

^4 = 4A-2A + 4 + 4A-5-3A + 2F 
-4 = 3A-\ + 2F^-4 + \ = 3A + 2F^>-3 = 3A + 2F 


1 = ~A + D => D-\ + A IX 


-5 = 3 A + E -> X 


XII 


Adding XI & XII 


from XI 
from III 
from IX 
from X 

Put values in I. 
2.v 4 -3.r - 4x 


3 - -0 + F 
-2 = 0 + 2 F 


0 = 3F=> F = 0 


3 = --3 A + 0 A — — 1 


0 = -i+C=> C = 1 


! = -(-!) + Z)=>1 = 1 + Z2 


D = 0 


-5 = 3(-l) + £=>-5 = -3 + £=> £-5 + 3=> E = -2 


-1 


a + Q -2.v + 0 
+ — + - 


(a 2 +2) 2 (a + 1) 2 a + I (a + 1) 2 x 2 +2 {x 2 +2 f 


-I 


2a 


a + 1 (a + 1) 2 A 2 +2 (,r+2) 2 
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partial fractions 


TEST YOUR SKILLS 


Marks: 50 


Q # 1. Select the Correct Option 

i. x" + x — 6 = 0 is: 
a) Equation 

c) Proper fraction 

1 


in. 


IV. 


b) Identity 

d) Improper fraction 


Partial fraction of — 

(* + l)0 2 -l) 
A Bx+C 


will be of the form: 


a) 

c} 


* + 1 

A 


x 2 -l 

B 


X - 1 x + ] 


b) 


d) 


A B 

■+- 


x + 1 x 2 - J 
None of these 


The quotient of two polynomials ~yQW * 0 with no common factor is called: 

a) Algebraic Relation b} Rational fraction 

c) Partial fraction d) Polynomial 

An equation which holds good for all values of variable is called: 

a} Equation b) Conditional equation 

c) Idenity d) 


None of these 


Q # 2. Short Questions: 
i. Resolve into partial fraction 


ii. 


m. 


(,v + 2 )"(a- i- |) 

Resolve into partial fraction — - * + 23 

(* + 3)(x + 4) 

Define Conditional equation and improper rational fraction: 


1 


Long Questions: 

Qff3. (a) Resolve into partial fraction 4x 

{x + l) 2 (-v-l) 

(b) Resolve 

Q#4, (a) Resolve 

(b) Resolve 


(*-3) 2 (.r + !) 


(jr-l)(2x-i)(3jr-l) 
3.V + 7 

(,v 2 +4)(.v + 3) 


into partial fraction. 

into partial fraction 


Resolve 


into partial fraction. 
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SEQUENCE AND SERIES 


SEQUENCE AND SERIES 



Sequence is a function whose domain is subset of the set of natural numbers. 


Real Sequence: 


If all members of a sequence are real numbers, then it is called a real sequence. 

If the domain o f a sequence is a finite set, then the sequence is called a finite sequence. 

If the domain of a sequence is an infinite set, then the sequence is called an infinite sequence. 

3 

The sum of an indicated number of terms in a sequence is called a senes. 


Infinite Sequence: 


Series 


Exercise 6.1 


Write the first four terms of the following sequences, if 
= 2h - 3 


1. 

I. 

Sol. a, =2(l)-3 = -l 


a 2 = 2(2) -3 = 1 
ci 3 =2(3) -3 = 3 
=2(4) -3 = 5 

First four terms are -1,1, 3, 5 

H- (-iy.fi 1 

Sol. a, =(-l)' .(1) 3 =(-1)(1) = -1 
a 2 =(-l) 2 :(2) 2 =(1)(4) = 4 
^=(-l)\(3) 2 =(-lX9) = -9 
fl4=(-L)WHl)Uf>) = 16 
First four terms are -1,4, -9, 16 
Hi. «„=(-l)(2«-3) 

Sol. a,=(-l) l (2(l)-3) =(-l)H) = l 

a 2 = (- 1) 1 (2(2) - 3) = 1(4 - 3) = (1)(1) - 1 
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iv. 


Sol. 


V. 


Sol. 


Vi. 


Sol. 


^=(-l) 3 (2(3)^3) = (^IK6-3) = (-l)(3) 
« 4 = (-D 4 C2<4) - 3) = (1X5> = 5 f 
First four terms are 1,1, -3,5 
a„ «3i*-5 
a, = 3(I)-5 = -2 
a 2 = 3(2) —5=1 
a 3 =3(3) -5 = 4 
a 4 =3(4) -5=7 
First four terms are -2,1,4, 7, 


S “~2« + l * 

1 11 
fll 2(1)+ 1 2+1 3 

2 2 
° 2 2(2) +1 5 




a 4 = 


2(3) + 1 
4 


6+1 

4 


3 
7 

4 


2(4) +1 8+1 9 


First four terms ara 

3 5 7 9 


T 


i 1 


1 l 


at= y = 2 ’*- F = 4 

First four term 

2 4 8 16 


J__l 

2 3 


» a, 


« n -<*n-x =-rt+2, a, =2 

Put n = 2,3,4 

°2 -<3 2h -2+2 =0 0j -a, =4 

■ a 2 -2 = 4=^a, =6 
a 3 - a 3 _, =3+2^>«j -« 2 =5 


vti. 

Sol. 


COLLEGE MATHEMATICS-! 


318 


m ^ 


£* 3-6 = 5 =^ 03=11 
-«4 -, =4+2=>'o 4 -o 3 = 6 

a,, -1 1 = 6 =>a 4 =17 

First fourterms 2,6,11/7 

viii. a It =1 

Sol. Put n = 2,3,4 

a 2 = 2a,_ ( = 2a, = 2(1) = 2 
o 3 = 2a 3 _ ) = 3o 2 = 3(2) = 6 
a 4 - 4« iM = 4 o 3 = 4(6) = 24 
First four terms are 1,2,6,24 

ix. + =1 

Sol. a 2 = (2 + l)o 2 _ 5 => 3a, = 3(1) = 3 . 
o 3 =(3+l)a J _ l =>4a I =4(3) = 12 
a 4 = (4 + l)o 4 _, => 5a 3 = 5(12) = 60 
First four terms are 1,3,12, 60 


SEQUENCE AND SERIES 


x. 


Sol. 


2 . 

Sol. 


ii. 

Sol. 


iii. 

Sol. 


1 

a "~ a+(n-l)d 

1 _ 1 1 1 
a + (l-l)£/ ~ a ’ a - ~ a+(2-l)d ~ a + d 
1 1 , 1 1 
a + (3 ■ -1 )rf “ a+ 2d ’ “ a + (4 - l)d ~ a+3d 

Find the Indicated terms of the following sequences: 
2,6,11,17,,. «,=? 

a s =17 + 7 = 24 


e 6 =24 + 8 = 32, 


a 7 = 32+9 = 41 


1,3, 12, 

1,3,12,60, a 6 =? 

a s = 60(6) = 360 


a, =360(7) = 2520: 


= 2520 


* 


3 5 7 

‘V4 V 




Add M 2" in Numerator and * 2 by Denominator 


i 

i 
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IV. 

Sol. 


V. 

Sol. 

3. 

Sol. 

ii. 

Sol. 

iii. 
Sol. 


IV. 

Sol. 


«7 * 


11 

64 


,a H = ? 

■■■«.=? 


1 3 5 7 j9_ 21 H 

1 5 2 * 4 ’ S ’ 16 '32 '64 
1 , 1 ) - 3 , 5 , - 7 , 9 ... 

U, -3.5, -7,9... 

(In even term plus 4, In odd term subtract 4) 

Cl, -3, 5, -7, 9,-11,13, => \a t = 13 ' 

1 , - 3 , 5 ,- 7 , 9, -11 

1,-3, 5, -7, 9 , -11 a s =? 

1 ,- 3 , 5 , - 7 , 9 ,- 1 1 , 13, — 15 => =—15 

Find the next two terms; 

7 , 9 , 12,16 

a, =16 + 5 = 21 
£7,-21+6 = 27 
1 , 3 , 7 , 15 , 31 , 


a 6 =31 + 32 = 63 
a 7 =63 + 64 = 127 
- 1 . 2 , 12,40 

a ] = -lx2 u =-lxl = I 

■ 4 . 

g,=1x 2“ =1x2=2 
=3x2 2 =3x4 = 12 
o 4 =5x2 3 =3x8 = 40 
a, =7x2 4 =7x16 = 112 
a b =9 x 2 5 = 9 x 32 = 288 
Next two terms are \\ 2 , 288 
I , - 3 , 5 , - 7 , 9, -11 
1,-3, 5, -7, 9, -11, 13, -13 
Next two terms are 1 3 , - 1 3 
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n 


rithmetk Sequence: 


Sargodha 2006, Faisatabad 2009 

A sequence [a n } is an arithmetic sequence or Arithmetic progression if a n -a n , is 

the same number for all n e N and n > 1 

Example 3: (6.2) Find the number of terms in A.P if a t = 3 t d = 7 ,fl„ = 59 

Sol : a N = a, + (n - 1 )d 

59 = 3 + (n -1)7 

= ^ _ Yyj Multan 2007, 2008., 20X0 


56 = (n-l)7 = 56/7 = 8 => \n - 9 


Exercise 6.2 


Theorem: 

a„ -a,+(n‘l)d 


a 2 = a x +d = a x +{l-\)d 

a 2 = a, + d - a, +d +d - a, + 2d = a, + (3 - \)d 

a 4 = a, + 3d = a, + (4 - l)c/ 


a n =a t +(«-l)c/ 

1. Write the first four terms of the following arithmetic sequences, if 
i. fl, = Sand other three consecutive terms are 23,26,29 

Sol. a, = 5, and 23, 26, 29 => d - 3 
a, =5 

a 2 ~a x +d = 5+3 = 8 
a 2 = a, + 2d = 5 + 2(3) = 1 1 
a 4 =a t +3d - 5+3(3) = 14 
First four terms 5,8,11,14 
a s = 17 and a 9 = 37 

a s =a, + 4tf = 17 >/, = a 1 +&/=37' 

//-/=> 


ii. 

Sot. 
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a,+8rf = 37 
df,±4<f = 17 
4/=. 20 U = Sl 

Now 
Put in I 

a, +4(5) = 17 
a, -f 20 = 17=» |<^ »-3| 
o 2 = a, + d —■—3+ 5 = 2 
Oj=a t +2*/=-3+2(5) ' 

Oj = — 3+10 = 7 
a 4 =a, +3*/ = -3+3(5) . 
a 4 =-3+15 = 12 
First four terms are -3,2,7,12. 

Hi. 3a 7 =7a 4 am/a 10 =33 

Sot. 3(a, ,+ 6d) = 7(0, + 3^) arid a, +9</ = 33; 1 

1a x +m=,la,+2\d 
Or 7a, +21<$f- 3tfj -18rf = 0 

Or 4a, +3</ = 0 // 

Solve/*//. (/V6y4) 

4a, +36^ = 132 
4fl, ±3t/ = 0 • 

33<f=132 \d~A 
Put in 11 

4a, +3(4) = 0=>4a, =-12 = 

Now ' 0, =— 3 
a 2 = a, = -3+4 = 1 

a 3 = a, + 2r/ = -3 + 2(4) = -3 + S = 5 
a 4 = a, +3(/ = -3+3(4) = -3+12=9 
First four term are -3, 1,5, 9 


&x =-3 
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gEQUENCEAND SERIES 


2 * ^ a n ~3 — 2« — 5, find the nth term of the sequence. 

Sot - a „-3 = 2n-5, a n - ? Sargodha 2009, Faisalabad 2007, 2008, Rawalpindi 2009 

Replace n by n + 3 * 

‘W.t = 2(« + 3)-5 

a n = 2« + 6-5 
a n = 2«+l 

3. If the 5 th term of an A.P. is 16 and the 20“’ term is 46, what is its 12 th term? 

Sol. =16, a 20 - 46, a i2 — 1 

. a s = «, +4(7 = 16— —7, = a, +I9d = 4& — -II 

a, +19c/ = 46 (77-7) 
cc,=4c/ = 16 


4. 

Sol. 


15c/ = 30: 


c/ = 2 


Put d = 2 in I a, +4(2) = 16 


a, +8 = 16; 


a, =8 


a,,,= +1W 


fl| 2 = 8+ll(2) = 8+22 = 30 

Find the 13 th term of the sequence jc, 1, 2, -x,3- 2x, 

o, 3 =? x,l,2-x,3— 2x,.. 


a, — x 


c^l-x. 


o n = a, +(«.-lV 

a,j = +I2c/ 

= x+ 12(1 — x) = x+ 12— 12x 

0,3=12-1 lx 

Find the IS** 1 term of the A.P. if its 6 th term is 19 and the 9 th term is 31. 

flis=? ^ =19, a 9 = 31 
Og =d x +8c/ = 31 
+ 5c/ = 19 


5. 

Soi. 


-7 

II 
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/-//=> 

dj + 8 d — 3 1 

a, +5d = 19 


6. 

Sol. 


7. 

Sol. 


8 . 

Sol. 


9. 

Sol. 



a \t ~ a \ + 17 d 

<*u =-l +17(4) = -I + 68- 67 

Which term of the A.P.5, 2, - 1 is -85? 

■ ■ w — 85 ? (Which term) 

Oj - 5, = 2 - 5 * -3, ct n — —85 
a « =a \ +(n-\)d 

-85 = 5 + (n - IX— 3) => -85 -5 = {n - 1)(-3) 

-90 = (n - IX— 3) => n - 1 = — = 30 

-3 

« = l+30^>/7 = 31 
So —85 is 31 s * term. 

Which term of the A.P. - 2, 4, 10, Is 148? 

a \ = ~2,d = 6,a n = 148,« = ? 
o„ ~ a, -¥{n~X)d 

148 = -2 + («-l)6=$ 148 + 2 = («-l)6 
150 = (« -1)6 

i *50 

n~\= — = 25=>« = 26 
6 

So 148 is 26 th term, 

How many terms are there in the A.P. in which a, 

<*\ -ll,a„ -68,rf = 3,« = ? 

<£ “«i+(« 1 )d 

68 = I l + (n-l)3=^ 68-1 1 =3(n-l) 

3(» - 1) - 57 => « - 1 = 1 9 =» I 


n = 20 


If the nth term of the A.P. is 3/7 - 1, Find the A.P. 

a -3/7-1 


Faisalabad 2008 


Sargodha 2011 


U,«, ( =68,// = 3? 
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10 . 

i. 

Sol. 


it. 

Sol. 


11 . 


Sol. 


a , — 30) —1 = 2 
— 3(2) — I — 5 
a 3 - 3(3) -1 = 8 
a 4 = 3(4)— 1 = 11 

Sequence is 2, 5. 8, 11 3n— 1, 

Determine whether 

-19 

Determine —19 is term of 17, 13, 9 or 17, 13, 9, 19 in A.P 

a, =17 a„=a^+{n-\)d 

d = — 19 = 17 +(«— IX — 4) => —19—17 = («— IX — 4) 

a n -- 19 -36 = fH-lV-4)=>w-l = 9^ [«=T0 

Yes (-19) is 10 th term of the sequence. 

2 is the terms of the A.P. 17,13,9, or not. 

a, -\l,d ~-4,a„ = 2 
a„=a, +(n-l)d 

2 = 17 + (w-l)(-4)=>2 = 17-4rt+4 


2n = 2\-4. 


19 

1 n = — Not possible. 


2 is Not term of this sequence. 

If /, m, n are the pth, qth and rth terms of an A.P., show that 

(0 l{q - r ) + m(r -p) + n(p-q) = 0 (ii)p(m -n) + q{n - /} + r{l -m) = 0 

Sargodha 2008, Multan 2009 
(Method -I) l -p+(p-\)d~I 

m = a l +(q — l, — II 
n = a ] +(r — \)d-III 

I -II l-p+pd-d 

m-a x ±qd + d 


{l-m)-{p-\)d- 
l-m _ ( p-q)d 


II -III m-c i, +qd-d 
n-c i, ±rd + d 

-IV 


tn-n = (q-r)d- 


Divide IV by V 

m~n { q-r)d 
(/ — m)(q -r) — (p- q)(rn - n) 

\q-lr- mq + mr - pm - pn-qm + qn 
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12 . 


Sol. 


Iq lr - mq + mr - pm + pn + qm- qn - 0 
\i(q-r) + m(r-p)+n(p-q) = Q 1 

Shift L.H.S to R.H.S in VI. 

pm - pn- +qn-lq + /r + prf) - mr - 0 

i p(m-n)+q(n~l)+r(l -m) = 0 

(Method-tl) l = a t +(p-\)d. m~a } +{q-\)d, n-a x + (r - \)d 

L.H.S, =l(p~r)+m(r~p)+n(p~q) = (a ] +(p-\)d)(q-r)+(a ] +(q-\)d) 

(r -p)+ (a, + 0 - 1 )d)(p - q) 

= ("i + pd - d)(q - r) + (a } +qd -d)(r- p) + (a^ +rd-d)(p-q) 

= + jufcf - j?dr - $ +jJ?r + ^ 

= 0 = R.H.S Hence Proved. 


Find the nth term of the sequence, 


f4V M ( 10Y 


( 4 V 7 Y (loY 

'UJ ’UJ \ 3 J 


3j 


3 ) 


. .a = ? 


Take 4, 7, 10, ...... ...,n; a n =a, +(n-l)d 


Faisalabad 2007 


a, = 4,d = 3,o = n 
Then a n =a t +(n-l)d 
a„=4 + (n- 1)3 
a„ = 4 + 3/7-3 =>a n = 3n + l 



■ 1 1 2 Qg 

,f — *T and — are in A.P., show that b = Faisalabad 2007 

a b c 

„ , Ill 

Given — , — are in A.P 
a b c 

SO 1 -i-I 1 

c b b a 


13. 


Sol. 


a + c 
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1111 

Or 

‘c a b b 

a + c 2 ‘ 

■*_ 

ac b 

UL - — (Take reciprocal) 

a + c 2 


b = 


2ac 


a + c 






14. If — and — are in A.P., show that the common difference is 
a b c 

111 - , 

So). Given — , — , — are in A,P 

a b c 

So d- ---(3rd -2nd) *1 

c b 

d=~-~{2nd-Ut) >// 

h a 

/ + //=> 2d = — - — 


c a 


2d = 


a-c 


ac 


d ~ Common difference - 


a-c 

lac 


a-c 

lac 
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Theorem: 

Proof: 


Exercise 6.3 


a + b 


l. 

!. 

Sol. 


Sol. 


in. 

Sol. 


2 . 

Sol. 


3. 

Sol. 


A.M: ~A = 

2 

If A is A, M. between two numbers a&b then a, A, b are in A, P then 

A~a~b-A=>A + A = a+b^>2 A=a+b 


A = 


a + b 


Find A.M. between 
3-s/s and 5-s/s 
Here a = 3^5 & b = 5-Js 

, a+b 3\f5 + 5\f5 

Then A.M = = 

2 2 

x-3 and at+5 


Faisalabad 2008 


7 


a + b x-3 + jr+5 


a-x- 3and 6 = .r + 5then A.M = 

2 2 

A A f 2x + 2 2(jc + 1) 

2 2 

1 ~ x + and 1 + A' + x‘ Sargodha 2008 

a = l-jr + A' 2 & b- 1-f jc+jt 

A w ^ fl + fe _ l ~*+* 2 + l +*+* 2 2 -+ 2 jc 2 2 ( l + x 2 ) , , 

2 ~ 2 = ~r~ — r~“ 1+ * 

If 5, 8 are two A.Ms, between a&b, find a and b. 

fl, 5,8, b are in A.P Sargodha 2010, Lahore 2009, Multan 2010 

=>8-5=5-£=>3 = 5-ei=>3-5 = -a: 

&h 8 — 8 — 5 => = 8 + 3 


a - 2 


6 = 11 


Find 6 A.Ms. between 2 and 5. 

Suppose A f> A,, A 2 ,A 4 ,A 5 ,&A 6 , are bAMs between 2 & 5 
then 2, A t , A,, A 2 , A 4 , A$, A^, 5 are in A.P. 


a, -2- 


(Put 1 in II) 2 + ld - 5 => 7 d = 3 


& a s =a, + 7d~5- 


■ cA 

7 


-II 


A,=a [ +d = 2+-=— 
7 7 


(A, isa 2 ,A 2 isa 3 so on) 
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'3 


A=a l +2d = 2 + 2"-- ' = 2+- = 


6 14 + 6 20 


4. 


Sol. 


S. 

Sol. 


J 3"l „ 9 14+9 23 

A 3 -a l +3d = 2+3 1 -j = 2 + - = — ; — = ~ 


A 4 =a } +4d = 2+4 


f 3^ | 12 14+12 26 

7 j 2+ 7 7 ”7 


4 = £t, + 5c/ — 2 + 5 — 


7J. 


15 


* _ j 

-2+ — = 2h — = 


15 14 + 15 29 


A 6 - o l + 6d - 2 + 6 




- = 2 +— = 
7 J 7 


18 14 + 18 32 


17 20 23 26 29 32 

Hence 6 A. Ms are — 

_ 12 

Find four A.Ms between \2 & 

v2 


Sargodha 2011 

12 


Let A,, A,, A 3 ,A 4 , are four A. M between 72 and - 7 ^ then 


r 12 

V2 , 4 , 4 , ^3,^4. are in A.P 


12 | / 

a, = 77 / & a h =a ] + 5 d = -j==>'j 2 + 5 d = ^ value of a 

, 12 r- 12-2 10 , 10 1 2 

5 W = £~' l2*S*s/2 

77 

4 — (?j + r/ = 77 + 77 = 2 V 2 
4 , = fl| + 2 c/ ^ V 2 + 2 V 2 = 377 
4 =^+ 3 ^ = 77 + 377=477 
A 4 = a, +4d = 77+477=577 

Hence 4 A.Ms are 277 , 377 , 477,577 

Insert 7 A.Ms between 4 and 8. 

Let 4 , 4 ! -. 4 ’^ J ^’ 4 ;> J 4 >> are 7 A.Ms between 4 & 8 . 


12 



COLLEGE MATMgliATtCS-j 


SEQUENCE APOSEKIES 


6. 

Sol. 


7. 


Sol. 


Then. Ap * 

0,-4 —I, a, fcifl, +8<s? = 8 => 4 +&/ = 8 => J 
4 1 

8^ = 4=>rf=-=- 
8 2 

. J * 1 8+1 9 

4 = a, +rf = 4+-=- — =— 

^ 2 2 2 


'=8-4=4 


A% —ffj +2tf = 4+2 
/4j =«, +.'3rf - 4+3 


n 


2 
fn 
^2 


=4+1 = 5 


3 8+3 11 
2 *" 2 “ 2 


4^ = »] +4d! = j = 4+2 = 6 

/I 


^ +5rf -4+5 


a- 


. 5 8+5 13 

4+-,=—, — = — 
2 2 2 


4+3 = 7 


m 

•= £j +6fif = 4+6 — = 

\V 

, , 7 8+7 15 

A =a+7rf = 4+-= — -=— 

^ ^ 2 2 2 

9 e 11 , 13 _ 15 

Hence 7 A.Ms are o,— ,7, — 

2 2 2 2 

Find throe AJWs between 3 ahdll. 

Let y^,4, f v^are three AMs between 3 & 11. 


Then . 3, A,,^, Aj, 11 are in A.P. 

a, =3&^ = q +4d = H => 3+4d = 1 1 ^>4d =8 


d = 2 


Aj = fl| +d = 3+2 = 5 
A,=a,+2d = 3+2(2) = 3+4 = 7 
A, = a, +3d = 3+3(2 ) = 3+6= 9 
3 AMs are 5,7,9 

ti*+h* 

Find n so that — — - may be A.M. between a and b. 

fl""' + 6 1 


a K +b n 

If ~rr — rrrbe A.M between a & b then we have 

a +/> 


c f+b * 
a*'' +b H ~ l 


Rawalpindi 2009 

a+b 


2 
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=> 2 (a n + b n ) = (a + bXa n ~ l + b n ~ x ) 

2a' ! + 2 b n = aa"-' + ab n ~' + ba + bb"~' = a'' + ab n ' + AdT 1 + .6" 
2a" -a" +2b n -b n =ab n '+a n ~'b 
a" +b n - a n ~'b + ab"~ ] => a" - a"' l 6 - -6" 

a n -'.a-a n - > b = ab n - ] ~b” l b 

a' ' =b-' ^ => a-' = 4- => £ = £ ( + by h" ' ) 

b b 




n-l = Q => n = \ 


^ ih ■ i b 

8. Show that the sum of n A, Ms between a and b is equal to n times their A.M. 

Sol. Let A i ,A 1 ,A 3 A n be n A. Ms between a & b. 

Then . a,A ] ,A 2 ,A 3 ,.... >A n ,b are in A.P. Faisalabad 2008, Multan ZOOS 

Here a x - a & n = rt + 2,a n+2 -b,d ~ ? 
a i7 =a i +(n- \)d put n = n + 2 
a„ +2 ~ a \ +(n+2—l')d = a ( +(n + l)t/ 

b-a 


‘n + 2 ~ u l 


= ci, + (h + \ )d => b = a ] + {n + \ )d => d - 


n + 1 


now a ] + 4+4 A =~[A+A] 

= “-[« i +^ + «, +«(/] 


= ” [ 2 “, + (« + l)rf] 


2w, + (t7 + 1 ). 


<«+l) 


-|[2a t +6-a,] 




o, +6 


- /? 


i b 


- n(A.M between aandb ) 
Hence \ + 4 A n -n(A.M) 
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1. Find the sum of all the integral multiples of 3 between 4 and 97. 

Sol. Integral multiple of 3 between 4 & 97 are is series 6 + 9 + 12 + 15 + 

a, = 6,V = 9-6 = 3, a„=96, >j = ? 

a *= a I + (n - 1 V => 96 = 6 + (« - 1)3 96 = 6+ 3« - 3 

=>96 = 3«+3=>3« = 96-3=?3fl = 96-3=93^>rt=31 

s n ~ ~ (q +a„)=> S# - ~ (6 + 96) = y (1 02) = 3 1(55) = 1 705 

2. Sum the series Sargodha 2008 

'■ ~3 + (— 1) + 1 +3 + 5 + ..„ + f/ }6 

Sol. a, =-3,rf = -l-(-3) = -l+3 = 2 ( « = 16 


Sol. 


ill. 

Sol. 


IV. 


S * = § f 2fir i + (« - W] =>S, 6 =~ [2(-3)+ (16- i)2] - 8( — 6 + 30) = 8(24) = 192 

M 


1J 


3 

-^■+.2V2 + a 

V 2 V 2 

q=4^ = 2^2-3 = 2(2+l+-3 

v2 V2 V 2 

rn 

.V 2 


Multan 20088 


1 — — 1 - 1 ^ — 13 

V2 V2 


^ “ ~[ 2 ^i *(« - IV] => .Sjj - ^ 


+(B : 1} i 


13 

" 6 12' 

_ 13 

18' 

2 

. 4 i + 4 i] 

' 2 

LV2J 


117 


1.11 + 1.41 + 1.71 + + ff 

"10 

a \ =1.11, d - 1 .. 41 - 1,1 1 = 0.30. n - 10 

S * +(«- lV ]=>5 10 =^[2(1.11) +(10 -1)0.30] 

s u> ~ 5(2.22 + 9(0.30)) = 5(2.22 + 27) = 5(4.92) = 24.60 


-8-3- + 1 + . 
2 


■'ll 


Multan 2009 


or -8 — + 1. 
2 




Sol. 
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V. 

Sol. 


vf. 

Sol. 


vii. 


2(-8)+(U-l)- 


S„ = ^[ 2 o, + =y 

6^5]=H [29 ]^ = 15 9.5 

(or - a) + (X + fl)+ (X+ »o n terms. 

a, = (x-a),d = x+a-(x-a) = x+a-x+a = 2 a, « = « 

S„ =^[2« 1 +(»-iy]=^[2(x-a)+(«-l)2a] 

2 , 2 * 

= -[2x-2a+2na-2a] = ^-[x-a+na~a] 

2 2 
= «(x+ na - 2tf) = »(*+ (»“ 2)<r) 

I I 1 

7 =e+ -4 7 =+,,™. ton terms. 

jc I-* I+vx 

1 1 1 1 1 

a ' _ 1 -Vx’ 1-x 1-^ (l-V*Xl+>/*) 1-Vx 


Mutton 2010 


l-(l + >/x) 1 - 1 -Vx ^-n/x 

( 1 -^X 1 ^) " 1 -Jf 1 -JC 


,n~n 


rtf 2 (w-lW* 




1 W - ^ 


U-Vx; 




2 1 1-V^ (l-^Xl+V*) 

2 + 2rjx —Jfyfx + V* 


1 -x 

2 +( 3 -«)>/x 

14 -jc 


1 -x 

~ 2 [ ( 1 -V^X 1 +VI) 

2+Wx-Wxl 

TT 


11 1 , 

P^ + 1 f=* + 

1 W* l-Jf 1 -VJf 


to n terms. 


Sol. 




3. How marly terms of the series 

i. — 7+(-5)*f(—3)+„„.„„„. amount to 65? 

Sol. a, = -7, d = -5 -(-7) = -5+7 = 2, rt = ? t S'„ = 65 

s. =|[2 a, +{« -ljrf] => 65 - i[ac_7) +(« - IJ2] 

=>65 = ^[-14+2«-2]=»65=-[2»-16]=>65 = «(n-8) 

2 2 

=>65 = n 2 -8n^« 3 -8n-65 = 0=>« 2 -13«+5h— 65=0 
«(rt-I3)+5(ff-13) = O=>(n-13X«+5j=>H-13 = Oorn+5 = 0, 

=>w = 13 or « = -5 (Not Possible ) Hence W = 13 

ii. -7+(-4)+(-l)+«„»..*«. amount to 114? 

Sol. O] = ~~7,d — — 4 - 7) = —4+7 = 3, r? = ? 5* — 1 14 

s. =^[2«, +(n-l)rf]=>l 14=^[2<-7)+(*-l)3] 

=>114=^[-14+3n-3]=»228=n(3n-17) 

£* 

=> 228 = 3« 2 -17« =>3n 2 -17n-228 = 0 
' =>3n 2 -36 m+19«-228 = 0=>3«(«-12)+19*(«-12)=0 

=>(«-I2X3«+19) = 0=>ff-12 = 0 or 3«+19=Q 

19 i , 

=on = 12 or n = (Not Possible ) Hence la =12 

4. Sum the Series 

i. 3+5— 7+9+ 13+ 15+17— 19+.««.. to 3n terms? Lahore 2009 

Sol. By adding three terms we get. 

1 + 7+13+ a., ton terms ' 

o, -l,d = 1 -l-6,n = fi 

s. -|[2a, +(n-l)rf]=^[2(l)+(B-1)6]=5[2+6B-6] 

=^[6h-4] = «(3b-2) 

ii. 1 + 4- 7 +10+ 13- 16+ 19+ 22 -25 +-.„... to3n term? 

Sol. Adding three terms we have 

-2+7+16+ to nterms 

fli =—2,d = 7-(-2)=7+2=9,«=« 
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5. 

Sol. 


6 . 

Sol. 


7. 


Sol. 


S„ = ~ [2a, + («- l)rf] = |[2(-2) + (n - 1)9] 

= "[^+9«-9] = ^[9f!-13] 

Find the sum of 20 terms of the series whose rth term is 3r+l 

a. =3r + lS 2( , = ? 

Put r = 1,2, 3, 4,. ...... 

a, = 3(1) + 1 = 3 + 1 = 4 
a 2 =3(2)+l = 6 + 1 = 7 
ci 3 = 3(3) + l = l+9 = 10 
a, = 3(4) + l = 12 + 1 = 13 


If S n =n(2n — l),then find the series. 

1 ) 


Put /? = 1,2,3,4. 

S, = a, = 1(2(1)-!) = 1(2-1) = 1: 

S 2 =a i +a 2 = 2(2(2) - 1) 


a, =1 


Multan 2007 


or a, + a, = 2(4 - 1) = 2(3) 


or 1 + a, = 6 = 


a, = 5 


S 3 = a, + a 2 + a 3 = 3(2(3) - 1) = 3(6 - 1) 

or 1 + 5 + 6f 3 = 3(5) =>6+0^ = 15 ^ a 3 =15-6 = 9 

Required Series is 

1 + 5+9+ 


The Ratio of the sums of n terms of two series in A.P. is 3rt + 2 : /f + l.Find the 
ratio of their S'” terms. 


S f> = ~[2 o+(n- \)d]&S'n = ^[2a' + (n l)i/'J 

According to the given condition 


„ _ , S„ 3«+2 

S„ : S _ = 3n + 2 : n + 1 => — = 
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-[2c+( n -\)d\ 


\2a’ + (n-X)d'\ 


ln + 2 
n + 1 


n 

2 

Dividing numerator and denominator on R.H.S by 2. 

a+\ \d 

I 3n +2 I 

1 Compare with a + ld with a+\ 

n + l { 


«'+ 

f"-*V 


l 2 J 


n-l 


n - 1 


= 7^>n-l-14=>« = 15 


a + 


Put n = 1 5 in / - 


15-1 




2 J 3(1 5) +2 


15 + 1 


8 . 

Sol. 


14 

a+ 2 45 + 2 a + ld 47 a * 47 

- =>^*= 47:16 


+ 15 + 1 a' + Id' 16 «' 16 

2 

Hence ratio of 8 th term is 47 : 16 

If are the sums of 2n, 3n, 5n, te ns of an A.P. show that 

$=*y[2a,+(2 n-i)rf] Federal 

S 3 =^[2a,+(3«-l)c7] 

* S 5 =y [ 2o i +(5«-l>fJ 

3 ^ 

Now -5" 2 -—-[2a, +(3w-l)c/] — - [2a, +(2n-l)t/] 

^ 2 
# 

= y[ 3 { 2 ^ +(3«" IV} -2{2 a { +{2n-\)d\] 

= — [ 3(2 ^ + 3 rid r/) - 2(2 a, + 2nd -d)\ 
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9 . 


Sol. 


10 . 


Sol. 


=^[ 60 [ +9nd-3d~4a ] ~4nd+2d\ 


= -[2a l +5nd-d]=~[2a } +(5n-l)d] 

2 2 

V Ay 5 

5(S,-+)=y[2o+(5»-lW] 

- S 5 Hence S s = 5 (S 3 ~S 2 ) 

Obtain the sum of all integers In the first 1000 integers which are neigher divisible 
by 5 nor by 2. 

First thousand (1000) integers which are neither divisible by 5 nor by 2 are 

1+3+7+9+11+I3+17+19+2I+23+ 27+ 29+ +991+993+1997+ 9999 

Adding four, four numbers 20+60+100+ +3980 

To find n, a„ +(n-l)d 
3980 = 20+(w-l)40 




3980- 20 
40 


= 99 


n-1 = 99=> M-100 


a, =20, <*=60 - 20 = 40, n=100 
=f («. =^[20+3980] 

=> S m =50(20+3980] = 50(4000) = 200000 


S s and S 9 are the sums of the first eight and nine terms of an A.P., find S, If 
505, = 635 g and a t =2 

50S 9 =63S s S 9 =? 

50.-[2^ +(9-iy] = 63.-[2^+(8-l)J]&a 1 =2 
Put value of a , in this equation 

[2(2) + Bd ] — 63.^-[2(2)+7c*] 

225(4 + Bd) = 252(4 + Id) 

=>900+180Grf = 1008+1764rf=> 180(k/~1764r/ = 1008-900 
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11 . 

Sol. 


12 . 


Sol. 


108 

=>36d = 108 => e/ = — =></ = 3 
36 

S„ =~[2a+(n - l)f /] Put a = 2,d = Xn-9 

S, = - [2(2) + (9 - 1)3] => S, = ’ [4 + 24] = ’ (28) = 9(14) = 5 . S, ^ 1 26 
2 2 2 , 

The sum of 9 terms of an A.P, Is 171 and its eighth term is 31. Find the series. 

S 9 = 1 7 1 & 0* = a, + Id = 3 1 Mu Itan 2Q08 

= — [2a, + 8c/] = 171 &a jf =a l +ld = 2>\ >/ 

2 


=> S y =9(a,+4 f /) = 171 ^>9a, +36^ = 171 - 

V7 by 9 we get 9 a, +63 d = 279 >/// 

HI -II Put d = 4 in I 

9a, + 63d = 279 
9a, +36^ = 171 


►// 


a, + 7(4) = 3 1 => a, + 28 = 3 1 


21 d = 108 
a, - 3, 


d = 4l 


a, - a, +<i = 3 + 4 = 7 


a, =31— 28 => I a - 3| 

a 3 = a, + 2d 
= 3+2(4) = 3+8 = 11 


So series is 3+7+11+ 

The sums of S 7 , and S 9 is 203 and S 9 -S 7 = 49, S- and S 9 being the sums of 
the first 7 and 9 terms of an A.P. respectively. Determine the series. 

Given + S 7 — 203 >1 & S y + 1S7 =49 >11 Series = ? 

9 7 

We know that =— [2a, + 8of] & S 7 =— [2a, +6 </] 

A 

Put value in I. 

| [2a, +*W] + 1 [2«, + 6a 1 ] = 203 

=>9(«, + 4d) + 7(a, + 3d) = 203 => 9a, + 36c7 +7a, + 2k/ = 203 

=>16a, +57</ = 203 >111 

9 7 

Now solving 11 “[2a, + + ^] _ ^9 




9(a, + 4 d ) - 7(a, +3c/) -- 49 => 9a, + 36t/ - 7 a, - 2\d = 49 
=> 2a, +i5rf -49“ — >/F 

'x 'by 8 16a, +I20t/ - 392 >V 

v-w=3 

l£df+120d = 392 

>^±57 = 203 

63<;/ = 1 89 => [r/ -3l 
Put in IV 2a, +15(3) = 49 

=> 2 a, 4- 45 = 49 2a, = 49- 45 = 4 ^ = 2j 

a, = 2, n 2 = a, + d - 2 + 3 = 5 

a 3 - a, +2t/ = 2 + 2(3) ~ 2 + 6 = 8 
So series is 2 +5+8r 

13. *3 7 and ere the sums of the first 7 and 9 terms of an A.P. respectively. 

S 18 

If = TT an( l = 20, Find the series. 

Oy 11 t 

9 

g -[2a, +8r/] ^ aad a, = a, +6r/ - 20 — / 

Sol. Given-r- = — =>*i ^77 

? [2^+6c/] aw/3a,+l$ar = 60- II 

^ 9(a, + 4r/) ^ 1 8 9a, +36J 18 

7(a,+3fl0 11 7a, +2W~I1 

=> 1 l(9a, +3 6d) = 18(7 a, +2 lrf) 

=>99a, +396r/ = 126a, + 378<7 
=> 396 d -3786/ - i 26a, - 99a, 

18t/ = 27 a, =>27a, 186/ = 0 >■/// 

Adding II & Iff 

27a, = 0 

3 a, h- ~ 60 
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14. 


Put value of a, ini 

2 + 6 d = 20 =>-6d = 18 = 


30a, = 60=> la, = 2 


d = 3 


2, a 2 =a ] +d = 2+3 = 5 


Oj — a, + 2d — 2 + 2(3) — 2 + 6 = 8 

Hence 2+5+8+ is retired series . 

The Sum of three numbers™ an A.P. is 24 and their product Is 440. Find the 
numbers. 


Sol. 


IS. 

Sol. 


t 


Suppose the numbers are Q x —d, +d in A.P. 

Then Of —d+dj +a ] t +d = 24=>3a l = 24=> }gj =&| 

& (Of- dtcif ){Of + d) = 440 => Of (af - d 2 ) - 440 
=*8(64-f/ z )=440=>64-rf 2 =55 =>-d 2 = 55-64=-9 
=>d 2 ~9=>d^±3 
When d = 3then 


a \ ~^=8-(-3) = 8+3 = 11;^ = 8,a, +d =8+(-3) = 8-3 = 5 

Hence 5,8,11 When c/ = 3and - ^ = 8 - 3 = 5, a, =8, £,+#=8+3=11 
Find four numbers in A.P. whose sum is 32 and the sum of whose squares is 276. 

Suppose four numbers in A.P. are a, -3d, a, -d,Of +#,a, +3f/jn A.P. 

I condition -3 d+a x -3d+Of +d+a } +3#=32 


=>4 Of =32=>|a, = 8| 


Multan 2010, Faisalabad 2009 


II condition =$ (a, -3d) 2 +(«, -df +(a, + df +(a, +3 d) 2 = 276 

+d* + a 2 +ga$+d 2 +a x +$#$ +d 2 =276 
4af +20# 2 = 276’+ ' by 4 => of + 5c/ 2 = 69 
Put value of Oj 8 2 +5# 2 = 69 =>64+5#* =-69 

=>5# z =69-64 = 5=5.# 2 =l=*# = +l 

When d = 1 then 

a,-3rf = 8-3(l) = 8-3 = 5,'a 1 -^ = 8-l = 7 

df+d- 8+1=9 , Of +3# = 8+3(1) = 8+3=11 

When d = —1 then 


Of -3d - 8 -3(-l) = 8 +3 - 1 1 Of - d = 8 - (-1) = 9 

a,+# = 8+(-l) = 8-l = 7 a, +3# = 8+3(— 1) = 8-3 = 5 
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Hence numbers are 5, 7,9,11 

16. Find the five numbers in A.P. whose sum is 25 and the sum of whose squares is 135, 

Sol. Suppose five numbers in A.P. are Cl\—2d,Cl\ d, ClpCtj + d,Ci^ + 2c/ in A.P. 

I condition — 2c/+a ( — d+c^ +£7 ( + 2c/ — 25 Multan 2010 


-5a, = 25 


^=5 


II condition =>(d, -2df +(a, -c/) 3 +a, 3 + (a t + c/) 2 +(a, +2 d) -135 


=>£?,- 4a ] c/ +4c/ 2 +a 3 ~2a } d +d 2 +a f + 2a,d +d 2 +af + 4<2|C/ +4d — lo5 
5af + 1 Or/ 2 = 135 => 5(5) 2 + 10c/ 2 = 1 35 


=>125 + 10c/ 2 = 135 => 10c/ 3 = 135-125 = 10 =>t/ 2 -1 


=>d = ± 1 

When d — 1 then 

a, -2d = 5 -2(1) = 5-2 = 3 
a,-c/ = 5-l =3 

a, = 5 

a, +c/ = 5+1 =6 

a, + 2c/ = 5 + 2(1) = 5 + 2 = 7 

When c/ = -1 then 


a, -2c/ = 5-2(-l) = 5 + 2 = 7 
a, -d = 5 — (—1) = 5+1 -6 

a, =5 

a } +d = 5+(-l) = 5-l -4 

a, + 2d -5 + 2(-13 = 5-2 -3 
Hence Fine numbt are 3, 4, 5, 6, 7. 

17. The sum of the 6 th and 8 th terms of an A.P. is 40 and the product of 4 th and 7 th 
terms is 220. Find the A.P. 

Sol. Given a h +a %~ 40 >1 & (a^X^h) = -20 


/ => a, + 5d + a, + Id — 40 => 2a, + 1 2d — 40 ('-5- ' by 2) a, + 6d - 20 > HI 

//=>(a, +3a'X.fl| + 6c/) = 220 

220 

{use II ) => (a, + 3t0(20) = 220 a, + 3c/ = — = 11 


=>a, + 3c/ = l 1 
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III -IV 


Put in III 


18 . 

Sol. 


/ +6d = 20 
/±3d = J\ 


«,+ 6(3) = 20 
a,+18 - 20 

a, =20-18 = 2; 


a, =2 


3rf = 9=*rf = 3 


a, =2, a, = a, +£/ = 2 + 3 = 5 
fl 3 =flj + 2c/ = 2+2(3) = 2+6 = 8 

Hence A.P. is 2, 5, 8, 

If fl 2 , ft 3 and C z are in A.P., show that 

If a 2 , b 2 ,c 2 are in A.Pthen 

c 2 - h 1 =b 2 -a 2 > / 


1 


1 


b+c c+a a+b 


are in A.P. 


Now If 
1 


1 


I 


1 


■ are in A.P then 


b+c c+a a+b 

1 _ 1 1 c+ 4 ~ 4 ~b _ b +/•-/■ -a 

a + b c+a c + a b+c (^<a)(a+b) (j^a)(b+c) 

c-b b-a 


a + b b + c 
=z>c 2 -b 2 -b 2 -a 2 
=*C 2 -b 2 =C 2 -b 2 

Hence Proved that 


(. b + c)(c - b) = (b - a)(b + a) 


1 


+use I (Common difference is same) 

1 1 


b+c ’c+a a+b 


are in A.P 
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Exercise 6.5 


1. A man deposits in a bank Rs.10 in the first month; Rs.15 in the second month; 

Rs.20 in the third month and so on. Find how much he will have deposited in the 
bank by 9 th month. 

Sol. Given 10 + 15 + 20 + + < 3 ^ 

a, -10, d = \5 10 = 5.« = 9 


2. 


Sol. 


3. 


Sol. 


S n +(«“1W] 

S,=|[2(10) + (9-l)5] 

= = [ 20 + 8(5)]= - [20 + 40] = - (60) - 9 ( 30 ) - 370 

2 ^ * 2 - ' ' + r-2 . 

378 trees are planted in rows in the shapes of an isosceles triangle, the numbers in 
successive rows decreasing by one from the base to the top. How many trees are 
there in the row which forms the base of the triangle? 

In first row we have 1 tree in second 2 trees in third 3 and so on, so we have 

1 + 2+3... a n =378 

Here S„ = 378 . =1. d = 2-\~\,n- t } 


S„ = ”[2«, +(«-])</] 

378 = ^[2(1)+(h-1)1] 

378 = — (2 + k- 1)=> 2x378 = «(« + !) 

=> rf +n- 756 => rf + k-756 = 0 

n- + 28k - 27» - 756 = 0 n(n + 28) - 27(n + 28) = 0 

(w+28Xn-27) = 0 

«+28=0 or n- 27 = 0 

n = -28 not possible or n - 27 

So n = 21 , 


4 

444 

4444 

44444 


s=378 


Hence in isosceles triangle total rows are 27. 

In first row we have 1 tree in second 2 So on in 27 row we have 27 trees. 

A man borrows Rs.1100 and agree to repay with a total interest of Rs.230 in 14 
installments, each installment being less than the preceding by Rs.10. What 
should be his first installment? 

Total amount to repay = 1100 + 230 = 1330 
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So S n - 1330,0 = 14,(3? = -10,0, =? 

S n =^[2aMn~\)d] 

1330 = -^[2o, +(14— IX— 10)] 

1330 = 7 [2a, +(13)(-10)] 

1330- 7[2a, -130] 

— y— = 2a, - 1 30 => 2a, - 1 30 = 190 => a, - = 1 60 => a, = 1 60 

So first installment - 160 

4. A dock strikes once when its hour hand is at one, twice when it is at two and so 
on. How many times does the clock strike in twelve hours? 

Sol. According to the statement 1 + 2 + 3 + .... + a p -? 

a-\,d = 2-1 =l s o = 12,S n =? 
s « = ^[ 2a i +(«-! )d] 

$2 = ^ [2(1) + (12- 1)1] = 6 [2 + 11] = 6(13) = 78 

5- A student save Rs.12 at the end of the first week and goes on increasing his saving 
Rs.4 weekly. After how many weeks will he be able to save Rs.2100? 

Sol, In l“ week = 12 

In 2 nd week = 12 + 4=16 
In 3 rd week =16 + 4 =20 

So series is 12 +16 + 20+ ,a n =-2100 

a s = 12,^ = 16-12 = 4,0 = ?, S„ =2100 

= 2 [2«, +{n-l)ci] 

2100 ~-^[2(12) + («- 1)4] => 2100 = — [24 + 4o- 4] 

i 2 

2100 = -^[4o + 20] 

2100 = o[2o + 10] 

=> 2 1 00 — 2o : -lOo 

^=> 2o n + 1 On -2 100 = 0'+-' by 2 
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n 2 + 5k - 1 050 = 0 => n 2 + 35n - 30« - 1050 = 0 
n(ri + 35) - 30(n + 35) = 0 
(«+35X«-30)-0 
n+35 = 0or n-30 = 0 
n = -35 not possible or n = 30 
He will have 2100 in 30 weeks. 

6. An object falling from rest, falls 9 meter during the first second, 27 meter during 

the next second, 45 meter during the third second and so on. 

(i) How far will it fall during the fifth second? 

(li) How far will it fall up to the fifth second? 

Sol. Given 9,27,45+ T .. 

. For (i) a, =9,d = 27-9 * 18, « = 5 
a n =a,+(n-l)d _ 

a s =9 +(5—1)18 = 9+4(18) 

= 9+72 = 81 meters 
For (ii) ^=9,rf = 18,« = 5,5 n =? 

+(«-!>*] 

^ =|[2(9) + (5-1)18] = f [18+4(18)] 

* 4 

= ~[l^ + 72] =,— [90] = 5(45) =225 meters 

7. An investor earned Rs.6000 for year 1980 and Rs.12000 for year 1990 on the same 

investment. If his earning have increased by the same amount each year, how 
much income he has received from the investment over the past eleven years? 
Sol. a, = 600, n = 1 1 , & t! = 12000, = ? 

S * =^( a i + «») 

5, , = y (6000 + 12000) = ~(1 8000) =99000 

8. The sum of interior angles of polygons having sides 3, 4, 5, .... Etc form an A.P. Find 

the sum of the interior angles for a 16 sides polygon. 

Sol. Sum of angle of 3 sides Polygon = n 

Sum of angle of 4 sides Polygon = 2k 
Sum of angle of 5 sides Polygon = 3;r 
A.P. is k,2k;3k a r )4 
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a n =a + (n-\)d (a, - n,d = 2z -it - it,n= 14) 
a u =ff + (14-t)ff 
= ?T + 13 n =14 n 

9. The prize money Rs. 60,000 will be distributed among the eight teams according to 

their positions determined in the match series. The award increases by the same 
amount for each higher position. If the last place than is given Rs.4000, how 
much will be awarded to the first place team? 

Sot. Given S n =60,000 

n = 8, a s = 4000, a, - ? 

5w= i (a,+a "> 

60, 000 = - (a, + 4000) => 60, 000 = 4(«, + 4000) 

2 

1 5000 = a, + 4000 => |a, =11000 

10. An equilateral triangular base !s filled by placing eight balls in the first row, 7 balls 

in the second row and so on with one ball In the last row. After this base layer, 
second layer is formed by placing 7 balls in its first row, 6 balls in its second row 
and so on with one ball in its last row. Continuing this process a pyramid of balls 
is formed with one ball on top. How many balls are there in the pyramid? 

Sol, Let * $ p Sj, \ denote sum of 1,2, Slayerso 

*S s = 8 + 7 + 6 + + 1 

—(«,+<>, ,) = f(8 + l) = 3« 

= 7 +6 + 5 4 - + 1 

= — (7 + 1) = — (8)= 28 
2 2 

S b = 6 + 5 + + 1 

5 6 = ^(6+l) = 3(7) = 21 

S 5 =5 + 4 + 3 + 2 + 1 = 15 
= 4 + 3+ 2 + 1 = 10 
S 3 =3 + 2 + 1 = 6 
S 2 =2 + 1=3 
S, = 1 = 1 

Total balls =36 + 28 + 21 +15 + 10 + 6+3 + 1 = 128 
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Exercise 6.6 

Geometric Progression 



A sequence is geometric sequence or geometric progression 

a n 

'f ~ is the same non zero number for all n &N and rt> 1 


n-l 


a n = a/"' 


Proof: 


We have geometric sequence a v Of, a/ 2 

a, =</,+' 

a , =a ] r = a ] r 2 ~ l 


-Where 


a, = 


a s r -a,r 


3-1 


1. 

Sol. 


2 . 

Sol. 


Q n ~ Q \ r 

- th i 


H-l 


Find the 5 term of the G.P; 3, 6, 12 S gd 2008, Fsd 2007, Multan 2008 

3, 6, 1 2, a 5 = ? 

a, =3,r = — = 2, n=5 
3 

a s ~ 3(2) v 1 - 3(2) 4 = 3(1 6) = 48 


Find the 11 term of the sequence, l + i, 2, — — 

l+i 

,+/ » 2 ’T— : = ? 


1+z 

<7, - 1 + /, r = - 1 1 

1 + 1 


Sargodha 2008, 2010 Multan 2009 

Note : 


o„=a^ % 


(l + i) 2 =I 2 +/' +2i 
= 1-1 + 2 / = 2 / ■ 


°ii =0+0 


f - ' 2 
t + I 


vll -1 


=(1+ <+ 


10 


? io 


1024 


=+'^= (, + 0. r -^=( 1 + o 


1024 


[d+o 2 ] 5 (N 
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3. 

Sol. 


4. 

Sol. 


Sol. 


„ 1024 /t , x 32 _ . 32 

= 0 + 0--r^=(l+0-r3~:“Q +I )/ 

32r i i j (-1X-1)< 

= (I + 1'),32{-() = 32(-( - Z 2 ) = 32(-/ + 1) =320-0 

Find the 12^ term of 1 + /, 2/, -2 +2/,. — . Sargodha 2011 

1+4 2i,-2+2i, a l2 = ? 

2 j 


a, =l + i. 


a =ar 
* ^ 


r —■ 


1 + i 


,w = 12 


^=0 + 0 
fli a =(l + 0 


< 2i -V 2 ' 


vi+iV 
(2Q U 
( 1 + 0 " 


_2 [i xi n 204 SxrxQ 2 )* 2048x/x(-l) s -204& -64i -64; 

. *\io ^ ; / iv_ 


(l+o 

= -64 


[a+o z ] 


32i s ffJ (-l)C-l )i 


Find the 11* term of the sequence 1 + /, 2, 2(1 — I) 

l+i,2, (2-0, .«!,=? 

' 2 


Oj =l + t 5 


r = 


1 + i 


,* = 11 


H-t 


= <V 


= 0+0 


"iW \ 


&M*!- 


= 0+0 


1024 

[0+0’J 


1024 _ „ 1024 

— r =0+0 

(20 J 32z 


= (1 + 0( 32 (“0) - 32 (-i - i 2 ) = 32(-i +1) =32(1 - 0 

If an automobile depreciates in values 5% every year, at the end of 4 years what is 
the value of the automobile purchased for R$.l2,000? . 

r = 1-5% = 1-— = 1-0.05 = 0.095 
100 • 

a, =12000,n=5 


a„=a,r 


a 5 =(12000X0.95) 


5 — [ 
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6 . 


Sol. 


7. 

I. 

Sol. 


= (12OOGX0.95) 4 
= (12000X0.8145) =9774 M 


Which term of the sequence; x 1 -y z ,JC+y,-^— J$ -■ Ar+ - t; ? 


x-y 


r 2 -v 2 V4-W 

* y *x+y> ; 

x-y 


x+y 


(x-y? 


Federal 


a, =x 2 -y 2 


r — 


x+y 

a = =— 

\ ix-yf 

x+y 


1 


a„=a ( r 


*+y 

x 2 -y 2 (x-y)(x+y) x-y 

n~l 


,«=? 


* +>> 

x+y 


f 


(*-y ) 9 

x+y 


1 


v/i-1 


Kx-yJ 


x+y 

(x-yf 


~( x +y)(x-y)- 


(x-y) 


>n-\ 


(x-yf (x- y)"' 2 

If a,b,c,d are In G.P, prove that 
a — A, b— c,c — d are In G.P 
Given a, b, c, d are in G.P then 

— ~ Of —~ c c d b 
a b c a b’ b c* c a 

=>b 2 - ac & c 2 -bd&bc = ad 


=> n—2 — 9 ^ n = 11 


Now if a-b,b-c,c-dare in G. P then 
. c—d^b—e 
b-c a-b 

=>(?- b)(c - d) = ( b -cfb -c) = (b- cf 
L.H.S ^(0-bfc-d) . 

-ac—ad—bc-A-bd 
—b 2 -be— be +c 2 (use /) 

. ^b 2 -2bc+e 2 

= (6-c) 2 SoLH.S = R.H.S 
Hence (a-b\(b-c),(c-d) are in G.P 
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ii. a 2 -b 2 ^b 2 — c*,c 3 ~rf 2 are in G.P 
Sol. if a 2 —h 2 >b 2 -c 2 ,c 2 - d 2 are in 6.P 

c 2 -d 2 _ 6 2_ c 2 

Then ,77 2 r2 

b~ -c a -b 2 

=>(b 2 -c 2 ) 2 = (a 2 -b 2 Xc 2 -d 2 ) 

R.H.S= oV -a 2 d 2 -b 2 c 2 +b 2 d 2 

=(ae ) 2 - (ad ) 2 -b 2 c 2 + (bdf 

Use I = (b 2 f ^(bcf -b z c 2 +(c 2 f 

= (b 2 f -b 2 c 2 ~b 2 c 2 +(c 2 f 

= (i 3 f^V+(c 2 ) 2 

— (b 2 — c 1 ) 2 =L,H.S 

III. a 2 +b 2 ,b 2 +c 2 ,c 1 +d 2 are in 6.P 


Sol. 


c 2 +d 2 b +e 2 

Then —5 r=— : r 

b 2 -¥c 2 cf+b 2 

=> ($ 2 +c 2 ) a = (a 2 + b 2 \c 2 +d 2 ) 

R.H.S = aV + a 2 d 2 +b 2 c 2 +b 2 d 2 ■ 

= (ac) 2 +(ad) 2 +b 2 c 2 +(bdf 
~(b 2 f +b 2 c 2 +b 2 c 2 +(c 2 f (use - 1 ) 

= ( b 2 f+ 2 b 2 c 2 +(c 2 f 

= {b 2 +C 2 f =L.H.S 

Hence a 2 +b 2 ,b 2 +c\c 2 +d 2 are in G.P. 


Federal 


,4 


form another geometric sequence. Multan 2008 

111 

Sol. We have to prove that — , — ^-r-7 are in G.P 

a, a,r a/ 

1 

third _ a t r 4 
s&cond 1 


So 
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9. 


Sol. 


10 . 

Sol. 


So 


Also 


r = - 


a \ r 


a r r 1 
-x-L_ = — 

1 r 2 
1 


r - 


second _ «,r 


First 
1 


1 


a, 


a, 


— ■ * V = 2 

a/* 1 r 


Ratio are same Hence 


1_ 

2 

1 1 


3 2 J ■ 4 

c/j t/jf a,/- 


are in G.P 


ff 5 4 4 

Find the nth of the geometric sequence if ; = — and a s =■— 

a. 4 ar 4 4 

Given — = — _ 


a ( r' 


4 2 2 

r 2 = — => r = ±- Now when /* = - 

9 3 3 


4 4 

Also given — a^r = — => . a t 


f 2 ^| 4 4 3 2 

- =— =>a, =— x— =- 


V- 


9 2 3 


-2 


-2 


When r - — then a. \ — - — 
3 v 3 J 9 

n -2 


■a. = — 

9 


=>(2, =- 




; 2; '• 3 

(2V2T 1 (2 T ] " 




*41 H 


H“1 . 


f2 


V 


( 2V ' 
f ~ = (“!)■- 
3/ 


w 

3J v 


OfK|f f - — 

3 , 




Find three, consecutive numbers in G.P whose sum is 26 and their product is 216. 

Suppose three numbers in G.P. are — 

r 


Condition II 


yr ) 


<OiX<V) = 216 
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11 . 

Sol. 


SB’ 



a, = 216=>a., -l 


a, -61 


Condition I 


A 


+ aj +a ] r = 2:6 


a . 


1 


= 26 


— +l + r 
V' 

1 4 * #■ 4 * ^ 

a, ' — = 26 => 6(r 2 +r + 1) = 26r 

' J 

=>6r 2 +6r + 6-26r = 0 
=$>6r 2 -20r+6 = 0 ..*■ 
V 2 =>3r 2 -10/'+3 = 0 

3r 2 -9r-r+3 = 0=*3r(r-3)-l(r-3) = 0 
(r-3X3r-l) = 0' 
r-3 = 0 or 3r-l = 0 
1 


r - 3 or r = — 

3 

1 *. 

When *■=— &'A = 6 
3 

^ = — = 6x3=18 
r 1/3 


a = 6 a«fif 


^= 6 ( 1 ),: 


Hence three numbers in G.P are 2, 6, 18 

If the sum of the four consecutive terms of a G.P is SO and A.M of the second and 
the fourth of them is 30. Find the terms 

Suppose four numbers in G.P. are a^a/^a/ 2 ,a^ 

Condition I => Of + a{r + t^r 2 + a { r 3 =80 

or a, + 0 |/* 2 +'a,r +a ( .r ? =80 * / 


Condition II => 


a < r+ V =30 


use// tni 


a,r + a,r J = 60 — — »// 
Qj +<2 s r 2 +60 =80 
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12 . 


Sol. 


13 . 

Sol. 


=> dj+a t r 2 = 80-60 = 20 

=>a,+ a^r - 20 >IIJ 

V by r we get. 
a { r + ay — 20 r 

Using II 


20 i — — 

60 = 20r=>r = — =3, r = 3 
60 1 


Put in III fl + a( 3) 2 = 20 

cv, + 9 a, = 20 => 10 ( 2 , =20 =>a i =[ 2 ] 

So = 2 


a,r = (2X3) = 6 
a i rS = (2)(3) 2 = (2)(9) = 18 

a/ - (2)(3) 2 = 2(27) - 54 

Hence required four terms are 2,6, 18, 54 
11 ^ 1 

” — c an » ~ are in G.P show that the common ration is 
a b c 

Fsd 2007, 2008 Lahore 2009, Rawalpindi 2009, Multan 2007, 2009 2010 

111 

if — — are in G.P 
a be 



Second a 1 a a 

Then r=— = -f- = -x- = -. 

First \ b 1 b 

a 


->/ 


r —■ 


Third c lb b 


b 


-+II 


Second 

IxIJ 

y a b a 

/■" = — x— — — 

b c c 

If the numbers 1, 4 and 3 are subtracted from three consecutive terms of an A.P., 
the resulting numbers are in G.P. Find the numbers if their sum is 21, 

Suppose three now in A.P are a, -d,a 1 ,a [ +d 


■ r=± S 
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14. 


Sol. 


Condition 11 


■«, -d +a, +c, + d = 21 

21 


3a~2l=>a =— = 7 => a - 7 


Condition l a, -cf- l s a, -4, a, + c/-3 areinG.P 
1 — d— 1, 7— 4, 7 + c/~3 are in G.P 
6-c/,3,4 + c/are in G.P 
4 + c/ 3 

— = — =>(4 + </X6-</) = 9 

3 6- « 

=> 24 - 4c/ + 6c/ - c/ 1 = 9 
=> 24 + 2c/ - c/ 1 - 9 = 0 

=> -c/ 2 + 2c/ +1 5 = 0 

=> c/ a -2d -15- 0 (Viry-l) 

=>c/ 2 -5c/ + 3c/-15 = 0 

f/(c/-5) + 3(c/-5) = 0=>(c/-5)(c/ + 3) = 0=>c/-5 = 0or c/ + 3 = 0 
d = 5 or d = -3 


When c/ - 5 one/ a, ~ 7 
a^-d-l -5=2 
«] = 7 

flj+c/ = 7 + 5 = 12 
When c/ = -3 anc/ a, = 7 
a t ~d = 7 - (-3) = 7 + 3 = 10 
«i =7 ' 

c?i + d = 7 + (—3) = 7 — 3 = 4 
Required numbers are 4, 7, 10, or 2, 7, 12 

If three consecutive numbers in A.P are increased by 1, 4, 15 respectively, the 
resulting numbers are in G.P. Find the original numbers if their sum is 4. 

Suppose three numbers in A.P are a x -c/,£7 |} a. +d 

Condition II =>a t -d +a ] +a ] +d = 6 


3 a = 6 


a, =2 


Condition I => a, -£/ + l t a, +4,ct, +d + 15 are in G.P 
or 2 — d + 1,2 + 4.2 + d+ 15are in G.P (put a = 2) 
3-d,6,\l + d are in G.P 
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\l + d 6 

— > = * 

6 3 -d 

^{\l + d)Q-d) = 36 
5\~\ld +3rf -d 2 - 36 
=>51-14 d-d 1 36-0 
14^ + 15 = 0 

=>d 2 +14rf-15 -G (§£' by -1) 

=>d~ +1 Sd-d - 15-0 
=> d(d + 1 5) - \{d + 1 5) = 0 
=> (d + 15)(c/ - Ij - 0 

d + 15 — 0 or d — 1 — 0 :=> r/ — — 15 or d — \ 

When d = - 15 
then a x — 2 , 

a t +d = 2h (-15)- 2-15- -13 and a, - rf = 2-(- 15J-2 + 15 = 17 
When d ~ 1 then a i —d=2 — \ — ] 

a.= 2 

c/i + d ~ 2 t 1—3 

Required numbers are 1,2,3 or -13, 2, 17 



between a & b then a, G, b are in G.P 

= — => G 2 - ab 

a 



1. Rind G.M between 


'• -2 and 8 Multan ZOOS 

Sol. Here a - -2 & 6 = 8 


G - ±4rt> = ±,/(-2)(8) - ±vQ6 
- ±%/T6 = ±4/ 

ii. a = -2i,b = 8i Faisalabad 2007 

Sol. G - ±4ab = ±VR/)(80 - ±yj-l6i 2 - < v /- 16(-1) = ±Vl6 = 4 
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Sol. 


ii. 

Sol. 


Insert two G.Ms between 
1 and 8 Lahore 2009 

Suppose G„G : are two G.Ms between 1 & 8 then 

are in G.P 

^Tll & = 8 s* W •= 8 : » r ' = (2) ' 


3. 


Sol. 


G, =«j -a,r = (1)(2)- 2 
G J = a J *a/=flX2) 2 = 4 

S p two G.Ms ere 2,4 ^ ^ ^ Gu)ranwa , a 2009, Multan 2008 

2 and 16 & 

Suppose G, , G 2 are two G.Ms between 2 & ISthen 
2,C?,,0 2 ,16 s areinG.P 


ii, 

Sol, 


& « 4 =0/ -16=>2r J =16 =» r =8 = 2' 

G, = a, =a,r = 2(2) = 4 

G, = at = a/ 2 = (2)(2) : f (2X4) = 8 two aM ' 5 are 4 ' 8 ‘ 

insert three G.Ms between 

Suppose G’.Gt.Gs are three B.M,s between 1 & lO.hen 
l,GpG 2 >Gj,I6 are in G.P 

„ia & a, = <-/ -- r 16 = '- J ■ (2)t r = 2 , 

G -a,= a,r = 0X2) - 2 and C, - <h = a f = (1)(2 -' ' 4 

G; = a 1 =a,h 5 -(1)(2) , =8 

So three G.M.s are 2, 4, 8 

Suppose G x AA are three G.M ( s between 2 & 32 then 

2AAM’ n areinG ' p 

[^p2] & a 5 =a,r 4 =32 

2r < =3 2 = r 4 =16-(2) 4 ^(Z3 

Q. - a r - (2)(2) =.4 

G,=a/=(2)(2) ! =2(4> = 8 

c’ = a/ = (2)(2) 1 = 2W = 16 

So three G.M,s are 4, 8, 16 
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4, 

Sol. 


5. 


Sol. 


6 . 


Sol. 


insert four real geometric means between 3 and 96. 

Let G,, G 2 , Gj, G 4 are four G.M,s between 3 & 96 th en 
3,G,,G 2 ,G 35 G 4 ,96are in 6.P 

& a 6 = ajr s =96=> 3 r $ = 96 


SEQUENCE AND SERIES 
Gujranwafa 2009 


96 


then 


j „„ - | 

r =>>■*= — = 32 = 2 5 => r - 2 
3 

G,=a l r = 3(2) = 6 
G 2 =a^ 2 =3(2) 2 =3(4) = 12 
G 3 =a,r 3 =3(2) 2 =3(8) = 24 

G 4 = a/ = 3(2 ) 3 = 3(16) = 48 So four G.M,s are b = 6,12,24,48 
If both x and y are positive distinct real numbers, show that the geometric mean 
between x and y Is less than their arithmetic mean. 

Given x > 0 & y> 0 then 
Here a = x, & b = y 

G 

2 2 

Now = = 


_ (yfxf + (yfy) 2 - 2^[xy {yfx—Jy) 2 (VJ - 


0 


AM -G.M >0=> AM >GM or GM < AM 


a* + b" 

For what value of n , nl is the positive geometric mean between a and b? 


If 


a"’ +b*' 

.«-t , in-i be G-M between a & b. 


cf'+b 

cF + 6 ” j — — , , ,, 

Th6n a*~ ] +b n ~ l = ^ = 

=> cT +b n =(a n l +b"- l )a m b V2 
cF +b n = a n)+V 7 b i/2 +a 2 b nUV2 
a' , +b n =a n - V 2 b V 2 *a' n b n]/ 2 
cF +b" - d'~ V 2 b vl +a V 2 b n ~ yl 


Multan 2007, 2009, Federal 
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7 . 

Sol. 


8 . 

Sol. 


a - a 

a"- m 


■”~ V2 b U2 = a u2 b n - 1 ' 2 -b" => a n - ],2 (a u 2 - 6 1 ') = b n -' /2 (a vl -b 12 ) 


, a 
— 1 — 

r 1 ' 2 u 


\ V2 


-1 = 


1 


1 A 1 

n — = 0 ^>n=-- 

2 2 


The A.M of two positive integral numbers exceeds their (positive) G.M. by 2 and 
their sum is 20, find the numbers. 

Suppose two number are a& bthen. 

Condition I =>■ ^ + 2 

V by 2^>a + h~2\fab +4 >1 

Condition II 0 + 6 = 20=o a = 20-6 >JI 

20-6 + 6 = 2^(20-6)6+4 (Put II in I) 

==> 20 - 4 = 2v 206 - 6 2 

16 = 2V206-6 2 =^8 = V206-6 2 squaring both side. 

64 = 206 - 6 2 =>6 2 - 206 + 64 = 0 
=> 6 2 -166-46 + 64 = 0 

6(6 -16) -4(6- 4) = 0 

=> (6~16)(6-4) = 0=>6-16 = 0 or 6-4 = 0=>6 = 16or6 =4 

When 6 = 16 then a = 20-16 = 4 
When 6 = 4 then a = 20-4 = 16 
Hence two numbers are 4, 16, or 16,4. 

The A.M between two numbers is 5 and their (positive) G.M is 4 . Find the numbers. 

Suppose two number are a& bthen 

a + 6 


- = 5 


Condition I 

=>« + 6 = 10 - 

Condition It => 'fab = 4 : 


->/ 


>a6 = 16 >11 (from I) a = 10-6 Put in II. 

(10-6)6 = 16=> 106-6 2 =16 

=>6 2 -106 + 16 = 0 =>b 2 -86-26 + 16 = 0 =>6(6-8)-2(6-8) = 0 

(6-8)(6-2) = 0=> 6-8 = 0 or 6-2=0 =>6 = 8 or 6 = 2 
When 6 = 8 then a=10-8 = 2 
When 6 = 2then a = 10-2 = 8 
Hence two numbers are 2, 8, or 8, 2. 


COLLEGE MATHEMATICS-1 


358 


SEQUENCE AND SERIES 


• • 


Exercise 6.8 




« i 

r -I 

Proof: We know that 


1— r 


><1 


S n -a, +a,r+d7 1 /' : -+. +a ] r" 1 

V both sides by (1 — r) 

(1 - r )£„ = (1 - r)( a, + a, r + a, r 2 + a, r n ~ l ) 

= a, +a,r+a l r 2 + + -a,r-a,r 2 -a,r 3 

(1 - r)S n = a, - a,r" = a, (1 - r” ) 

//’ Irl <1 




l— r 


and S" = 1) //H>1 




5- 


a 


r — 1 

Proof: We know that 

c _«,(! "O 

1 -?' 


«— >ac ft-HHO y 


~ a 


I r" 

lim— — lim 

u -*» | — ^ 




1-r 


— 0 


S = 


a 


1-r 


.a,/ - "' 1 — £7,r" 


Find the sum of first 15 terms of the geometric sequence » 


1, 
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a ==l ( r=-^ = - <!,«■= 15 
■ 1 13 


SEQUENCE AND SERIES 


_a 1 Q~r‘ 


- '■#> - 


1 


1 -r 


14348907 14348907-1 ,3 

3 14348907 2 


_ 14348906 3 _ 7172453 

“14348907 * 2 ^4782969 ’ 

2. Sum to n terms, the series 

i. .2 + .22 + .222 + ...... Fai&alabad 2007, Multan 2007 

Sol. S n = .2+.22+.222 + +n terms 

= 2(.l+.ll+.lll+ +« terms) 

2 7 0 qq goo 

=—(.9 +.99 +.999+ + n terms) = — ( — h— + + + « term) 

9 910 100 1000 


So- 


(\ 1 1 

. 

r, 1 1 


u \ \ 1 

1 — 

■+ 

1 

+1 


10 J 


100 J 


l 1000 J J 


(1+1+1+ to n terms)— 


1 t 


1 


U0 100 1000 


,n term 


J. 


f 1 11 

H“ — H h K 

UP 100 1000 

1 


.n term j 


1 100 1 10 1 . . 

= — ,r = J ^~ — x — - — < 1 , n-n 

1 n 1 1 rtrt 4 * A * ■ 


10 


n- 


10 

l-r 


100 1 10 


n— 


1 0-±‘ 
10 . 


to 




1 - 


1 

10 



II. 

Sol 


3. 

i. 

Sol. 


3 + 33 + 333 + ...... Sargodha 2008, 2010, 2011 

3+33+333+'... +fo n term 

3(1 + 1 1 +1 1 1 to n term ) 

= ^ (9+99+999+ to n term ) 

= j[aO-l)+(lO0-l)+(lOOO-l>+ to n term)] 

— j[(l 0+100+1000+ +riterm)~ (l+]+l+„,.,«fer/w)] 

+ — [10+100+1000+.. ton term — «] 

1ft 100 in 1 

a = 10.r = — — = 10>1,K = K 
10 



Sum to « terms; the series 

l+(a+A)+(a 2 +ab+b 2 )+{a 3 +a 2 b+ab 2 +ft 3 )+ 

1 + (a + b) + (a 2 + ah + b 2 ) + (a 3 + a~b + ab 2 + b 3 ) + to n terms 

by (a -b) 

= + ~b 2 )+(a 3 -b 3 )+... ....« terms J 
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I 

- 1 r^-i) b,(b n ~\) 

b - 1 


ii. 

Sal. 


SfiQUEMCEAMDSERlgy 


(a-b) 

] 


(a-b) 


fir-1 

a(b-V%ct~\)-b(a-\W -1) 


(a-W-l) 

_ a(b-X)(a n - 1) -fr(g- iyy - p 

r +(1+A)r 3 +(1+ A+A 2 )r 3 + Sargodha 2006, Multan 2007 

r + (1 + 3 + (1 + £ + A: 3 )r 3 + , ta n terms 

'x* & '+' by (1 — k) weget. 

^ (\-k) ~ k ) r+ Q~k 2 y+ (l ~ A 3 )r J +„ si terms] 

“ (jZX) t r+ ^ ! ^ + n term ?]~( fo+k 2 r 2 + « term] 

l 2 2 r 

First series fl, = r, r = — ±=r , * = « , Second series a, = kr, r = — = Ar 
r At- 


5..= 


1 


" (1-*) 


r(/- H -l) Ar((Ar)*-l) 
r-l Ar-1 


4. Sum the series 2+(l -/)+^y j+., — to 8 terms. 

Sol. 2+(l-/)+-+ tbSterms a, =2, r = l_i iW = g| ? .| < i cteaHy 

S -0|(i-'- , ') J 2(1 ~[V) ) 

" 1-r J_W 

. 2 

_ 2(2* -{1 - if) 256-(l-/) g 
2* |^ 2-l+/ j 64(1+0 

5 - 256-16 = ' 240 _ 15* 

8 64(l+i) 64(1+0 ~ 4(1+/) 


Ate (I-/)* =[(i-0 2 ] 4 

= (1 +i 2 -20 4 =(1-1- 2if = (-20 4 
= 16/ 4 = 16/ 2 i 3 = 16(-lX^-0 = 16 






5. 


Find the sum of the following infinite geometric series: 

iii.. 

1 1 : “f" 

5 25 125 


1 ?5 1 25 1 

a, = = — x— =- 

' 5 1 25 1 5 


11 

O ... Q\ 5 5 15 1 

4~5 4~4* 
5 ,5 

111 

-+- + -+« ‘ Sargod 

2 4 8 


Sargodha 2009 


1 4 1 2 1 

a =— = ~ 

2 1 4 1 2 


I I • 

S- =-^-=-2-=2 =1 
1 -r !_1 I 
2 2 

9 3-2 
— ( — 4 1 "i — + 

4 2 3 


9 2 3 

« i =-.'‘=4 = T 


1 4 1 2 

9 9 

* 1-r J 3 3-2 
2 3 


c 4 9 3 27 

"14 14 


SEQUEMGE AND SERIES 

iv. 2 +1 + 0.5 + Sargodha 2009, Faisalabad 2008 

Sol. a, =2,r~- 

2 ■ 

S =— i— ^ = 2x — — 4 

l-r !_j. I 1 

2 2 ‘ 

v. 4 + 2\^2 + 2+V2 + 1 + Multan 2007, 2008 , 

. 1 ' ' , 

Sol. a. =A,r=~ r = 

■ O _ .^1 . _ 4 _ 4 

">r“ _L“'V5-1 

V2 ~vr 

4*,/2 W2 V2 + I 

'V2-rV2-l X s/2+l 

= ±M±1) = 4(2 + V2) 

vl. 0.1+0.05+0.005+ 

Sol. «,=0.1,r = = 0.5 

1 0.1. 

r _ _ 0-01 

6. Find vulgar fractions equivalent to the following recurring decimals. 

*> " 

i. 1-34 Multan 2009 

Sol. -1.343434 

= 1+0.343434 

= 1 +(0.34 + 0.0034 + , ) 

0,0034 ■ 

a. ^ 0.34, r = — = 0.01 

0.34 * 

. 'a, . 0.034 

= 1 + — 1+ — 

I -r 1-0.01 

. 0.34 . 54 99 + 34 133 

= 1+ — - = l+ — = = — 

0.99 99 99 99 


COLLEGE MATHEMATICS^ 


II. 

Sol. 


m. 

Sol. 


0.7 Multan 2010 

0.7777..:. 


= 0.7 + 0.07 + 0.007+... 
0.7 


1 

s g i 0-7 ^ 10 _ 7 

“ ~l-r = 1-0.0I ”0.9 ~ 9 

10 


0.259 

= 0.259259259259... 
=0.259 + 0.000259+ 


a, = 0.259, 



_ 0.000259 
r 0.259 
0.259 


= 0.001 


1 - 0.001 


259 

_ 0-259 loop = 259 
0.999 ~ 999 999 

1000 


SEQUENCE AND SERIES 


lv. . 1.53 
Sol. =1.535353 


= l+(0.53+0.0053+.„ 


...) 

O.OQ53 rtrtl 

a, = 0.53, r = = 0.01 

0.53 


we know that = 1 

1.53=1+ °' 53 = 1 +— 

1 0.01 0.99 

53 

.l + ^L = l + 55 _ 99+53 

99 99 99 

100 


152 

99 
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V. 

Sol. 


VI. 


Sol. 


7. 


0.159 Federal 

= 0.159159159 

= 0.159 + 0.000159+ 

0.000159 


= 0.159, r = 


0.159 


= 0,01 


0.159 « 


a, 0.159 
1 -r 1 - 0.001 


159 

0.159 loop _ 159 
0.999 999 999 

1000 


1.147 

= 1,147147147 * 

= l + (0. 147 + 0.000147 + 




= 0.147, r = 


0.000147 

0.147 


) - 

= 0.0001 


_ A 0-147 
" 1-r "*1-6.001 

147. 

_ 0,147 _ loop _ 147 
“ 0.999 999 

1000 


■ a ■ 

1 . 147 * 1 +- — 

1-r 

147 999+147 1147 

+ 999 " 999 999 

Find the sum to Infinity oi the series; , + 

r + £)/- 2 +(1 + k +k 1 )f i + r and k being proper fractions 

r +(1+A)r 2 +(1 + fe +£ 2 )r 3 

■x'&'+’fiytf-*) 

= . — — [(l-'A)r +{l-& 2 )r 2 +(1-A 3 )r 1 + , ■] 

0 -k) 1 


Sol. 
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r+r 3 +r 3 +. 


=— [ 
d-*) L 

For First series a^=r,r = r 
For second series a, =■ kr, r = k~t 2 


v+. 


I 


*} 

a a 

I^7~T-7 


0-*> 

1 

(l-*)Ll-r 1-ArJ 


kt 


1 


(1-*) 

1 


0 -*) 

I 


L (1-rXl-Ar) J 

( 1 -rXl-Ar) 

' >(«-) 


■)] 


(4-+)L(l-rXI-fo-)J. <1— /-XI— J 

- * 1 i 1 j 2v 

If j> = — +T-* +-■* +■— -and if 0<-c< 2, then prove that JC = ^— 

Z 4 8 1+jp 


... * 1 r 1 3 

Sol. y=— +-x'+-x 

2 4 8 

x _ 4 x 3 2 x 


Faisalabad 2007 


«! =T^ = 


1 

2 x 


4 *x 2 


>- = 5 =-2_ = -2_»^2_ 
l-£ 2-x 

2 - 2 

x 2 x 
= — x- 


2 2— x 2— x 
x 


J = t =*(2-x)>' = x ^i>2> , -xy-x = 0 

2-x 

2j; = xy+x = x(l + >') 

^x = 2yl(\+.y) 
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SEQUENCE AND SERIES 


Sol. 


10 . 


Sol. 


, 2 4 , 8 , 3 3tt 

^ y ~ T x + n A + « x an d if 0 < jc < — , then show that x = 1 

3 9 27 2 2(1 +y) 

24,83 

y = -x+—x' + — x + 

3 9 27 


a, =-x,r- 


4 , 

— x' 

_ 9 


2 

~x 

3 


i£L x — := — 

9 X 2x ~ 3 


1-r 


- — X 


2x 

3 


2 

- x 

3 

j 2* 3-2.t 

r I ~T~ 

3 2x 


'>' = ■ 


2x 


3 3-2x 3-2 x ' 3-2x 

>’(3 - 2x) = 2x => 3 y - 2xy - 2x => 3y = 2xy + 2x => 3 y = 2jt(>’ + 1 ) 

37 


2x = 


y + 1 


X = 


37 


2 (^ + 1 ) 


A ball is dropped from a height of 27 meters and it rebounds two third of the 
distance it falls. If it continues to fall In the same way what distance will It travel 
before coming to rest? Sargodha 2009 

2 2 7 

According to given Condition we have 27.2x27 x~ . 2 x 27 x — x — .... 

3 3 3 

S w = 27 + 2x27x- + 2x27x-x- + 

3 3 3 

= 27 + 2(18 + 12 + ),(a =18,/-= — =—] 

l 1 18 3) 


f 


= 27 + 2 


a 


1 -r) 


.> 


( * 


'j 

18 

= 27 + 2 

18 


18 1 

2 

1— — 

3-2 

= 27 + 2 

1 

3 J 

1 

3 J 


13; 


= 27 + 2 

= 27+ 108 = 135/?; 


= 27 + 2xl8x- 


1 
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11. What distance will a ball travel before coming to rest if It is dropped from a height 
of 75 meters and after each fall it rebounds 2/5of distance it fell? Multan 2007 

2 2 2 

Sol. According to the given condition 75,2x75x~,2x75x— x— 

5 5 5 

S — 75+2x75x— +2x75x— x— + 

w 5 5 5 


= 75+2(30+12+ ,) 


f 


in 12 2 

a =30 ,/- = —=- 
. 30 5) 


5 =75+2 


■*! - 


12 . 


Sol. 


13 . 


1 +r 


= 75 + 2 


f \ 

30 


1-- 


= 75+2 


Y Y 

30 


Sj 

= 75+100 = 175 meters. 

If j = 1 + 2.v+ 4 a: 2 + 8jc 3 + . 

y - i 


5-2 

l 5 ) 


= 75+2 


f \ 

30 


3 

5J 


= 75+2x30x— 
3 


(i) 


Show that * -■ 


2 y 


(fi) Find the Interval In which the series Is convergent 

y = 1 + 2x + 4x 2 + 8x 3 + 

t 2 a: . 

o, = l,r = — -2x 
1 1 


1 -r 1-2* 

=> yil~2x)=l 

y - ( 2 xy) = 1 .=> y - 1 = 2xy ^ 

For Interval 'series will be convergent if 


..r-i 


2y 


1 

1 1 

— => 

- — < .v < — 

2 

2 ' 2 


, jc V 

,f l +i+T+ . 


********** 


(i) Show that *=2 


J >-1 


(11) Find the Intervalin which the series Is convergent 
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SEGUENCE AND SERIES 


Sol. >> = 1+-+— + . 

2 4 


. A ** 

a =!,/■= — = - 




ci 


1 -r j_* 


1 


v = 2 zl x = _i_ 
2 2-x 

> 42 -.sc) = 2 => 

2(if-i) 


= JC => 




2>> - xy = 2 


x =• 


2(y-\) 


Series will convergent if 

I r| < 1 => Ijc / 2l < 1 => N < 2 


-2 < x < 2 


2y -2 = xy 


14. The sum of an infinite geometric series is 9 and the sum of the squares of its terms 
is 81/5. Find the series ? 

Sol. Suppose In finite series £2, + a ] r+a i r* + 


a, 


Condition I => S K = — — = 9 => a - 9(1 - r ) »■ / 

1 -r 


Condition II => a f + a;r + a; A + ... 
5.81(1 — r) : =81(l-r)(l+r) (use I) 


81 

5 


^ — - ~ => Sc?. 2 = 81(1 — r 2 ) 


1-r 


5(1 —r) = 1 - 1 - r =>5-5/- = l + r=>5-l = 5r + /-=>4 = 6r => [r = 2/3 


parr- j in /j a, =9^1-|j=9^)=!. 


a, = 3 


a,^ = (3)[ - 1 = 2 a,r *=(3) 


g- 


(4)_4 
9 J _ 3 


So infinite series is 3 + 2 + -+. 

3 
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SEQUENCE AND SERIES 


1. 


Sol. 


v» 


2 . 


Sol. 


A man deposits in a bank Rs.S in the first year, Rs.24 in the second year Rs,72 in 
the third year and so on. Find the amount he will have deposited in the bank by 
the fifth year. 

Given 8 + 24 + 72 + +a s 

24 

■ a. = 8, r = — = 3, n = 5 
8 


r— 1 


M>1 


8(3^)) _ 8(243-0 = %8 

3-1 2 

A man borrows Rs. 32760 without interest and agrees to repay the loan in 
installments, each installment being twice the preceding one. Find the amount of 
the last installment, if the amount of the first installment is Rs.S, 

Given S„ =32760, + = 2, a, =8, O n = ? 


S n = 

" r - 1 


32760 = 


8(2" -I) 


2-1 

=> 32760 = 8(2" -1) 

=*?- U^™ = 4095 
8 

2" =4095 + 1 = 4096 
=> 2” = 2 12 => n-\2 


Now a n = ur 


ji-1 


°i2 =8(2) ,2 ' ! = 8(2)" 

= 8(2048) = 16384 

The population of a certain village is 62500. What will be its population after 3 
years if it increases geometrically at the rate of 4% annually? 

Sol. a, =62500, n = 4 

4 

r = 1 + 4% = 1 + — — = 1 + 0.04 = 1.04 
100 

a H -t= ar a ~ l =5 = 62500(1 .04) 4-1 

a 4 = 62500(1 ,04) 3 = 62500(1 .1249) = 70304 
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SEQUENCE AMD SERIES 


4. 


Sol. 


5. 


Sol. 


6 . 


Sol. 


The enrolment of a famous school doubled after every eight years from 1970 to 
1994. If the enrolment was 6000 in 1994. What was its enrolment in 1970? 

According to the given condition 1970,1978,1986,1994 are a ] ,a 2 ,a^a i 

n = 4,r=2,« 4 =6000,(3, -? 

a A -a/''' =>6000 = fl,(2) 3 


6000 = 8a, => a, 


6000 

8 


a, = 750 


A Singular cholera bacteria produces two complete bacteria in 1/2 hours. If we 
start with a colony of a bacteria, How many bacteria will have in n hours? 

Given in 1/2 hours = 2 bacteria 
1 1 . 

— + — = J hour - 4A 

2 2 

. 1 3 

1 + — = — hour = SA 

2 4 

3 1 . 

— + — = 2hour - 16A 

2 2 

- 1 5 

- + — = — hour = 32A 

2 2 

5 1 , 

“ + — =3 hour = 64A 

2 2 

So in 1, 2, 3, hours 4A, 16A, 64A, n = n 


a., = at 


,rr-l 


a n ~ 4^4(4) 


n-i 


- A4 " - A2~" bacteria 

Joining the mid points of the sides of an equilateral triangle, an equilateral 
triangle having half the perimeter of the original triangle is obtained. We form a 
sequence of nested equilateral triangles in the same manner described above 
with the original triangle having perimeter 3/2 What will be the total perimeter 
of all the triangles formed in this way? 

According to the given condition perimeter of M.BC - 3/2 


Perimeter of triangle DEF 


2l2 


3 

4 
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Perimeter of triangle GHi =— (perimeter of DEF) 


So series is 


3 3 3 
= - + - + - + , 
2 4 8 



3 4 3 2 1 

a, = — , r = “ = - x — = — 

2 ' 3432 

2 

3 3 

S v = — = y= -X-=3 
1 -r J_ 2 1 

2 2 


A 




Theorem: Prove that A, G, H are in G.P or G 2 = Ax H or — — — 

A G 

Proof: We know that Multan 2008 


A = —,G = y[S,H = — 

2 a+b 

Then G 2 - {-Job) 2 ~ab >1 


. j j a + b lab , 

A'< H = x - ab - 

2 a+b 
Co 4 iT-aring I & II 


->// 


G 2 =AxH or GxG=A*H 


G _ H_ 
A “ G 


it is clear that 


A f G,H Here in G.P 

Theorem: Prove that A>G> H 

Proof: A>Gif ^—^->\[ab 
2 

Squaring both sides 



COLLEGE MATHEMATICS-1 


373 


SEQUENCE AND SERIES 


(a + b) 2 


> ah 


1. 


Sol. 


ii. 


+ b~ + 2 ab > 4 ab 
=> a 2 + b 2 + lab - 4 ah > 0 
=> a 2 + b 2 - lab > 0 => (a - bf > 0 

Which is True if a & b are distinct real Therefore A >G- 

lab 


->I 


Now 


G > H if yjab > 


a + b 


=>ab> 


>ab> 


4afr 
( a+b f 
4(ab) (ah) 
a 2 +2 ab + b 2 


=> («&■)(« 2 + lab + b 2 ) > 4 ab^atr) 

+ 2ab + b 2 -4 ab > 0 
=> a 2 +b~ - lab >0 =>(a-£) : >0 
Which is True if a & b are different, therefore G > H- 
Combining I & II 


-II 


A > G > H 


Find the 9 lh term of the harmonic sequence 
III 

3 *5 ' 7 

,,111 

Given-.-.-, -..in H.P, a, =? 

„ 3 5 7 

Then y,y,y areinA.P 

or 3,5.7...,. are in A.P 

a x = 3,d = 5-3 = 2, n -9 
«„ = a x +{n-\)d 
a t) = 3 + (9-1)2 

= 3 + (8)(2) = 3 + 16 = 1 9 in A.P =>« = — inH.P, 


Faisalabad 2008, Sargodha 2009, Muitan 2010 


19 


dd_, 

S ’ 3 ’ ” 


Multan 2008 



'■ ■■ V 


-1 -1 t , - 
^ i ^ 7 !>-*-*-**•» in H*P r ^ • 

5 -3 -I 

-y,— ,— areinA.P or -5, -3,-1 areinA.P 

a, = 5, */ = -3 - (-5) = -3 +5 = 2, n = 9 
o„ = o, +(n-l)d 

a g = 5 +( 9 - 1 X 2 ) 

— 5 +( 8 X- 2 ) = - 5-16 

cl = -2\inAP^=>a„ - — — in H.P 

21 

Find the 12 th term of the harmonic sequence: 

111 

~ » ~ t ~ » Faisalabad 2007, Multan 2009, Sargodha 2008, 2011 

1 1 1 0 
in H.P, a ]2 “? 

=> 2 , 5 , 8 . .......... are in A.P 

=>o, =2 ,d -5-2=3, n = 12 
o„ =o, +(h-1X<0 

^,*2+02-1X3) ' ■ . . 

‘ = 2 + ( 1 1 X 3 ) = 2 + 33+35 

o p = 35in A.P=>o,, = — in H.P 
12 35 

ill 

3 * 9 * 6 * *”* 

12 1 

3 * 9*6 'H.P,o I2 = , 

3 9- 

— aremA.P 

1 2 

' 9 . 9-6 3 

«j =3,rf = — 3 = =-,n = 12 

2 2 2 

£j n = d ]+(«-lK^) 


• are in A.P 


a a =2+(12-l) 
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SEQUENCE AND SERIES 


3 . 

i. 

Sol. 


= 3 + 1 1 

6 + 33 39 


1 = 3 + — 
2 2 . 


2 = 


- = — in A.P => a n =7=7 in H.P 


2 2 “ 39 

Insert five harmonic means between the following given numbers, 

— and — 

5 13 

Let be five 

2 2 

H,M between — & — then 
5 13 

_2 2 

, \ , ^ ™ are in H.P 
5 13 

-5 I I 1 1 1 13 

^V’77’7r’7r’7T’7r-T- areinAP 
2 j7, //, // 3 H a //, 2 

-5„ ,, 13 

c/. = — & cr, = a, + 6rf = — 

1 2 ! 2 

*5 , . 13 
1 — + 6 c/ = — 

2 


z 


d = 


H. 


, 13. 5 18 18 1 

=> 6 d~ — + - = — =>£*' = — x-^> 

2 2 2 2 6 

I ,-5 3 -5 + 3 -2 

= a-,=a,+d = — — i — = — = -1 


2 2 


5 -5 f3^ ~ 5 6 "5 + 6 1 

// 2 1 2 [ 2 ) 2 2 2 2 

2- = fl, -tf, +3t/= — + 31 -) . zi+2.- l7 +9 - 4 - ? 

2 i 2j 2 + 2“ 2 '~ 2~ 2 


^- = a 5 = a,+4rf = y + 4i 3 


v- 

% 

Hence //, = -1, /f, =2,H 3 =~, //, = - , //, = - 


25 12 -5 + 12 7 

22 ” 2 ”2 


1 , , -5 _[ 

— - = a 6 -fl,+^ = — + 5 


_-5 + 15 _ -5 + 15 _ 10 _ 5 
2 2 ” 2 ” 7 ” 
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S-EdOENCE-ANP SERIES 


Sot. 


1 . 1 
l Mi T4 

Let H 4 ,H s , H.M,s between — and-^-ihen 


24 


* i ^2 5 ere in H*P 

4 24 

. 1 1 1 1 1 .. 

U ’ H ’ u ’ u ’ ij >24 are in A.P 
**[ **2 


a, =4 


a 7 =o, +6c/ -24 

4+6s/ = 24=>6</ = 24-4 

=> 6^ = 24 -4 = 20 => d = 20/6 = 10/3 


Now 
1 


//, 


' . 10 12 + 10 22 
~a 2 ~a } +d = 4+— = 




= ttj = i(| + 2i/ = 4+2 


3 3 3. 

10y 12 + 20 32 

3 j 3 3 

1 , ,flO"i 12 + 30 42 

— = a 4 =a,-+3tf = 4 + 3^y 


1 , .f 10' 

— = a s =« t +4a=4+4 — 


1 


= a b =Oj +5cf =4+5 


v. ^ 
fio' 


H s 

U -J 

Therefore 


3 

3 

H. = — , 

//, = — , 

22 * 

3 32 

3 

3 

H,=—, 

= — 

4 52 

5 62 


3 3 

12+40 _ 52 
3 3 

12 +50 62 
3 “3 


H 3 =— 
3 42 


4. Insert four harmonic means between the following given numbers, 

1 . 1 
i. — ana — 

3 23 

Sol. Suppose //,, are FourH.M,? between ^ and 
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li. 

Sot. 


33 ’i'i'i'i’ 23areinAp 

a \ = 3,£/ 6 =«, + 5 d = 23 

3 + 5d = 23 


=> 5c/ = 23 — 3 = 20 17^ = 4 ! 


", 

H 2 

", 

_L 

Hence four H.M,s are 


= a 2 =a 1 +£j' = 3 + 4 = 7 
■ = flj =a, +2rf = 3 + 2(4) = 3 + 8 = 11 
= = a,+3rf = 3 + 3(4) =3+12 = 15 

= = a, + Ad = 3 + 4(4) = 3 + 16= 19 




7 ' IT 3 * * * 7 15' J 19 


7 , 7 

— and — 

3 11 


7 7 

Let //,, H 4 , are Four H.M.s between — and — 


T . 3 1 1 1 ] 1 1 ’ 

7 H s ‘H 2 Hyfi A 1 

3 , , II 3 

a < =-,a 6 =a l+ yd = ~- - 

3 II 11 3 

— + 5d = — =>sd 

7 7 7 7 

, 8 _ , 8 1 8 

7 7 5 35 


11 


I ,38 

= a, =>a, +d =-+ — : 
//, "■ 7 35 

i 3 < 

— = d , = a, + 2 o' = — + 2 


15 + 8 23 

35 


35 


H 


8 


3 16 15+16 31 


1,35 J" 7 + 35 


35 35 
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1 ,, 3 ■ 3 34 .15+24 39 

— =a. =cl +3<7 = — f-3 — = — h — = 

TT “ • *“Y J f I -T *1 J' 


H. 


35 J 7 35 


1 .,3/8' 

— = a« =a, + 4<7 =— +41 — 


1L 


.35 


_3 32 _ 
~7*35 ~ 


35 35 

15+32 _ 47 
35 35 


Hence required H,M,s are 

H =— H — — N —— V -11 
1 23’ 3 31’ 3 39’ 47 

ill. 4 and 20 Sargodha2010 

Sol. Suppose H lt H 2 ,H 3 ,H 4 ,3re Four H.M^sbetween 4and 20 
Then 4, 20 are H.P 

11 11 1 1 

^ 4 'H,'H 2 ’H 3 'H,' 20 areinAP 
1 1 

- + 5d=~=>Sd=—~- 
4 20 20 4 

5 d = — = — d = — x I = ~ ^ — 

20 20 20 X 5 50 25 


1 ,11 25-4 21 

= a 1 =a ] +d = --— = 


1 ■ - . . 1 „ 

— ~ cu ~ ch + 2 cl = — h 2 

//, 3 ' - 4 

—^— = <3. — a, +3d -—+3 
^3 4 

— - a* — a, +4a— — 1-4 

1I 4 5 ' 4 

Hence required H.M,s are 

u _100 „ 100 „ 100 „ 100 

1 21 - 17. 3 13 4 9 


25-8 17 


4 25 100 100 

/l Vj_j2_ 

,25; 4 25' 100 100 

'~ l \_ 1 3 25—12 13 

,25y 4 25 " 100 "100 
I 4 25-16 9 

25. 




4 25 


100 100 


5. If the 7 th and 10 th terms of an H.P are ^ and —respectively, find its Id* term. 

3 21 

1 , 5 ■ . ' 


Sol. 
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6 . 

Sol. 


- P 21 
a 7 = 3 & a w = — in A.P 


■ a 7 — * 7 , + 6d = 3- 


~ a \ +9d = 


21 


-4/ 
— >// 


II -I 


„ . 21 
a. + 9r/ = — 

1 5 

_ a, + 6</ = 3 

3 , 7 _21 3 21-15 _ 6 

5 5 "5 


5 


, 6 1 
=>« = — X- => 

5 3 

Put in I 


« 1+ 6 | =3 = fl|+ H = 3 


a, 


12 15-12 3 


3 5 


a, = - 

r 


a„=a, + (n-\)d 

a H +(l 4 -<fH +13 


3 26 3 + 26 29 


W 5 5 


29 

flu — — in A.P=> 


a, 4 - — in II.P 

14 29 


If the First term of an H.P is - 1/3 and the fifth term is 1/5 Find its 9 th term? 

1 1 

a \ = - ~> a s = J’ =2 in H.P Multan ZOOS 


a, - -3 


-4/ 


a s =5 in A.P 


a 5 = a, + Ad = 5 => -3 + 4d = 5 => 4a' = 8 => 1^ = 2 
a„ - a, + (b - 1 )d 
a g =-3 + (9-l)(2) 
a, =-3 + 8(2.) = -3 + 16 = 13 
a, = 13 in A.P=> 


use- 1 


a, =1/13 in H.P 
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SEQUENCE AND SERIES 


7. 

Sol. 


8 . 

Sol. 


9. 


Sol. 


If S is the harmonic mean between 2 and b, find b? 

Given a = 2, b = b, H.M = 5 
2 ah 

Sgd, 2010, Fsd 2008, 2009 Multan 2007, Lahore 2009 


H.M =• 


4 6 


a + b 

Put values 

5=^=) 5 - 

2 + 6 2+b 

v => 5(2 +6) = 46 
=>10+56 = 46 
=>10+56-46 = 0 
=> 10 + 6 = 0 


6 = -10 


If the numbers 


1 


1 


1 1 


1 


k 2 k + 1 


are in H.P 


and 


1 


4A - 1 


k 2k + \_ 4A-1 
k,2k + \,4k - I are in A.P 

=>4*-l-(2Jfc + l) = 2* + l-Jfc 
4*-l-2*-l = * + l 
2k— 2 — k —1 = 0 
=^Jt-3 = 0: 


are in Harmonic Sequence, Find k. 


Sargodha 2008, Fsd 2009, Multan 2008 


k=3 


a "* 1 +6" +1 

Find n so that — may be H.M between a and b. 


JM-l 


+6 
a" +b" 

»+i + ^»+ 1 


a 


a" +6" 
be H.M between a & b then 
2ab 


Faisalabad 2008, Lahore 2009 


a+b'' a+b ' 

(a"" +6' ,f ')(a + 6) = (a" +6")(2a6) 
cr 1 +a' ,+] b+ah ei1 + b m2 - 2a ! ''b + 2ab n *' 
a n+3 +6 ,M - = 2aJr' +2ab M ' -a" + 'b-ab"* ] 
a n+2 +6" +2 =a" +, 6+a6"" 1 
a n+2 -a n, 'b = ab n+] -b'" 2 

a" ,] (a-b) = 6" +l (a — 6) + hothsitie by (a — 6) 


."i i 


6 " + 


= 1=> 


f a v ,+t . 

r v 1 

- =>« + ! =0 =>| 



r \Q 

£ H 

1 

n = -1 

[. Note 

l ■ [ w ] r 

1 = — 


\bj 



Vb) 
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SEQUENCE AND SERIES 


10. If a 2 ,b z and c 1 are in A.P. Show that u + b,c + a and h + c are in H.P. 

Sol. a 2 ,b 2 , c 2 are in A.P 

Then b J - a" ~c~ — b 2 1 


11 . 


Sol. 


Now a+b,c+a,b+c are in H.P 

„ 1 1 1 . . „ 1 1 1 1 

If -> are in A,P=^ = 

a + b c + a b + c b + c c + a c + a d+b 

__ (c + a)-(b + c) a+h-c-a 

{b + c)(c + a) ( a + b)(c + a) 

/ +a-b~/ _/i + b-c- fi 

( b + c)(c + a ) (a + b)(c + a) 

V ’ both sides bv (c + a) 

( ( a ~b) t ^ (i-c) a-b b-c 

(b + c)($s#1a) (a + b)(£>rfi) b + c a+b 


By cross multiplication 
(a + b)(a-b) — (b + c)(b~c) 

2 i 2 i ■> *> 

a -+b =h~-er 

'x ' both sides by (—1) 

b~ -a' = c 2 -b 2 =>b 2 -a 2 = b 1 -a" (use I) 

Hence proved, 


The sum of the first and fifth terms of the harmonic sequence is 4/7 if the first term is 
1/2 Find the sequence. 

4 I 

£3, +a s = -, a , -- in H.P 

7 2 


2 7 


7 2~ 14 _ I4 


rr 5 =1/14,«, -M2inll.P. 
r/ s = 14. £/, ~ 2 in A.P 
a s -a ] + Ad = 1 4 


a. = 2 + 4d = 14 => id = 14 - 2 = 12 => d = 3 


jVowct, = 2, = a, + d = 2 + 3 - 5 
+ 2d - 2 + 2(3) - 8 

2,5,8, in A.P and 172,1/5, 1/8 in H.P 
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SEQUENCE AND SERIES 


12 . 


Sol. 


H. 

Sol. 


til. 

Sol. 


FN and show that G 2 » AM. If 

* = -2, A “ -6 Multan 2010 

a+b -2-6 -8 , 

— = -4 
2 


A=- 


2 2. 

G = ±4d> = ±7(- 2X-6) = ±Vl2 

= ±4lx2 x3 = ±2>/3 
2a6 2(-2X-6) 24 

- 2-6 -8 


H 

a+b 

G 2 =(±*fi 2) 2 =12— 
j 4 x // = (-4X-3) = 12 


- 7 / 


Fromlan<Ul \G z =AH 


m » 2 /, A * 4 / 

f -r g „ 2/ + 4/ 6; ^ 

2 2 ~ 2 * 

G = ±V^ = ±V5*'X40 = ±V^8 
7/ ^ 2a6 2(2/X4Q _ I6f 2 -8 

a+A 2/ + 4/ 6/ 3/ 

G 2 = (±V-8) J = -8 / 




=(3,)g).- 8 - 


-II 


From / am/ // |G 2 = 




a+A _ 9+4 _ 13 
~2~ 2~~~2 
G ~ iy/ab = ±^9x4 = +>/36 = ±6 
2a6 __ 2(9X4) 72 
13 


// = 


a+b 9+4 


G 2 — (±6)’ - 36 and AH - — x— = 36 and G 1 = AH 

2 13 


COLLEGE MATHEMATICS-! 


383 


SEQUENCE AND SERIES 


13. 

I. 

Sol. 


ii. 


Sol. 


Find A,G,H and verify that A >G >//(<?> U), if 
u = 2,b = 8 Federal 

_l_£i + A_2 + 8_lO ^ 

2 2 " 7 “ 

G - = ±V(2)(8) = ±Vl6 = ±4 = 4 (G > 0) 

_ 2ab_ = 2(2XS) 32 16 
a + b 2 + 8 10 5 

Hence A>G> H because 5 > 4 > — 

5 

2 . 8 
a = - f b « - 
5 5 


A- 


2 8 2 + 8 10 

_5 + 5_ T_ J_2_ 
2 2 2 2 




(G> 0) 



H = 


A = 1,G = — ,H — — Therefore A>G>II\ 
5 25 1 1 


_16 

25 


14. 


Sol. 


Find A,G,II and verify that A <G < //(G <0),if 
a = -2 ,b = -8 Sargodha 2009 

A- a + b = ~ 2 ~* _~ i0 

2 2 ~ 2 ~ 5 

O’ = ±y[ab = ±V(-2X-8) = ±n/T6 = -4(0 <0) 


2a6 _ 2(-2)(-8) _ 32 _-16_ 


a+b 


- 2-8 


-10 


3.2 


-5 < -4 < -3.2 or A < O’ < H 
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SEQUENCE AND SERIES 


ii. 


Sol. 


15. 


Sol. 


-2 -8 

a — — - b — — 
5 5 


A = 


a + b 


- 2 -8 - 2-8 -10 

■~ + ~ _ ~ 

J 5 _ 5 ^5 - ~ 2 _ } 

2 2 2 2 



]6 

25 


L4 <Ci<H 


5 5 

- -1,G - -0.8,// - -0.6 

If the H.M and A.M between two numbers are 4 and 9/2 respectively, find the 
numbers. Multan 2009 

H.M - 4. A.M - - a,b~'? 

2 , 

2a£> 2a6 

H.M = -v 4 >■/ 


,4.iV/ - 


a + 6 
a + b 


a + b 

9 ^ o + i 
2 2 ~ _ 2 _ 

> £7 + 6 = 9 > U 


(Put II in I ) => 4 = 


2a6 


1 

ab — — — 1 8 => ub — 1 8 
2 

Put value in III 


lab -36 

Ill from 11 a + b-9=> a = 9~b 


( 9 - 6)6 = 18 => 96 - 6 2 -18 = 0 

=>6 2 -96+ .18 = 0 

=> 6 2 -36-66 + 18 = 0 

— > 6 2 (6 -3) -6(6 -3) = 0 

=>6-3 = 0 or 6-6 = 0=>6 = 3 or b -6 

When b ~ 3 then « = 9 — 3 = 6 

When 6 = 6 then a = 9 — 6 = 3 

Numbers are 6, 3 or 3,6 
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SEQUENCE AND SERIES 


16. 


Sol. 


17. 


Sol. 


If the (positive) G.M and H.M between two numbers are 4 and 16/5 , find the 
numbers. Sargodha 2008 

G.M = 4. H.M = — aia? 

5 

G.M = '■fab => 4 = ^ fab =$ab = 16 / 

lab 16 lab 


a + b 
7 


H.M = ■ 

£3 + 6 5 

16 2(16) 1 

— =>- = 

5 a+6 5 a+6 

By cross multiplication 
C/ + 6 = 10 »// 

From II a ~ 10-6 >/// 

/ become (1 0 - 6)6 = 1 6 => 1 06 6 2 - 16 = 0 => b 2 - 106 + 16 = 0 

=>6 2 ~26-86 + 16 = 0 
=> 6(6 - 2 ) - 8(6 - 2 ) = 0 
=»(6-2)(6-8) = 0 
=>6-2 = 0 or 6-8 = 0 
=>6 = 2 or 6 = 8 
When 6 = 2 then £3 = 10-2 = 8 
When 6 = 8then.£3 = 10-8 = 2 
Numbers are 8,2 or 2,8 

14 I * 

If the numbers -,—and — , are subtracted from the three consecutive terms 
2 21 36 

of G.P, the resulting numbers are in H.P. Find the numbers if their product is - - 

27 

Suppose three numbers in G,P are then 

r- 

f*s 


Condition II “> 


U ' 27 


V r J 

!)'■ 




Faisalabad 2008, Sargodha 2009 


> a < = 


a. 14 1 

Condition 1 => -,a, ,a,r are in H.P 

r 2 21 36 
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1114 1 1 

rriTTir'^ 

_L_I 7~4 12r-l 

3 r 2’ 21 36 

2-3 r 3 12r-l 


■ in H.P 


6 r '21’ 36 
. 2-3r 1 12r-l 


in H.P 


6r 

*7* 36 1 

6r 

7 36 i, 

2-3r 

’W 

36 


12r-l 

_ y 

2 

36 

, 

c= 


in H.P 

in A.P 

6r 
-3 r 

7+7 = 14 


12r-l 2-3r 
■x ’ both sides by (I2r - 1X2 - 3 r) 

36(2 -3r) + 6r(12r - 1) = 14(12r - 1X2 -3r) 

72 - 108r + 72r 2 - 6 r = 14(24 r - 36r 2 -2 +3r) 
72r 2 -I14r+72 = 14(-36r 2 +27r-2) 

72 r 1 -144 r + 72 = -504r 2 +378r 2 -28 
72r 2 — 144/*+72 + 504r 2 -378r 2 +28=0 
576r 2 -492r+100=0 
1 44/- 2 - 1 23r + 25 = 0 (V5y 4) 

144r 2 -75r-48r + 25 = 0 

3r(48r - 25)- l(48r - 25) = 0 

(48r - 25X3r - 1) = 0 

48r-25=0 or 3r—l = 0 

25 1 

r = — or r =— 

48 3 

25 1 

When r = — & a = - 
48 1 3 

1 

£l = = _ 1 If 25^ 25 

r"25 3 25-ZS' a '=y a ' r = 3{wrm 

48 


MGEIENOEAMDSEIMES 
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1 


1 


When a. =— , r -- 


I 

a \ _ 3 „ * 

— a,r = | — 


i 

3 


I 


r 1 
3 

Required numbers are 
]6 2 25 _ II 

25 ’3 ’ 144 '3’9 


igma Notations 


ivn = i 

3JI3J 9 


1+2+3+ +„ = ^ = ^ +1 > 


*=1 


2 — "Multan 2008, Faisalabad 2007, sgd 2008 


i 2 +2 2 +3 2 + +ff 3-yv- ”.( ff+| X2»+ 1) 

^ 6 


A- 1 


l 3 + 2 3 +3 3 + « , =2> J '= 

*=1 


n(w + l) 


^ = S 7 * 
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SEQUENCE AND SERIES 


Exercise 6.11 


Sum the following series upto n terms. 

1. Ixl+2x3x7+ 

Sol. 1 x 1 + 2 x 3 x 7 + n term 

T i =[l+(*-lXl)]x[l+(*-lX3)] 

T k = (\ + k-\)(\+3k-3) = k{3k -2) = 3k 2 -2k 

5„ = S 7, *=Z< 3 * ! - 2 '*) = 3 Z*^ 2 I]* 

k-i k-\ k E A - I 

n(n + lX2«-i 1) 2.2(w + l) _ *(w + l)(2« + l) 2» Q+1) 
6 2 2 2 

= "< w+1 > [ 2 « + 1 -2] = 4 ,+1 X 2 ”- 1 ) 

2. Ix3+3x6+5x9 

Sol. Ix3+3x6+5x9 n term 


3 . 

Sol. 


4 . 

Sol. 


T k = [l + (A - 1)2] x [3 + ( A - 1)3] = (1 + 2A - 2X3 +3k- 3) 
= (2k-l)(3k) = 6k 2 -3k 

S, = £ - 3 *> = 6 £* ! - 3 Z* 


k - 1 


*=! 


k=\ 




= ^ «t«+lX2n+l) _ 3ji('i + l) =n(n + 1) 


="/?(/7 + l) 


4«+2-3 


3 

2w+l-— 

2 


«(« + !)( 4w-l) 


1x4 + 2x7 + 3x10 + 

1x4 + Zx 7 + 3x10 + jUerm 

T, =[l+(4-l)l]x[4 + (<r-l)3] = (l + *-l)(4 + 3t-3) = /t(3i + l) = 3<' ! +/t 
S^±T t =3±k> + £k 

it-l *=l *=l 

= ^ «(» + I ) (2 « + 1 ) ( »(« + 1) _ ntji + i )(2w + 1 ) « ( « + I ) 

, jT(^fl)^ 2ff+ i + ij = £(^+ 1 K2H+2) _ 2w(n + 1 )(n+l) _„ (w+I) i 

3x5 + 5x9 + 7x13 + 

3x5 + 5x9+7x13 + n term 
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SEQUENCE AND SERIES 


5. 

Sol. 


6 . 

Sol. 


T k = [3 + (A - 1)2] x [5 + (A ~ 1 )4] = (5 + 2k~ 2)(5 + 4k- 4) = (2k + 1X4£ + 1) 
= 8A 2 +2*+4* + l«=8A :! +6*+l 


S,^T„^U 2 * 6* + l) 

k-i *-! 

— 8 ^ k 2 + 6 ^ k + n 

k - 1 *=l 

_ 8 / 7 ( 77 + l)( 2/7 + l) 6/7(/7 + l) 


- + ■ 


+ /? 


= n 


4(r+1)(2« + 1) 


+3(* + l) + l 


= n 


4(2« : + /? + 2/7 + 1)+9(/i + I)+3 


3 


- n 


T 8/7 + 1 2/3 + 4 + 9/7 + 9 + 3 n 

L ; = ”(8/7" +21/3 + 16) 

l 2 +3 2 +5 J + Multan Z009 

r +3" + 5 : + ... + n term 

T k = [1 + (k -1)2]' - (1 + 2k - If = (2* -I)" 

7; = 4A 2 -4/t+l 

^ = ir i = S(4^-4/t+i) 

*«1 *=l 

= 4SA: 2 -4l/t+/7 

*=i m 

_ 4h(h + 1)(2«+ 1) ^/?(/7 + ]) + ^ 


= n 


- /! 


2(« + l)(2/7 + l) 


-2(w + 1J + 1 


-n 

4/j 2 + 6/3 + 2 _ 
— 2ai— 1 

_ 

L 3 J 


V +>^ + 2-^-3 


= j(4« 2 -I) 

Multan 200S 


2 : + 5 2 + 8 2 + 

2 3 +5" + 8 2 + + n term 

T k ■= [2+(k - 1)3] : = (2 + 3* - 3) 2 = (3 k - 1) 2 
I =9*--6A- + l 





SEQUENCE AND SERIES 


7. 

Sol. 


8 . 

Sol. 


5 « = S ^ = Z (^ 2 _ 6 A + 1 )=^ 2 ]^ 3 _ ^ ZI k+n 

^1 ia\ 

__ ft «(« + 1X2 n + 1) 6n(n + 1) 

” 9 6 I“ + " 

6n 2 +9«+3 


= n 


3(«+lX2«+l) 


-3(/j+1)+1 


= « 


-3m-2 


f 


= n 


6/j 2 +9«+3-6«-4 


J 


=—(6rr +3n- 1) 
2 


2xl 2 +4x2* +6x3 J + 

2xl 2 +4 * 2 2 +6x3 2 + + n term 

T, =[2+(*-l)2].[l+(*-I)l] : 

= (2+2t-2Xl+i-l) J =2*(* ! ) = 2ye 

4=fo-£2f-^>*=2j , ifeta')’ 

V 2 ; 


. i \2 3 , 


\2 


_ 2n (n+ 1) 2 _ n 2 (n+ 1) 

4 “ 2 

3x2 3 +5x3 2 +7x4 1 + 

3x2 J +5x3 2 +7x4 2 + .,.,.+nterm 

T t =[3+(*-l)2]x[2+(4-l)l] : 

= (3+2i-2X2+/t-l) ! =(2t+lXi+l) 3 

= (2k+lXk 2 +2k + Y) = 2k 1 +Ak 2 +2k+k 1 +2k+l = 2<t 1 +54 2 +4*+l 
«,=i;^=Ba* ! +5i J +4*+i) 

= 2]T A 3 + 5]JT k 2 + 4 + « 


t-i 






= if , SnfrH- 1X2«.*1) ( 4/X«+I) 

l 2 J 6 .2 


+« 


= 2 


/ r (/) 2 - f - 2 / 7 + 1 ) 


0 
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n(n 2 +2n + l) \0n 2 + ]On+5n + 5 

2 + g +2n+2+i 

+6 rr_ + 3/z + 1Q/7 : + 15/7+5 + 12/7 + 1 8~ 

6 


9. 

Sol. 


10 . 

Sol. 


- 7 (3« 3 + 1 6« 2 + 30« + 23) 

6 

2x4x7+3x6x10+4x8x13+ 

2x4x7 + 3x6x10 + 4x8x13 + *, to n term 

T k =[2+(t-l)l]x[4 + (A-I)2]x[7+(*-l)3] 

= (2 + *-l)(4 + 2*-2)x(7 + 3*-3) 

*= (* + 1X2* + 2)(3* + 4) = (*■ +I)(6* 2 + 14& + 8) 

^6* 2 +14* ? + 8* + 6k 2 + 1 4£ + 8 = 6A 3 + 20£ 3 + 22 k + 8 

^»ir*«i(6* J +20*'+22*+n 

*=] £*1 


= + 2 o£* 3 +22 J £ + 8 /i 


[/ifn + l)]' 20«(n+lX2« + l) 22«{« + l) 

~^L 2 j + i + -i- i+8 " 


= n 


- n 


= n 


_ 6sr(n + ]) 2 20«(n+lX2ff + l) 22n(n+}) 

— " - + — + — , 

4 6 + 2 ‘ 

3n(n 2 +2n + l) 10(2m ? +3« + l) 

2 + 1 l(n + 1 ) + 8 

3/? 3 +6/7 : +3/7 20/? 2 +30/7 + 10 

2 + + 1 1/i + II + 8 

r 9/7 3 + 18/T i 9/7 +40/; 2 +60/1 + 20 + 66/7 + 66 + 48 


- — (9/i 3 + 5Hn 2 + 1 35/7 + 1 34) 

6 

1x4x6 + 4x7x10 + 7x10x14 + 

Ix4x6 + 4x 7 x 10+ 7 x 10x14 + ,..+ n tcKtns 

T k =[1h-(*-1)3]x[ 4+(* 1)3] x [6 r (A- - 1)4] 



SCQUENCEAWO SERIES 


11 . 


Soi. 


= (l + 3*-3)x(4+3*-3)x(4*+2) 

= (3* - 2) x (3* + 1) x {Ak + 2) 

= Ok - 2)(1 2k 2 + 1 Ok + 2) = 36*^ + 30k 2 + 6k ~ 24*’ -20* -4 
= 36* 3 +6* 2 -14*-4 


■ ? .=i r »=2]p« 3+sti - i4t - 4 ) 

*»J 

= 367* 3 +6y* 2 -I4^*-4rt 

*=l i-1 i=I 

36 M W +1) V | M”+W*+V Unjn+l) ^ 
{ 2 J / 2 




» 2 (m 2 +2n+l), 

T 


+ n(n + IX2« + 1) - 7n(n +1) - 4« 


= n [9n(n 2 + 2n + 1) + (2« 3 + 2« + m + 1) - 7(« + 1) - 4 J 

= «(9« 3 +18« 2 +9n+2« 2 +3« + l-7«-7-4) 

= «(9h 3 + 20« 2 + 5« - 1 0) 

1 + (1 + 2) + (1 + 2 +3)+ 

I + (l+2)+(l + 2+3)+ ....+ » term 

n(n+ 1) 


T =1+2+3+. 


..si = - 


T k = 


*(* + 1 ) 


S,=|(2 fl ,+(«-l)<i)=|(2(l) + (»-l)l)| 

= « ( 2 + „-i) = *2±l> 

2 2 


2 2 




tj 


2> j +z* 

Li-1 *=t J 


n(n + 1X2« + 1) n(« + 1) 


6 2 
_ 1 wC«>fl)f2rt+t V n(«+l)f2n+l+3^ 


+1 , 

. 3 ; 

_ n(n+\)(2ri+ 4) _ n(n+l)$(n+2) _ n{n + 1X« + 2) 
4x3 ,2fx2x3 6 


SEQUENCE AttO SERIES 


12. I 1 +(1* +2 1 ) + (1 2 +2 1 +3*) 

SoL ! 3 +:(1 2 +2 2 )+(l 2 +2 2 +3 2 )+ + n term 

r = 1 2 + 2V3'+ J =1 2Cl±]X?5±l). 


T> = 


*(*+!X2fr + l) 


y e = i ! + 2‘ +3* + » ! = ' ,( " +1)2 ' ,+1) 
^ 6 




T , = 7 [* <2 * ! + 2 * + * + ■)] = 7[ 2 *’ +3 * 2 +*] 


s .=E 5r .=7| 2 S*’ +3 £* ! +2> 


*=1 


is* 


2 

rw«+i)>i 

_ ^n{n+\)(2n+\) - «(«+!) 


2 , 

■fr, 2 


6 

rt(«+l) 


6 

w(«+i) 

6x2 


«(«+!) 2rt+l I 


4 2 


+ ' 

2 2 


M 3 +«+ 2n+J + ] J.r 


13. 2+ (2 + 5)+(2 +5+8)+. 

Sol. 2+(2+5)+(2+5+8) + n term 

T„ = 2+5+8 +/j term 

a x =2, d~3 , n~ri 


l ; =§[2o, +(«-W] =|[2(2)+(«-l)3] = |[4+3»-3] 

7; = "(3» + l ) = 3 2l±ii = ,r,=^±i 
" 2 2 2 
« n Ifr 2 + i: 

S,=l,T t = £^ 


^1 


W, 


M 


M 


2 


3 l*+i* 

JK1 



_ 1 3ff(f7+lX2w+l) t n(n+\) _ «(«+i) r 2fi 1 1 | ^ 

2j_ 2 2x2 * ” + * 

= ^ [2 „ +2] = ^±I)^ (b+1) 

4 a 2 

__ ff(«+lK »+l) _ fl(n+I) 2 

2 ~ 4 

14. Sum the series 

i. I 1 - 2* + 3 1 - 4 2 + + (2ff - 1) 1 - (2 h) j 

Soi. r„ = (2 b-I) 2 -(2«) 2 =4« 2 -4/m-l -4« 2 = + 1 

T t =-4k + l 

S n = 2] ^ = 2](~ 4 * + I ) “ “ 2* +W 
= + « = -2«(«+ 1) + n = -2 « 2 - 2«+ n 

= - 2 b* - h = -»( 2 « + 1 ) 

ii. I 1 -3 1 +5 1 -7* + +(4n-3) 3 -(4n+l) 2 

Sol. T tt =(4«-3) 2 -(4b-1) j =16« 2 -24rt+9-16B 2 +8«-l 

= -16b+8--8(2b-1) 

r*=8(2A-i) 

*= i L 

= _8 2^-^-b = — 8[n(n + 1)— «] = -8 (b 2 +n—n)~ —2n 2 



I 1 

l*+ 2 2 

l 2 + 2 * + 3 1 


!ii. 

— + 

1 

2 

■ 4 * — + 

1 3 r H< 

, +« term 

Sol. 

l 2 

I 2 + 2 2 

l 2 + 2 2 + 3 2 


— + 


+ 

...,+n term 


1 

1 + 1 

l+i+i - 



I 2 + 2 2 + 3 2 +.. +nterm 

1 + 1 + 1 + n term 


1 w b(b+ 1 X 2 b+ 1 ) _ (w+lX 2 «+l) 

n 6 6 



COLLEGE | 

(k + 1X21 +i) _ Ik 2 f Sfr + 1 


15 . 

i. 

Sot. 


ii. 

Sol. 






*=1 


2f 1 k > + lf i k+n 

. *=l M 


,..n(n+lX2n+l) , 3«(»+!) . 

T' " H : r ft 


«(m+!X2w+ 1) 3n(«+l) 

3 - 2 + ” 


In 2 +3«+l 3n+3 


+1 


4 n 2 +6n+2+9«+9+6 
6 


n(4n 2 + l5n + l7\ 


V, 


■J 


_ »(4ff 2 +15w+17) . . * 

■ 36 

Find the sum to n terms of the series whose nth terms are given: 
3*f*+j» + l 

Given T n * 3n 2 + n + 1 => T k - 3 k 2 + k + 1 

s, =£r. =j£* ! +f>+n* j«fi!+S^±S' +) ,r'«+i 

- * 6 


= n 


, k=\ . Ui 

(n+iX2»+1) + ft+1 j 
2 .2 


+« 


-n 


2w 2 + 3^ +1+M+1+2 


_ «(2«" +4w+4) 


= n(« 2 +2n+2) 


n 1 +4w-fl 

Given J’ = 3n 2 + n + 1 => Tk =3k 2 +k + 1 

n 


s » - Yjk =%£■ +4 J^k-i-n 

*«( i = i 

«(«+lX2n+l) t 


1=1 


-n 


« ■ i 

2w 2 + 2« + w + 1 + 1 2 j? +12+6 


+« = « 


w 2 +2«+»+l 


+2n+2+l 


= ’[2n 2 +iSn+19] 


6 



COLLEGE mathematics.! 

16. Find the nth terms of the serles/fmd the sum to 2n terms. 


SEQUENCE AND SERIES 


3#r +2«+I 


Multan 2008 


Sol. Given 7' h « 3n 2 + In + 1 => T k = 3>k 2 + 2k + 1 

X=S7;=f(3* J +2* + lj , 

it-J it- 1. 

f3^Ta 2 +2^4 + « 

k-A . *.-i 

_ n(ft + lX2« f 1) •£( «X« + 1> 

^ — *■ 




2ft 2 +«+2w+l 


+«+i+i 


p 

= “ 4*3^7 + 1 4 2n +2 4 2^ 

^ =^[2ft"+5ft+5] 

^ 2 « ~ ■~^[2(2w } + 5(2 k) + 5] = ft|^8ft 2 4 - 1 0« +' 5 ] 

». « 3 +2«+3 

Sol. Given ?'„ = n +2k+ 3=> T k = A 3 + 2k + 3 

^=IX=2> 3 + 2*+3) -'T* 3 +2T*+3« 

i._ 1 j. * 7 r -* * * 


JM. *-l 

-il. 


/?{tf4l) 


+ ^±i) +3n 


=« 


n(ft +2ft+l) 


+ (ft + l)+3 


^ p 

t — [ ft J +2« 2 +ft+4ft+4 + I2j 


= + 2« 2 4 5ft+ 1 6 j 

= + 2(2w) 2 + 5(2«) + 16] (Replace nby 2n ) 

= tT^ J + 8 ft “ + 10ft 4 16] ^ n^4n + 4n 2 +5/7+8] 
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TEST YOUR SKILLS 


Marks: 50 


Q # 1. Select the Correct Option 

i. A.M between 3 VI and 5 VI is; 

4 VI b} 


( 10 ) 


m. 


IV. 


VI, 


a) 

c> 


10 


The series 1 + —+—+. 


5 VI 

d) 2VI 

...is convergent if: 


2 2 

a ) xeR b) *e[-2,2] 

c} *e(-2,2) d) .veZ 

The sum of an infinite geometric series exists if: 


3 ) jrj < I 

e) /.* = 1 


a) 


c) 


n(n + 1) 


r<{n + i)(2>7 + 1) 


I i J_ 

2 ’ 7 ’ 12 

a An A.P 


is 


H.P 


b) 

d) 


b) 

d> 


b) 

d) 


M > 1 


/?' {/i + 1 )" 


None of these 


G.P 

None of these 


n , j 11 

Q +6 

If , . is A.M between a and b then n is: 

a + b" ’ 1 

a) 0 b) 1 

c) 1 d) -1 


VII. 


viii. 


1-V.v 1-Jt 1 + V* 

a) ^ 

c) H.P 


to n term is; 

b) 

d) 


G.P 


Geometric Series 


The sum of cube of first n natural numbers 


n(n + 1) 


b} 


ir(» + 0 2 
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IX. 


X, 


C) 


n(/? + l)( 2 fj + l) 


d} 


n{n + ]) 


6 2 

If jcj > 1 then infinite geometric series is 

a) Oscillatory b) Decreasing 

c) Convergent d) Divergent 

The 8 ' h term of the sequence 3, 6 , 12, is 

a) i b) - 48 

c) — 

48 


d) 


48 


Q ff 2. Short Questions: 


i. 

u. 

iii. 

iv. 

v. 

VJ. 

vii. 

viii. 


ix. 


x. 


Which term of the A<P -2,4, JO....... is 148? 

Find the :2 th term of the sequence i + /, 2/, -2 + 2/ 

Sum the series up to n term 3 4 3 3+ 333 -r 

if 5 and S are two A. Ms between a & b Find a and b. 

If 5 is H.M between 2 and b, find-b? 

If w „_ 3 — 2+7 — 5 find the nth term? 

Find the sum of the infinite geometric series 2 + ! + 0.5 + 

Find the 9 th term of harmonic sequence— — — 

I 5’7’ 

If the numbers r — ■ — - — - are in H.Pfind K? 

K 2A + i 4A - 1 

Sum the series -3. + (- 1} + 1 + 3 + 5 + a l0 


(10X2 = 20} 


Long Questions: (2 X 10 = 20) 

Q#3. (a) Find four A. Ms between \/2 and I2/V2 

(b) A ball is dropped from height of 27m, it rebounds two third of the distance 
it falls if it continue to fa II in the same way what distance will it travel before 
coming to rest? 

Qff4. (a) if the numbers — . — . — — are subtracted from three consecutive terms of a 

2 21 36 


G.P, the resulting numbers are in H.P. Find numbers if their product is — 

27 

(b) If Lm,n are p(h,qth.rth terms of an A.P, Show that 
l(q- r) + m(r p) + n(p- ry) - 0 
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PERMUTATION, COMBINATION 
AND PROBABILITY 



Theorem: 0! = 1 


Proof: we know that 


i. 

Sol. 

ii. 

Sol. 

iii. 


IV. 


Sol. 


v. 


Sol. 


n\ = n(n -\)\ 

(/wrn = l)l! = 1(1-1).! => 1 = 0! => 0! = 1 


Sol. — = 


Evaluate each of the following. 
4! 

41 = 4.3.2.1 = 24 
6! 

61 = 6.5.4.3.2.1 = 720 
8 ! 

7! 

8 ! g.pi 


7! 7f 


■ = 8 


101 

7! 

] 0 !_ 

7! " 

11! 


7f 


= 720 


4!7! 

11! _ 11.10, 9.8.X 

417! " 4.3.2 . IjT 

11.10.9.8 „„ 

= = 330 


VI, 


Sol. 


vii. 


Sol. 


vm. 


Sol. 


ix. 


Sol. 


6! 

3!3! 

6! _ 6.5.4.X 6.5.4 

3!3?~ 3.2.1.^ ~ ~~6~ 

8 ! 


= 20 


412! 

8! 8.7.6.5.X , S.7.6.5 

412! /f.2! ~ 2 

11 ! 

2!4!5! 

11! _ 11.10.9.8.7.6.X 
2!4!5! _ 2.1,4.3.2.1.x 

9] 

21(9-2): 

91 9.8.X 


= 840 


= 770 


21(9-2)! 2.X 


= 36 


4.3.2. 1 
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Sol. 


2 . 

i. 

Sol. 


ii. 

Sol. 


in. 

Sol. 


IV. 


15! 

15!(15-15)! 

>5f(15-15)! 0! 1 


XI. 


Sol. 


XII. 

Sol. 


3! 

0! 

3 ! _ 32 . 1 

0 ! 1 

4!.0!.l! 

4!.0!.1! = 4.3 .2. 1.1 = 24 


~6 


6.5.4 = 


vi. 


Sol. 


Write each of the following in factorial form: 
6.5.4 

Multiplying and divided by 3! 

6. S.4.3! 6! 

3! ~3! 

12.11.10 

12.1 1.10 ('x 1 & V by 9!) 

12.11.10.9! 12! 

9! ~ 9! 

20.19.18.17 

20.19.18.17 (V & V^16!) 
20 .19.18.17.16! 20! 

16! 16! 

10.9 
2.1 


VII. 

Sol. 


viii. 

Sol. 


Sol. 

10.9 

('x' & ' by 8!) 

ix. 


10.9.8! 10! 

2.1,8! 2!. 8! 

Sol. 

V. 

8.7.6 

3.2.1 

X. 

Sol. 

8 ' 7 ' 6 (V& V&y 5!) 
3.2.1 

Sol. 


8.7.6.51 8! 



3.2. 1.5! ~ 3!5! 



(V& 48!) 

52! 

41.48! 


52.51.50.49 
4.3.2. 1 

52.51.50.49 
4.3.2. 1 

52-51.50.49.48! 

■ 4!. 48! ~ 

n(n - l)(n - 2 ) 

rtn-lXn-2) (V ' & '+' ' by (n-3)I) 
n(n — !)(/? - 2)(» - 3) ! n\ 

(rt-3)! "(k-3)! 

(/t + 2)(/i + 1)(/j) 

(j7 + 2)(/7+1Xh)V & 4-' by («— 1)! 

(n+.2)(ff + l)(w)(ff-l)! Q + 2)! 

(«-!)! ” (k — 1)1 

(«+ 1 )(«)(« -1) 

Sargodha 2006 

(ff+l)(«X«-lXw~2)! 07+1)! 

3.2. 1 .(« — 2)! _ 3!(«-2)! 

«(«-!)(//- 2) (/i-r + 1) 

n(n~l)(n-2) (n-r + 1) 

'x ' & V ' by in - r ) ! Multan 2008 

n(n-\)(n-2) (w-r + lXn-r)! 

{ n-r)\ 
n] 

~ (n~r)l 
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Example 1:- How many 4 digit nos can be formed by 1,2, 3, 4, 5, 6 when no digit is 
repeated 

Sol: n=6, r=4 w 


No of 4 digit numbers = 6p 4 - 


6 ! 


6.5.4.3.21 


= 360 


(6-4)! 2! 

Example 2:- How many signal with 4 different flags can be given when any no of flags 
can be used . Multan 2008, Faisalabad 2009 " 

Sol. n=4, r=l,2,3,4 

Noof signal using 1 flag =4p, =4 
No of signal using 2 flag = 4p, - 12 
No of signal using 3 flag =4p, = 24 
No of signal using 4 flag =4p 4 =24 

Total no of signal = 4 + 12 + 24 + 24 =64 


" P r = - — (Formula for Permutation) Sargodha 2011 

( it — r \ ' 


1. 

I. 

Sol. 


(n - r) 

Evaluate the following 


10 : 




(20-3) 


yf\ 


I* , 


Sol. 


in. 


Sol. 


IV. 


Sol. 


Sol. 


V, =^ = 1*^2^43680 


4 (16-4) 




n : 


’is p = 12! 12.10.9.8.7f _ ne 

5 (12-5)! 


= 95040 


10 


a 


'“P, .-n^= ■°' 9 ’ 8 ' 7 '/' 5,4 '-^ =604800 


P 


P = 

1 x 


(10-7)! 

9! = 9.8.7.6.5.4.3.2.^ 


= 362880 
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2 . 

i. 

Sot. 


ii. 


Sol. 


in. 


Sol. 


3. 

i. 

Sol. 


II. 

Sol. 


Find the value of n 


n P 2 =30 


«! 


Multan 2007, Sargodha 2008, Faisalabad 2008, Lahore 2009 


= 30 


= 6.5 


(«-2)! 

2j! 

n{n - \)~ 6.5 => 

P n = 1 1.10.9 Sgd 2009, Fsd 2007, 2008 Lahore 2009, Multan 2008, 2009 

11! 11.10.9.8! 


(1 1 — #! 8 ! 

II! 11! 

(11-#!' 8! 

=>II-w=8=>ll-8 = «=>« = 3 


"P 4 : " >3=9:1 


Faisalabad 2009 


>4 _9 


1 

n\ 


(«-#! 

(«-!)! 


(fl-1-3)! 


= 9^>n = 9 


^#! JX)! 

Prove from the first principle that: 


r-l 


R.H.S= n. n l P 


-n. 


r - 1 

(«-l)! 


«.(« -!)! _ «! „ 
[n-l-(r-l)]! (n-l-r + l)!~( n -r)! °" LH,S 


"p=“- l p 


f-1 


Lahore 2009 


R.H.S= "-T+r.^’f 


M 
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4. 

Soi. 


5. 

Sol. 


(H-l)! 


f‘-(«-I)! _ (w-ljt 

C»-l-r)! '[«- 1 -(r - 1>]! " (n_ 1 - r) ! + /) 

, r.O-I)! («-!)! r.(w-l)! 


PERMUTATION, CO MS IN AT 10 & PROBAB ILITY 

r.(rt-l)! 


(«— I — r)! 

(tf-r)! 

(«-!-/*)! 

+ - 

(«-rXn-r-l)! 

(«-l)! 

r, , <■ ; 

(«-l)! 

n -r +r 


(«-!-/■)! 

L n~r\ 

(n - 1 - r ) ! 

- n-r j 


_ (n-1):! | 

r n j 

tf.(ff-l)! 

n\ 



— "P.. - L.H.S 


(n~\-r)l\n-rj (n-r)(n-l~r)\ ( n-r)\ 

How<nany signals can be given by 5 flags of different colours, using 3 flags at a 

time; Rawalpindi 2009, Multan 2007,2008 

n = 5,r = 3 

Number of signals = 

_ S! _ 5.4.3.;* 

(5-3)! 60 

How many signals can be given by 6 flags of different colours when any number of 
flags can be used at a time? 

n = 6, r = 1,2, 3, 4, 5, 6 

6 .^ f 


b P = 


6 P,= 


6 ! 


= 6 


(6-1)! /f 

6! _ 6.5./f 


6 P,= 


( 6 - 2 )! /. 

6! 6.5.4.^f 


= 30 


M " 






= 120 
= 360 


(6-3)! ^ 

6! _6.5A.3.j2i 

(6-4)! % 

6! _ 6.5.43, 2./f 

(6-5)! 7 " 

6! 6! 6, 5,4.3 .2.1 


1 


720 
= 720 


( 6 - 6 )! 0 ! 

Number of Signals. 

= 6 + 30 + 120 + 360+720 + 720 = 1956 
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6 . 

i. 

Sol. 


II. 

Sol. 


ill. 

Sol. 


7, 

Sol. 


8 . 

Sol. 


How many words can be formed from the letters of the following words using ail 
letters when no tetter is to be repeated: 

PLANE 

n = 5. r = 5 


Number of words = S P 


5! 


5.43.2. 1 120 


(5-5)! 0! 

OBJECT 

n — 6, r — 6 

Number of words = t P b 


1 


= 120 


6 ! 


6.5.43.2.1 720 


0! 


1 


( 6 - 6 )! ■ 

FASTING 

rt = 7, > = 7 

Number of words = 7 P 7 

7! 7.6.5.43.2.1 5040 


= 720 


= 5040 


(7-7)! 0! 1 

How many digits numbers can be formed by using each one of the digits 2, 3, 5, 7, 
9 only once? 

2,3, 5,7, 9 3 digits numbers = ? 

3-digits numbers = 5 P i 


5.43.2! 60.^f 


= 60 


(5-3)! $ 

Find the numbers greater than 23000 that can be formed from the digits 1, 2, 3, 5, 
6, without repeating any digit. 

1,23,4,5,6 n = 5, r = 5 

Total numbers = 5 P 


5! 


5.43.2.1 


= 120 


(5-5)! 0! 

For less the 23000 if 1 is fixed at extreme left then permutation of 2, 3, 5, 6 


= 4 P,= 


4! 


43,2.1 


= 24 


(4-4)! 0! 

21 is fixed at extreme left then permutation of 3, 5, 6 
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= ^ = 


3! 


3.2.1 


= 6 


(3-3)! 0! 

Less than 23000 = 24 + 6 = 30 
For greater than 23000 

= Total - less than 23000 
- 120 - 30 = 90 

Find the number of 5-digit numbers that can be formed from the digits 1, 2, 4, 6, 8 
(when no digit is repeated), but 

(i) The digits 2 and 8 are next to each other; 

(ii) The digits 2 and 8 are not next to each other. 


So!. 


(i) 

(ii) 
10 . 
Sol. 


11 . 

Sol. 

12 . 


1.2, 4.6,8 permutation of 1, [28] ,4, 6, fs = i P 4 


4! 4.3.2. 1! 


(4-4)1 
Now 1.4, 


0 ! 


= 24 


6 


Permutation = A P i = 24 
2, 8 are next to each other = 24 + 24 ■=> 48 
Total permutation of 1, 2, 3. 4, 6. 8 = *P, = 120 
2, 8 are not next to each other 

= Total - 48 =120 - 48 = 72 

How many 6 digit numbers can be formed, without repeating any digit from the 
digits 0, 1, 2, 3, 4, 5? In how many of them will 0 be at the tens place? 

0,1, 2, 3, 4, 5 Multan 2008 

. 6d 6! 6. 5.4. 3.2.1 

Total 6 digits number = P 6 ~ ■ 


( 6 - 6 )! 


0 ! 


■ = 720 


When 0 at first place then = 7? = 1 20 (because when 0 is at first place (not count)) 
Required 6 digits number = Total - 120 = 720 -120 = 600 

When 0 at tens place 'P 5 (Because 0 is fixed at tens place) = — ‘ 1 - 1 20 

0! 

How many 5 digit multiples of 5 can be formed from the digits 2, 3, S, 7, 9, When 
no digit is repeated. 

2. 3, 7, 9, \s\ (Multiple of 5 , 5 at unit place fixed) 

No. of 5 digit multiple of 5 = A P i = ■ - 24 

In how many ways can 8 books including 2 on English be arranged on a shelf in 
such a way that the English books are never together? Sargodha 2008 
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Sol. 


13. 

Sol. 


14. 

Soh 


!S 


Suppose £,.£, are two English books and £, , B 2 ,B 3 , B 4 ,B 5 , £,,, remaining books. 
8! 8.7.6.5.43.2.1 


0! 


Total " P & = 

( 8 - 8 )! 

English books are Together 

Case I B ] ,B 2f B 3 .B A ,B s ,B 6f £,£, 

- 7.6.5.4.311 ^, 04Q ' 

(7-7)! 


■ = 40320 


Case n B r B 1 ,B J ,B A ,B 5 ,B 6 , E 2 E ] 

= 7 £ 7 - 5040 

English books together = 5040 + 5040 - 1 0080 

English books not together = Total - Together = 40320-10080=30240 

Find the number of arrangements of 3 books on English and 5 books on urdu for 
placing them on a shelf such that the books on the same subjects are together. 

£,,£,,£, a re English and U l , U 2 ,U 2 ,U 4 , U s , are Urdu books. Federal 

5! 3! 


Case I U x , U 2 , U , , U 4 , U s x £, , E 2 , E } = 3 /> x V 3 = 


(5-5)! (3-3)! 


5.43.2.1 3.2.1 

-x 


120 x — =120x6 = 720 


(5-5)! (3-3)! 0! 0! 

Case II £, . £ 7 . £. x U ] ,63(7,. U A . U 5 = : 'P. x 5 P 5 


3! 


= 3.2. 1x5.43.2.1 


(3-3)! (5-5)! 

= 6x120-720 
Answer — 770 + 720 - 1440 

In how man' ■ ways can 5 boys and 4 girls be seated on a bench so that the girls and 
the boys ot ,jy alternate seats? 

B represent Boys and G girls 

Alternate sol. 


Total no of ways B ] G, B 2 G, B } G 2 B 4 G 4 B s G 
= 5 P [ x 4 P i x 4 P l x 3 P l x i P l x 2 P ] x'J 
-5x4x4x3x3x 2x2x1= 2880 


in 4 

=2880 


=. 5 £ ? x 4 £ 4 =120x24 


Lahore 2009 

The permutation of things which can be represented by the points on a circle is called 
circular permutation. 
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1. How many arrangements of the 

can be made: 

i. PAKPATTAN Fsd 2008, 2009 

Sol. Total letters = n = 9 
P repeated time = 2 
A repeated time = 3 
K repeated time = 1 
T repeated time = 2 
N repeated time = 1 

Total arrangements 
9! 


letters of the following words, taken all together, 


lii. 

Sol, 


21.3U1.2U! 
9.8.7.6.5.4./ 
2.1./ 1.2.1. 1 


- 15120 


Sol. 


PAKISTAN 

(Ssrgodha 2009, Fsd 2008, OS) 

Total letters -n — 8 
P repeated = 1 . 

A repeated = 2 
K repeated =1 
I repeated = 1 
S repeated = 1 
T repeated = l 
N repeated - 1 
Total arrangements 

8 ! 

■ ii.2uuui.ii7n 

_ 8. 7 .6. 5.4.3./ 

3? 


fv 


Soi 


MATHAMETICS 

Total letters = 1 1 
M repeated = 2 
A repeated = 2 
T repeated =2 
H repeated = 1 
E repeated = 1 
l repeated = l 
C repeated = 1 
S repeated = 1 
Total arrangements 
II! 


- = 20160 


21.21.2U.UUUU! 

_ 11 . 10. 9.8. 7. 6 .5. 4. 3.2.1 
2 . 1 . 2 . 12 . 1 . 1 , 1 . 1 . 1.1 
_ 1 1.10.9.8.7.6.5 .4.3.2.I 
8 

= 4989600 
ASSASSINATION 
(Sargodha 2006, Multan 2007) 

Total letters -n~ 13 
A repeated = 3 
S repeated - 4 
I repeated = 2 
N repeated = 2 
T repeated ■= 1 
O repeated = 1 

13 f 

Total arrangements 

31.41.2 1.2!. I! 

_ U 12. II. 10.9.S.7.6.5./ 

_ 3.2. 1.2./. 2. 1.2,1. 1. 1 = 43243200 
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2 . 

Sol. 


3. 

Sol. 


4. 

Sol. 


How many Permutation of the letters of the word PANAMA can be made, if P is to 
be the first letter in each arrangement? 

PANAMA 

If P is first letter then @ ANAMA, n = 5 
A repeated time -3 
N repeated time -.1 
M repeated time -1 

5! 5.4./ 


Total arrangements 


■ - 20 


3!. 14. 1 ! /.U 

How many arrangements of the letters of the word ATTACKED can be made, If 
each arrangement being with C and with K? 

ATTACKED IF C is first and K is last letter than [c] ATTAED [Kj , f l = 6 
A repeated time =2 
T repeated time -2 
E repeated time =1 
D repeated time ^1 


Total arrangements 


6! 


6.5.43./ 360 


= 180 


2!.2!.l!.l! /. 2. 1.1.1 2 

How many numbers greater then 1000,000 can be formed from the digits 0, Z, 2, 
2, 3, 4, 4, ? 

0,2, 2, 2, 3, 4, 4 , n-1 
0 repeated time -1 

2 repeated time =3 

3 repeated time =1 

4 repeated time -2 

7! 7. 6. 5. 4. 3! 


Total = 


1I3UI.2! 1.3 LI. 2.1 


-420 


For less than 1000000 fix 0 at extreme left [(J ,2, 2, 2, 3.4,4 = - 


6! _ 6.5.4./ 

3!.l !.2! _ /. 1.2.1 

Number greater than 1000000 - 420-60^360 

S. How many 6- digits numbers can be formed from the digits 2, 2, 3, 3, 4, 4,? 
How many of them will lie between 400,000 and 430,000? 

Sol. 2, 2, 3, 3, 4, 4, n — 6 Faisaiabad 2008, Multan 2009 

2 repeated time -2 

3 repeated time =2 

4 repeated time -2 


= 60 
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Total 6 digits numbers = — — — - jj m 

212121 2.1.2. Z .2. 1 

For numbers between 400,000 and 430,000 fixed 42 at first place then numbers = 
l42j ,2, 3, 3, 4, « = 4 - 

2 repeated time =1 

3 repeated time -2 

4 repeated time =1 

4! 4.3 2i 

Total numbers = ■ = '■!— -\2 

1J.2.M! /f 

U membsrs of a club from 4 committees of 3, 4, 2, 2 members so that no member 
is a member of more then one committee, find the number of committees? 

n = 11 

4 committees have 3, 4, 2, 2 members 

No of committees = — HL_ = - mm 

3UI.2I.2I 32.1.^2.12.1 3 °° 

T j. e . D ’ C Os of 11 d,stncts m eet to discuss the law and order situation in their 
istncts in how many ways can they be seated at a round table, when two 
particular D.C.Os insist on sitting together? 

Number of ways= P H x 'R, {when 2 particular D.C.Os sit together ) 


= ^ ^ ^ ^ 2 ! = 725760 N °' ef ° r Wl *“• 

' ^ )‘ (2 -)• 0. 0. \ fonm(lg-(n~\)\ 

The Governor of the Punjab calls a meeting of 12 officers. kThow^any ways can 
they be seated at a round table? 

No of ways when one chair is fixed for Chairperson “ (12 -I)! = !1! = 39916800 

Fatima invites 14 people to a dinner. There are 9 males and 5 females who are 

sea e at two different tables so that guests of one sex sit at one round table and 

6 gUest ° ° th£?r sex at tbe second table. Find the number of ways in which all 
guests are seated. 

Male = 9 & Female - 5 

Number of ways - x 'P 4 — 8!x4! - 967680 

Tmd the number of ways in which 5 men and 5 women can be seated at a round in 
such a way no person of the same sex sit together. 

Male = 5 & Women = 5 

Both are sitting at one table so one c hair is fixed then number of ways 
= -4bo!^9K£f> N«1 h fWMW C" — 1)?] 


P t x P } - 4N5! - 2880 Note Circular permutation = 
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11. In how many ways can 4 keys be arranged on a circular key ring? 

Sol. =n = 4 Faisalabad 2007, Sargodha 2009, Multan 2008) 

_("-!)! (4-1)1 3! 3.2.1 , 

No of ways — = — = ■ ■■ --- =3 

2 . 22-2 

12. How many necklaces can be made from 6 beads of different colours? 

Sol. = n = 6 Sargodha 2010, Multan 2009 

(w-1)! (6-1)! 5? 120 

:■ “ 2 ~ 2~2 

COMBINATION 


Number of necklace - - 


= 60 


THEOREM 
Proof: R.H.S 


-v 

*C_ 


'tt-r 


n\ 


n\ 


n! 


n\ 


(fl-r)![«-(«-r)]l (n-r)\(/{ -/i+r) («-r)!r! r\{n-r)\ 

Example 2. How many diagonal can be formed by 6 sided polygon. 

Faisalabad 2007, Multan 2007, 2008 

6„ , 6! , 6.5.4! 


= n C,v L.H.S 


Sol. 

Example 3. 
Sol: 


No. of diagonal = 6 C 2 —6 = 


-6- 


-6 = 15-6 = 9 


n-i 


m n-lj 
n -\ s-T , 


K+^c r .^ n c r 


21(6-2)1 ' 2.1.4! 

Federal , Sargodha 2010, Faisalabad 2008 


LH.S= C r + " C,_, 
(«-!)! , 


(«-!)! 


(«-!)! 


(n-1)! 


V!(n-l-r)! (r- 1)! («-/-,+/)! r!(n-l-/-)! (r-l)!(„- r )! 
(»-!)! [ («-!)! 
r(r — !)!(»— 1— ?*).! (r — 1) !(« - r)(n — rl) ! 


(«-!)! 

n„ > 1 

in- 1)! 

«-/+/ 

(r— !)!(«— 1-r)! 

=3 ' 
1 

X ! 

1 


r(n—r ) 


(«-!)! 


n 


(r - 1) !(« - 1 - r)! r{n -r) J 
«(«—].)! 


«! 


THEOREM: 

Proof: 


r(r — 1) l(n —r)(n— r — 1) ! r!(n-r)! 

Prove that H C r .rl = Faisalabad 2008 

h! / n\ 


= "c;=r.h.s 


LHS *C r r\~~r — — /f = 

/!(«—/■)! (n-r)\ 


~”P. =R.H.S 
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Sol. 

it. 

Sol. 

iii. 

Sol. 

2 . 

i, 

Sol. 


Sol. 


ill. 

Sol. 


Evaluate the following 

12^t 

12! __12! _ 12.11. 10. yf 


12 C 

3!(12-3)! 3!9! 3.2,l.yf 


- 220 


"p 


20 


C = 


Multan 2009 

20! 20! 20. 1 9. 1 8,>Tf 


"C 

^4 


1 7 !(20 — 17) ! 1713! >7*3.2. 1 


= 1140 


- - - n(<n 1 ^ w ~ 2 X ” ~ 3 >j> — n ( n -\)( n -2)(n - 3) 


4 !(/? — 4 ) ! 4 

Find the values of n and r t when: 
L s~ c 4 Multan 200S 

fl c 5 = r 4 — »/ 

We know that 

"C = "c => fl c - n r 

r " f ^ ( ~S “ W-J 

I become 

"C 5 “ "C 4 => n -5 = 4 => [ n - 9 

12x11 


4! 


n C = 

^ ID 


2 ! 


Multan 2007 


a n 12x11x10!., , 

C R, = — 77m — ( x Sl * by 1 0 !) 


"C -- 

L io 


2110! 

12! 12! 

2 ! 1 0 ! 10!.(I2-10)! ~ 10 ^ - c io=> Iff = 12 


Kf-* H>"T 

C 12 ” 

Y ’ 

~ W _ 


Multan 2009, Sargodha 2008, Faisalabad 2007 


“* ”C = "C-,- =» 'C„ = "C„_ l2 | become 

"C n = ”Q=>k- 12 = 6 => n = 18 
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3. 

i. 

Sot. 


II. 

Sol. 


Sargodha 2008, Multan 2009 


Find the value of n and r, when 
"C r - 35 and "P r =210 

"C r =35 & n P r = 210 

Find n & r =? 

We know that 

"P n P 210 

T = =6=*r! = 3.2.1=3!=>r = 3 

r r\ "C. 35 


Also n P r =210 

»! 


(n-O! 


= 210=> 




(«-3)! 


= 210 =3) 




r/fw-lK^- 2) - 7.6.5 => , n _ 7 
" 1 C;- 1 :X:' Kl Ci= 3:6:11 
1 6 

"C 6 n+1 C 


->+i 


11 


Federal, Sargodha 2009, Faisalabad 2009, 
Lahore 2009, Multan 2008 


(«-!)! 


m! 




r !(«— r)! 


n\ 


(n + 1)! 


1) 


r!(n-r)! 


(r + l)!(n + /-r-/)! 

(«-!)! w! _ (r + l)!jj>^ _ 6 

(r-l)!j^ry w! 2 

I yfx(r+l)/ 6 

j£^r)T n{rs^)\ 2 /f (w+l)/ff 11 


(n+ l)t 


11 


-=- =>2r = m — / & 


« 


r + 1 _ 6 
n+1 11 


& 1 lr + 1 1 = 6/7 + 6 — — II 
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4. 

i. 

Sol. 


ii. 

Sol. 


m. 

Sol. 


5. 

Sol. 


Put I in II 
1 1 /- + 1 1 = 6 ( 2/-)+6 

=>1 ir + 1 1 = 12r + 6 =>11-6 = 12r-l lr => 5 = r put ini w = 2(5)=$n = 10 

How many (a) diagonals and (b) triangles cab be formed by joining the vertices of 


the polygon having: 

S sides 

n-5 

No of diagonal = 5 C, -5 


Sargodha 2008, Lahore 2009 


For Diagonal - "C, 
For Triangle - "C 3 


■n 


5! 


5.4,/ 
27(5-2)! ~ 2A.^i 


-5 = 


5 = 10-5 = 5 


No of Triangles = 5 C 3 = 


5! 


Wf = 54 = 10 
jf.2! 2.1 



S sides 


3!(5 — 3)! 

Sargodha 2008, 2009 , 2011 


n - 8 , No of diagonal = K C 2 -8 


8! 


-8 = 


8.7.j0f 


2!(8-2)t 2.1 

No of Triangles = - 


-8 = 28-8 = 20 
8! _ 8,7.6,/f 


3 !( 8 — 3 ) ! 3 . 2. 1 .#i 

12 sides Rawalpindi 2009 

n~ 12 , No of diagonal = li C : -12 

12! ' 12.11 Jrf _ ;1 


= 42 


21(12-2)! 

No of Triangles = = 


2.1.301 
12 ! 


i 2 .ii. io.yf 


= 220 


3!(12~3)! 3.2. 1. yf 

The members of a club are 12 boys and 8 girls. In how many ways can a committee 
of 3 boys and 2 girls be formed? Multan 2008 

Boys: n — 12 , r — 3 

Girls: « = 8 , r-2 

No of ways = L C, x S C 2 
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12 ! 8 ! 

3!(I2-3)! X 2!(8-2)1 
_ 12! 8! 

~3!9! X 2^6i 

_ 12.ll.10.yf 8.7.6! 

3.2.I.yf 2.1.6! 

= 220x28 = 6160 

6. How many committees of 5 members can be chosen from a group of8 persons 
when each committee must include 2 particular persons 7 
Sol. n = 8, r = 5 

For 2 particular person n = 6, r = 3 

No. of committees = & r =- 6! 

■ 31(6-3)1 

_ 6! _ 6-5.4 . /. _ /.S.4 
' 31.3! 3.3.1/ / 

7. In how many ways can a hockey team of 11 players be selected out of 15 players? 

How many of them will include a particular player? 

Sol. rt = 1 5, r = 1 1 


8. 

Sol. 


No of ways hockey team is selected = ls ^, = 
15! 15:14.13.12.>rf 


111(15-11)! 


= 1365 


1114! >rf.4.3.2.1 

If we included one particular player then n = 14, r ~ 10 

14! 14.13.I2.ll.30f 


No of ways == l4 C. n = ■ 

101(14-10)1 

Show that I6 C n 4- l6 C 10 = 17 C n 

LH5= l6 q 1 + w q 0 

16! 16! 

1 1 1(16 — 1 1)1 + 101(16—10)! 

_ 16! _ 16! 16! 


>0f.4! 

Sargodha 2011 


= 1001 


16 ! 
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I. 

Sol. 


ii. 

Sol. 

iii. 

Sol. 

10 . 

Sol. 


16! 

r± + l] 

\ 161 1 

f 6+1 P 

16! 

( 17 \ 

10!5! 

vll bj 

_ 10!5! 

v 11.6 ) 

~ 10!5! 

01-6J 


17.16! 


17! 


17! 


-= l7 C 

i n 


: R.H.S 


II. 1016.5! 11!6! 1 11(17-11)! 

There are 8 men and 10 women members of a dub. How many committees of 
seven can be formed, having: 

4 Women 

Men = 8 and women - 10 
No of committees” ,U C t x S C 3 

= 210x55 = I 1760 

At the most 4 Women 

No of committees = m C 0 x S C 7 + lo q x + '°C 2 x 8 C S + l0 £. x *C 4 + \\ x *C 

= 1x8+10x28+45x56 + 120x70+20x56 = 22968 

At feast 4 Women 

= X x X + Iy c; x >c 2 + w c 6 x 8 q + l0 c ? x *c n 

= 210x56+252x28 + 210x8 + 120x1 = 20616 

? ! rove that C r + C r _ t = C r _, Sgd 2009, Faisalabad 2008, Multan 2007 

L.H.S = m C r + "C 


>- 1 


Gujranwala 2009, Rawalpindi 2009, 






r\(n~r)[ (r-l)!(tf-/- + l)! 
«! n\ 


(r-l)!(«— /■)! 

n\ 


r{r - 1) !(«- r) ! (r - 1) \(n-r + 1X« - r ) ! 
n\ Pi 1 

h ■ 

r n-r+1 

»-/ + ! +/ 

(r -!)!(«- r)![ r(n-r + l) 

w! ( «+I ^ 

( r ~ 1.) !(« - r) ! r(n -r + l)j 

Q?+ 1).«! 

/*(r-l)!(M-r+lXH-r)! 

(n+1)! 


r\(n-r+l) 


/H-l 

= C = R.H.S 
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Example 1: 
Sol. 


Example 2: 
Sol. 


A die in rolled what is the probability that dot in the top is greater than 4. 

S = {7, 2,3, 4,5, 6 } ,n(s) = 6 

A = {5.6 },n(A) = 2 « 

n /A i 7 I Multan 2007, Lahore2009, Fsd 2008 

P(A ) = — 1 — £ = — = — 

n(S) 6 3 

What is probability that slip of numbers dividabie by 4 picked from the 
numbers 1,2,3, 10, Multan 2007, 2008 

$ = {l, 2,3,4. 5, 6 , 7. 8, 9, 10], n(s )=10 
A = {4,8 } , n(A) = 2 

n(S) 10 5 


■ 

Exercise 7.5 

(probability:! 

Sargodha 2008 


Probability is the numerical evaluation of a chance that a particular event would 
occur. OR Measu rement of uncertainty. 

The set S consisting of all possible outcome of a given experiment is called a sample space. 


Event: 


An event is a subset of the sample space, 

n(A) 


Formula P{A) = 

n{S) 

Total numbers ~n(S) 


For the following experiments, find the probability is each case: 

1. Experiment: 

Form a box containing orange flavoured sweets, Bilal takes out one sweet without 
looking. 

Events Happening: 

L The sweet is orange falvoured 


Sol. 'A' represent sweet is orange 


P(A) = 


*A) 

n(S) 



ii. The sweet is lemon falvoured 
Sol. 'B' represent sweet is lemon 


nB )= m .^ 0 

<S) 1 
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Sol. 


ii. 

Sol. 


Sol. 


ii. 

Sol. 


Sol. 


Experiment: 

Pakistan and India play a cricket match. The result is: 

Events Happening; 

Pakistan wins Sargodha 2010, Faisalabad 2009 

«(S) = 3 

'A' represents "Pakistan wins" n(A) = \ 

n{A)_\_ 

3 


P(A) = 


P(5) = - 


P(^) = . 


n{S) 

India does not lose 

'B' represent 'India does not lose' n(B) - 2 

n(B)_2 

n(S ) ” 3 

Experiment: 

There are S green and 3 red balls in a box, one ball is taken out: 
Events Happening: 

The ball is green Sargodha 2009, Lahore 2009 

Green balls = 5, «(S) = 8 

'A' represents "green balls" «(/i) = 5 
n(A) _ 5 

k ( S )~8 
The ball is Red 
Red balls = 3 , = 8 

'B' represents "Red balls" n(B) = 3 

n(S ) 8 

Experiment; 

A fair coin is tossed three times. It shows; 

Events Happening: 

One tail Lahore 2009 

Sample space of coins 3 times 

= S = { HHH, HHT, HTH , THH, TTH, THT, HIT, TIT } , n(S) = 8 

'A' represents " one tail " 

A = {THH, HTH , HHT} .n(A) = 3 

n(A) 3 


P{A) = 


n(S ) 8 
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II. 

Sol. 


5. 


Sol. 


ii. 

Sol. 


6. 


Sol. 


ii. 

Sol. 


Atieast one head 

'B' represents "at leant one head" 

B -- [HHH. Uirr, HTH. THH , TTH, THT , FJ7T} .n{ B) = 8 

n(S) 8 

Experiment: 

A die is roiled. The top shows 
Events Happening: 

S or 4 dots 

5 ={1.2, 3, 4, 5, 6} .*(5) = 6 

'A' represents " 3 or 4 dots" 

-4-{3.4j .n(A) = 2 

U- 

fi(S) 6 3 

Dots less then 5 Rawalpindi 2009 

'B' represents "dots less then 5" 

/-?-{], 2,3. 4} 

«(‘S) 6 3 

Experiment: 

From a box containing slips numbered 1,2,3, ,5 one slip is picked up 

Events Happening: 

The number on the slip is a prime number 

S - {1, 2,3,4, 5) ,n(S) = 5 Lahore 2009, Sargodha 2009, Fsd 2008 

A represents "Prime numbers" 

A = {2,3,5}. n(A) = 3 
n(A) 3 
n(S) ~ 5 


P(A) = 


The number on the slip is a Multiple of 3. 

'B' represents "multiple of 3" 

B={3}jfB) = 1 

KB) J 

fi(S) 3 


P(B) = 
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Sol. 


Sol. 


ii. 

Sol. 


Mi. 

Sol. 


Experiment: 

Two dice, one red and the other blue, are roiled simultaneously. The numbers of 
dots on the tops are added. The total of the two scores is: 

Events Happening: 

(0 5 (ii) 7 (iii) n 

Sample space of two dice is 

5 - {(1, 1), (1, 2), (1, 3). (L 4), (1, 5), (1, 6), (2, 1)(2, 2), (2, 3), (2, 4), ( 2 , 5), (2, 6) , 

(3, 1),(3, 2), (3, 3), (3, 4), (3, 5), (3, 6), (4, 1), (4, 2), (4, 3), (4, 4), (4, 5), (4, 6), 

(5, 1), (5, 2), (5,3), (5, 4), (5, 5), (5, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)j MS) = 36 

5 Faisalabad 2009 

A represents "sum of dots is 5" 

A = { (1, 4 ), (2, 3), (3, 2 ), (4, 1)} MA) = 4 => P(A) = • ^ = -i l 

n(S) 36 9 

7 

B represents "sum of dots is 7" 

B - {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)} .n{B) = 6^ P(B) = =-=- 

u MS) 36 6 

C represents "sum of dots is 11" 

C = {($, 6 ), ( 6 , 5 )} J2(Q = 2=> P(C) ~ — - — = — 

MS) 36 18 

Experiment: 

A bag contains 40 balls out of which 5 are green, 15 are black and the remaining 
are yellow. A ball is taken out of the bag. Faisalabad 2008 

Events Happening: 


I. The ball is black 
Sol. «OS') = 40 
Green balls 
Black balls 
Yellow balls 


■ 5 

= 15 
= 20 


A represents "black balls" ft(A) - 1 5 => P(A) = = — - i 


iol. 


The ball is Green 

B represents the " Green Bails” n(B) - 5 

. MB) 5 1 


MS) 40 8 


P(B) = 


n(S) 40 8 
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HI. 

Sol. 


9. 


Sol. 

i. 

Sol. 


ii. 

Sol. 


10 . 


Sol. 


i. 

Sol. 


ii. 

Sol. 


The bail is not Green 

C represents the " Ealls is not green" ft(C) ~ 35 
n{S) 40 8 

Experiment: 

One chit out of 30 containing the names of 30 students of a class of 18 boys and 
12 girls is taken out at random, for nomination as the monitor of the class.. 
Events Happening: 

Boys = 18, Girls =12 

S = {1,2,3,.... ,30} ,n(S) = 30 

The monitor is a boy 

A represents "monitor is Boy" n(A) = 18 
/*/*)_ 18 3 

~ 30 




<S) 

The monitor is a girl 

B represents "monitor is girl" n(B)~ 12 
n( B) _ 12 2 

“30 


P(B) = ^2=~=- 

^ ft A 


«( 5 ) 

Experiment: 

A coin is tossed four times. The tops show 
Events Happening: 

(i) All heads 00 2 heads and 2 tails 

Coins Tossed 4 times n(S) ~ 2” = 2 4 = 16 

S = { HHHH, HHHT, HHTH,HTHH, THHH. TTHH. HTHT, THTH , HHTT 

THHT, HTTH, TTTH, TTHT, TH7T, HTTT, TTTT) 

All heads 

A represents "all heads" A - [HHHH] 
n(A) _ 

”l6 


P(A) = - 


n(S) 

2 heads and 2 tails 
B represents "2 heads 2 tails" 

B ~ { HHTT, TTHH, THHT, HTTH , HTHT, THTH] ,n{B) = 6 
n(B) _ 6 _ 3 
n(5) 16 ~ 8 
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Exercise 7.6 


1. 


i. 

ii. 
ill. 
iv. 
Sol. 


2 . 


3. 


r. 

ii. 

iii. 

iv. 
V. 


A fair coin is tossed 30 times, The tops show: 
Events Happening; 


Event 

Tally Marks 

Frequency 

Head 

m i mi 

14 

Tail 

mi mi ini i 

tltt ttlt THT 1 

16 


How many times does 'head' appear? 

How many times does 'tail' appear? 

Estimate the probability of the appearance of head? 
Estimate the probability of the appearance of tail? 

(i) Head appear = 14 

(ii) Tail appear =16 


(iii) 


(iv) 


P(Head) = 


>i(Head) 


P(Tai!) = 


n(S) 

njTail) 16 
«(S) “30 


]4 _ 
30 " 
_8 

~~ 15 


2 

15 


A die tossed 100 times. The result is tabulated below. Study the table and answer 
the questions given below the table: 


Event 

Tally Marks 

Frequency 

1 

m # mi 

14 

2 

m mii 

17 

3 

nu i ii i. jm jui 

TfTT TtTT TttT TSTT 

20 

4 

m Mil 

18 

5 

mi mi mi 
TttT TttT Tftt 

15 

6 

i ii I, nu nu ! 
TTrT TTTT THT ! 

16 


How many times do 3 dots appear? 

How many times do 5 dots appear? 

How many times does an even number of dots appear? 
How many times a prime number of dots appear? 

Find the probability of each one of the above cases? 
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4. 


Sol. 


Sol. 

ii. 

Sol. 

ill. 

Sol. 


(■) 3 dots appear -«(3) -20 

(ii) 5 dots appear — «(5) = 15 

(iii) Even dots = n(Even) - 17 + 1 8 + 16- 51 

(iv) Prime nos = n(prime) = 17+20+15 = 52 

«(3) 20 _ 1 

MS) ~ 100 ~ 5 

15 


P(3) - 


_ »( 5 ) _ 15 _ 3 _ 

n(S) 100 20 

W r ime) = P(£vm) = **-»» _ H 

n(S) 100 25 f2 (S) 100 

The eggs supplied by a poultry farm during a week broke during transit as follows: 

1%, 2%, 1^%, -U'o, 1%, 2%, 1%. 

Find the probability of the eggs that broke in a day. Calculate the number of eggs 
that will be broken in transiting the following number of eggs: 

(0 7,000 (ii) 8,400 (iii) 10,500 

Eggs broken i n week - 1 % + 2% + 1 — % + - %+ 1 % + 2%+ 1 % - — % - 9 % - _JL 

22 2 100 
9 1 9 

Eggs broken in one day = X - 

300 7 700 

7,000 

9 

Eggs are 7,000 then Broken eggs = 7000x- — — 90 

700 

8,400 

‘ 9 

Eggs are 8400 then broken eggs = 8400 x— - 108 


10,500 


100 


9 

Eggs are 10500 then broken eggs = 10500x = 135 


700 



* 
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Exercise 7.7 


Formufa: 

P{AkjB) - P{A)+P(B)-P(Ar\B) Gujranwala 2009 
1. If sample space 5 = {l,2,3 9}, Event A = {2,4, 6,8) and Event 

^-fl, 3. 5jFmd P(A.jB). ■ Sargodha 2009, Falsalabad 2008 

sol. S = {1,2, 3 ..9}, n(S)-9 

A={ 2, 4,6,8}, n(A) = 4 
5=| 1,3, 5}, «(5) = 3 


2. 

sol. 


3. 

Sol. 


PiAnB)=^2H = 9 =0 

n(S) 9 


p(a)=^21 = 9 p(b)=^ 1=1=1 Note 

MS) 9’ ' n(S) 9 3 

P(A^B) = P(A) + P(B) 

_ 4 I _ 4 + 3 7 
9 + 3~ 9 "9 

A box contains 10 red, 30 white and 20 black marbles, A marble is drawn at 
random. Find the probability that it is either red or white. 


Red = 10, White = 30, Black = 20 

n(S) = 60 

A represents 'Red' and B represents 'White' 

n(A) = 1 0, n(B) = 30 

n{A) __ K) _ 1 
~60“6 
,30_1 
60 ~ 2 


Sargodha 2011 


nA ) = 
P(B) = 


MS) 

MB) 


AnB = <p 


MS) 


P(A or B) = P( A u B) = P( A) + P(B) 

-1 i 1 _ 1+3 4 2 

6 2 6 6 ~ 3 

A natural number is chosen out of the first fifty natural numbers. What is the 
probability that the chosen numbers is a multiple of 3 or of 5? 

'HU* 4 ' 50} Multui 1007 

n(S) = 50 

A represents “Multiple of 3" 

■ ^ = f 3, 6, 9, 12, 1 5, 1 8, 2 1, 24, 27, 30, 33, 36, 39, 42, 45, 48) 
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4. 

Sol. 


S. 

Sol. 


B represents "multiple of 5" 

^ = {5,10,15, 20, 25, 30, 35, 40, 45, 50} 

«OB)_10 
“50 


n(B) = 10 :=> P(E) = = tt 


<S) 

A n B = { 1 5, 30, 45} , n(A n B) = 3 => P(A n B) = 


50 


P(A or B) = P(dvB) = P(A)+P(B)-P(AnB) 

_ 16 |0_J_ = 23 
“ 50* + 50 50 ~ 50 

A card is drawn from a deck of 52 playing cards, What is the probability that it is a 
diamond card or an ace? Sargodha 2008, Multan 2007,2009 

n(S) = Total Cards = 52 

Diamond Cards = n{A) - 13 
Ace Cards =ifl(.jB)~4 

n(A r\B) = 1 {Because in diamond also one card is ace) 

P(AuB) = P{A)+ P(B) ~P(An B) 

n(A) , n(B) n(AuB) _ 13 ± _± 

~ rt(S) + n(S) n(S) “ 52 + 52 52 
13 + 4-1 16 _ 4 

52 ~ 52 ~ 13 

A die is thrown twice. What Is the probability that the sum of the number of dots 
shown is 3 or 11? Faisalabad 2009, Multan 2008 

n(s) - 36 


A represents "sum of dots is 3" 

B represents "sum of dots is 11” 

5- {(5, 6), (6, 5)}, n(B) = 2 

n(B)_2 L 

~ 36 


■4 = {(1,2),(2,1)}, n(A) = 2=>P(A)=— 

5q 


P(B) = 


n(S) 


Ac\B-(p 


P{A or B) = I\A U B) = P{A) + P(B) 
_ 2 _ _ 2 

3b 36 36 9 
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6 . 

Sol. 


Sol. 


Two dice are thrown. What is the probability that the sum of the number of dots 
appearing on them is 4 or $? 

n(S) = 36 

A represents sum is 4. 

B represents sum is 6. 

4 = {(1,3),(2,2),(3,1)}, «M) = 3 

B = {(1,5).(2,4),(3,3),(4.2),(5,1)}, n(S) = 5 

n(A) 3 


P(A} = 


*(5) 36 

m_ i 

n(S) 36 


AnB=(p 


P(A or B ) = P(A ujS) = P(A) + P(B) = -+— = — = - 

36 36 36 9 

Two dice are thrown simultaneously. If the event A is that the sum of the number 
of dots shown is an odd number and the event B is that the number of dots shown 
on at least one die is 3. 

Find PfA'uB) 

«(S) = 36 

A represents "sum is odd" 

8 represents 'one dice is 3” 

^ = {(!.2),(1,4),(l,6),(2,l),(2,3),(2,5),(3,2),(3,4).(3,6),(4,l),(4,3) 

(4, 5), (5. 2), (5, 4), (5, 6), (6,1), (6, 3), (6, 5)} 

# = { 0. 3), (2, 3) f (3, 1), { 3, 2), (3, 3), (3. 4), (3, 5), (3, 6). (4, 3), (5, 3), (6, 3)} 
n(B) _ 1 1 
‘ n(S) “ 36 

Ar\B = {{2,2>). (3, 2), (3, 4), (3, 6), (4, 3), (6,3)}, n( A r*B) = 6 
w Qjng) 6 I 
«(S) ~36 ~6 

P{A or B) = P{AuB) = P{A) + P{B)-P(AnB) 

- ^ I 1 

36 + 36 36 “ 36 


n(B) = U=>P(B)^- 


P(AnB) = 
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8 . 

Sol. 


Note: 


There are 10 girls and 20 boys in a class. Half of the boys and half of the girls have 
blue eyes. Find the probability that one student chosen as monitor is either a girl 
or has blue eyes. 

Girls = 10, Boys =20, n(S) = 3Q 

A represents girls => n(A) - 10 

B represent students have blue eyes =>/ 7 ( 5)-15 and n(AC\B) = 5 

P(XuB) 

n{S) n(S) n(S ) 

10 ] 5 __ 5 __ 20_2 
~~ 30 30 30 _ 30 _ 3 


"Playing Cards" 
Total 





Diamond 


Club 


Each Type (Heart, Diamond, Club, Spade) 
Consists of one -Ace 
one - King 
one — Queen 
one - Jack 


Spade 
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Sol. 


2 . 


Sol. 


3. 

Sol. 


Exercise 7.8 


Formula: 

P(A and B) = P(AnB) = P(A).P(B) 

The probability that a person A will be alive 15 years hence is 5/7and the 
probability that another person B will be alive 15 years hence is 7/9. Find the 
Probability that both will be alive 15 years hence. 

P(A)A,P(B)P- 


P(AnB) = P(A).P(B) 


5_7_5 
7 9 9 

A die is rolled twice: Even£, is the appearance of even number of dots and 
even E-, is the appearance of more than 4 dots. Prove that: 

^ = { (1> (1. 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 1X2, 2), (2, 3)*<2, 4), (2, 5), (2, 6) , 

(3) 1)> (3, 2), (3, 3), (3 ? 4), (3, 5),(3 } 6), (4, 1), (4, 2), (4, 3), (4, 4), (4, 5), (4. 6), 

(5, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6). (6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6.6)) ji{S ) =36 
- { (3? 2), (2, 4), (2, 6), (4, 2), (4, 4). (4, 6), (6, 2), (6, 4), (6, 6)} , n{E ] ) = 9 
E i ~ { C5, 5), (5, 6). (6, 5), (6, 6)} , ><^) = 4 
£,n£,={(6,6)} 

4_ * 

36 

36 I 


and 

n(S) 36 ’ n (S) 


36 36 36x36 


£(£; n£’) = 


n(E l r\E 2 ) 


36 


36 

->// 


-^1 


n{s) 

From f & II 

P(E ] nE 2 ) = P(E t ).P(E 2 ) 

Determine the probability of getting 2 heads in two successive tosses of a 
balanced coin. Gujranwala 2009, Rawalpindi 2009 

S = {HH,HTJH,TT) ,«(S) = 4 

Let A represents 2 heads. 

n(A) \ 

n(S)~4 


A-\HH ), n(A) = \ P(A) = 


I 
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4. 


Sol. 


S. 


Sol. 


6. 


i. 

Sol. 


ii. 


Sot. 


Two coins are tossed twice each. Find the probability that the head appears *the 
first toss and the same faces appear in the two tosses. 

S - { HH, HT, TH , 77} , n{S) = 4 

Let A represents "head appears first" 

A = {HH.HT\, n(A)=2 

B represents " Same faces" 

B-{HH,TT], n(B) = 2 


P(Ar\B) = P{A).P(B) 
nj A) rtJS) 2 2 1 

~~ n(S) «(S) ~ 44 ~ 4 

Two cards are drawn from a deck of 52 playing cards. If one card is drawn and 
replaced before drawing the second card, Find the probability that both the cards 
are aces. 

«(S) = 52 

Let A represents "aces" 

B represents " aces" 

tKA) = 4, n(B) = 4 


P{A) = 


P(B) — 


M.A) 4 1 

n(S) ~ 52 ~ 13 

_ \ 

n(S) 13 


P(AnB) = P(A).P(B) = — .— 

13 13 


_1_ 

169 


Two cards from a deck of 52 playing cards are drawn in such a way that the card is 
replaced after the firs draw. Find the probabilities in the following cases: 

First Card is king and the second is a queen. 

Let A represents "King" 

n(S) ~ 52, n{A)~ 4 

B represents "Queen" , tl{B) = 4 

P(AnB) = P(A).P(B) 

4_ £_J J__J_ 

_ 52 52 _ 13 33 169 

Both the cards are faced cards i.e. king, queen, jack. 

A represents face Cards 
B represents face Cards. 
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n(A) = 12, n(B) = 12 

P(AnB) = P(A).P(B) 

_12 }2_3_ _3__ 

_ 52 52 _ 13 13 ~ 169 

7. Two dice are thrown twice. What is probabilitv that um of the dots shown in the 
first thrown is 7 and that of the second throw is 11? Federal 

Sol. n(s) - 36 

Let A represents "sum is 7" 

B represents " sum is 11" 

-4 = { 0» 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)} , n(A) = 6, P{A) = ^^>P(A)=^~ 

n{S) 36 

B = {(5.6),(6,5)}, n(B) = 2, />(B) = ^=A 

n(S) 36 

P(AnB) = P(A),P(B) 

_ 6 2 _ I 
~ 36 '36 ~ 108 

S. Find the probability that the sum of dots appearing in two successive throws of 
two dice is every time 7? 

Sol. «(5) = 36 

Let A represents "sum is 7" 

B represents "sum is 7" 

A = { (1, 6), (2, 5), (3, 4), ( 4, 3), (5. 2). (6, 1)} . n{A) = 6, P{A) = — =- 

36 6 ■ 

B = {(1»6), (2, 5), (3, 4), (4,3), (5, 2), (6, 1)} , n{B) = 2, P(B) = — = - 

36 6 

P(AnB) = P(A)J\B)=~~ = ^~ 

6 6 36 

A fair die is thrown twice* Find the probability that a prime number of dots appear 
in the first throw and the number of dots in the second throw is less then 5* 

ol. 5 = {(1.1), (1.2), (1,3), (1,4), (1,5), (1,6). (2,1 )(2, 2), (2, 3), (2, 4), (2, 5), (2, 6), 

(3, 1 ), ( 3, 2 ), (3, 3), (3, 4), (3, 5), (3, 6), (4, 1 ), (4, 2% (4, 3), { 4, 4 ), (4, 5 ), ( 4, 6), 

(5, 1), ( 5, 2). (5, 3), (5. 4), (5, 5), (5, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)j ji(S) - 36 
^ = {(2,1).(2,2),(2,3) S (2,4),(2,5).(2,6),(3,1),(3,2).(3,3),(3.4),(3,5) 

(3, 6), (5, 1), (5, 2), (5, 3), (5, 4), (5, 5), ( 5, 6)} 
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10 . 

Hint: 

Sol. 


= = — =— 

nMT 1 1A /2 


«CS) 


18 

36 


^ - {(W). 0,2), (1,3). (1,4), (2,1), (2, 2), (2, 3), (2, 4), (3,1), (3,2), {3, 3), (3, 4), 
(4, 1), (4, 2), (4, 3), (4, 4), (5, 1), (5, 2), (5, 3), (5, 4), (6, 1), (6, 2), (6, 3), (6, 4)} 
n{B) 24 2 

n(S) ~ 36 “ 3 


ni B) - 24. P(E) - 


P(AnB) = P(A).P{B) = - - 

2 3 3 

A bag contains 8 red, 5 white and 7 black balls. 3 balls are drawn from the bag. 
What is the probability that the first ball is red, the second ball is white and the 
third ball is black, when every time the ball is replaced? 


8 


f 5 Y 7 


is the probability. 


I2OA2OA20J 

Red = 8, White = 5, Black = 7 

n( Red) - 8, n (White) = 20, n(Biack) = 7 
P(Red, White, Black} = P(Red). P(White), P(Black) 



5 -Y 7 ^ 


20 


280 


8000 200 
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Q#l. Select the Correct Option 


PERMUTATION. COMBINATION PROharii itv 


TEST VOUR SKILLS 


II. 


nr. 


iv. 


VI, 


VII. 


virr 


For two events A and B If p(A) = p(B) = j then p{A n B) = is: 

a) 1 

4 

c) 1 

^ "C\ =" G n then n - 
a) 4 

c) 12 


(10) 


b) 

d) 


2 

0 


b) 8 

d) 20 

IF A and B are disjoint events then p(A\J B) = ? 
a ) P(A) + p(B) bj 

c) P(A) + p(B)~ p(AnB) d} 

”C. = 


P(A)-p(B) 

None 


a) 

c) 


X- 

"C, 


b) 

d} 


For an event E, the range of its probability is: 

a) -!</>(£)<! 
c) 


0Zp(E)<[ 

Value of 4 P 2 is equal to: 
a) 12 

c) 6 

The set consisting of all possible out 
a) Events 

c) Combination 


b) 

d) 


"C 

it r 

'C 

0 < p(E) < i 
-I < p{E) < I 


b/ 4 
d) 8 

comes of a given experiment is called 
b) Sample Space 

, d) Probability 

What is the probability of an ace from 52 cards: 

a) Ysi 


Yu 


b) 

d) 


13 


1 3 d) y 26 

Pakistan and India play a cricket match then number of possible outcomes 

c b) 2 

^ d) 4 

P{E) equals 

a ) \ + P{E ) P(E)-\ 

c » di 2 - he ) 


are 
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Q#2. Short Questions: 


(10 X 2 = 20) 


i. Define permutation and write formula of "P r : 

ii. How many triangles can be formed by joining 8 sided polygon. 

ijj. A die is rolled what is the probability that dots on top are greater then 4. 

iv. A box contains 10 red, 30 white, 20 black, marbles, A marble is drawn. Find the 

probability it is either red or white. 

v. How many necklaces can be made from 6 beads of different colours. 

vi. a card is drawn from deck of 52 cards. Find probability card is king. 

vH. Find n when n P n = 1 1. 10.9 

viij How many arrangements of the letters of PAKISTAN taken all together can be made: 
fa,.’ P, = 9:1 Find n? 

Pakistan and India plays a Cricket match What is the probability that match is 
draw: 


Long Questions: 

aits. 

(a) 

Show that ,h C n + 16 C 10 - 17 C, 


(b) 

Show that "~'C r +"- 1 C r l = n C 

Q# 4. 

(a) 

Find /rand r if C r 


(b) 

How many signals can be made 


(2 X 10 = 20) 


c„, =3:6:11 


them are to be used at a time? 
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Mathematical Induction and 
Binomial Theorem 




Examples show that >3" +4 for n>2 {only for n = 2, 3) Multan 2007,09 

Sol, 5{n):4">3"+4 
For n = 2 

5(2) :4 2 >3 2 +4=>16> BTrwer 
Forn = 3 

5(3): 4 3 >3 3 +4=>64>31 True 

Use mathematical induction to prove the following formula for every positive integer n, 

1. 1 + 5 + 9 + + (4«-3)=«(2/|-l) Multan 2008, Sargod ha 2008 

Sol. 5(n): 1+5+9+ +(4»-3) = rt(2«-l) 

C-l: Put n = 1 then S(l): 4(1) — 3 =4-3 = 1= 1{2(1) -1) = 2- 1 = 1 
C' — 1 is satisfied 

C—2 : Let it be true for n = k e jV then 

S(k) : 1 + 5+9+ +(4* -3) = *(2*-l) >{A) 

For n — k + 1 statements is 

S{k+ l):l+5+9+ + (4(/r + 1) - 3) = (k + 1X2(£ + 1) - 1) 

. or 1+5+9+ +(4*+4-3) = (A: + lX2A: + 2-l) 

or 1 + 5+9+ +(4*+l) = (A+lX2* + l) >(B) 

Adding both side 4£ + 1 in (A)- we get. 

1 + 5+9+ ...+(4*-3)+(4*+l)=*(2)fe-l)+4*+l 


= 2k 2 -k + 4k+l 
= 2k 2 +U+\ 

— 2 k~ + 2k + k + 1 
= 2*(*+l)+l(*+l) 
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2 . 

Sol. 


3. 

Sol. 


=0fc+lX2*+l) 

Which is B, so it is true for n~k + 1. C-2is satisfied. 

Hence given statement is true for every +ve integer n, 

1 + 3 + 5 + + (2 n~\)-n z Multan 2008 

S(n): 1+3+5 + + ( 2 / 7 - 1 ) = n~ 

C-l : Put n - 1 then S(l): 2(1) - 1 = 2-1= l = (l) 1 2 - 1 
C - 1 is satisfied 

C - 2 : Let it be true for n - k e U then 

5{k ) : 1 + 3 + 5 + +(2 k -1) - k 2 A A) 

For n = k + 1 statements is 

5U + 1): 1+3 + 5+.... +(2(&+l) - 1) ~(k + 1) 2 

1 + 3 + 5 + .... +(2k + 2-\)~ k 2 + 2k+\ 

L+3 + 5 + + (2k + 1) = k 2 + 2k + \ >(B) 

Adding both side 2k + 1 in (A) we get. 

1 + 3 + 5 + ,.... + (2k - 1) A(2k +1) ~k 2 +2k+l 

Which is (B), so it is true for every +ve integers n, 

1 + 4 + 7 + . + (3»-2) = - (3 "~ lj 

2 

C-I; Put n = 1 then S{1): 3(1) — 2 = 3—2 = 1 
_ 1(3(1) -1) 3—1 2 

2 ~ -) ~ 2 ~ ^ C — 1 is satisfied 

C — 2: Let it be true for n — k e A r then 

S(k): 1+4+7+ + (3k - 2) = — ~ ~ 1} ^A) 

For n — k + 1 statements is 

S(k + 1) : 1 + 4 + 1 + + (3 (k + l)-2) = ^ +I X 3 ( A ' fl )~0 

2 

1 + 4 + 7 + (3^ +3 - 2) = ■ 

2 

1+4+7+ + (3t!- + 1) = ^®^ AB) 

Adding both sides (3A + l)in (A) get, 
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4. 

Sol. 


5 . 


i+ 4 + 7 + +(3fr-2)+(3*+l)= * (3 * 1) +(3A+1) 

2 

_ 3^ 2 -k + 6* + 2 3* s +5£ + 2 
2 ~ 2. 

1+4 + 7 + +CH-2) + (2£ + j)- 3A ’ +-^ + 2 3A‘+3£ + 2£ + 2 

2 2 

_ 3 k(k + 1) + 2{k + 1) (£ + lX3^+2) 
2 2 

Which is (B) so it is true for n = k+\ 

C ~ 2 is satisfied 

Hence given statement is true for very +ve integer n. 

1 + 2 + 4 + + 2" 1 =2"-l Sargodha 2008 

<S(n):l + 2 + 4 + - +2 n " l =2"-l 

0-1 :* Put n = i then S(l): = 2 1 ' 1 = 2° = 1 = 2' -1 = 2- 1 = 1 
C-lis satisfied 

0-2: Let it be true for n - k e N then 

S(k ) : I + 2 + 4 + + 2*“' = 2* +1 - 1 ^A) 

For n — k + 1 statements is 

S(fc+1): 1+2+4+ +2* +I_l = 2* - 1 

1 + 2 + 4+ ..+2* = 2 i+I -1 >{B) 

Adding both side 2* in (A) we get. 

1+2 + 4+ + 2*~'+2* = 2*-l + 2* 


= 2 + 2-1 

= 2 . 2 * -1 = 2 m -1 

Which is (B) so it is true for « = ^ + 1 C-2 is satisfied 
Hence given statement in true for every +ve integer n, 


, 1 1 

Id 1 1-. 

2 4 


1 


■ = 2 


1 -— 

2 ” 


Multan 2009 


$(>?): I+^+-+ +-~ = 2 

2 4 2 n ~ 


1-1 

r 


C-l: Put n = i then S[l): — = 1 = 1 

2 2 ° 1 


Sol. 
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= 2 


r i] 

■ it 

i 

1 r 

i— 

b i 

i 


L 2j 


= ! 


C- l is satisfied 

C - 2: Let it be true for n — k e N then 

11 1 

-+-+ +- 

2 4 

For n — k +lstatementsis 

1 


J(*):l+-+ T + : +^i-=2 




-»M> 


■ S '(*'" :1 ‘2 i r- V 1 -' 


-2 


1- 


1 


ill 

1 ■( — i — f. 
2 4 


t +_L-2 

2 * 

1 


1- 


1 


2 . 2 * 


-2* +1 
= 2-2x 


1 


2 . 2 * 


- 2 — 


Adding both side— rirt (A) we get. 

2 

, 1 '1 
1 H 1 — ' + 

2 4 




4= 2 H) 


— —r 


= 2-44 = 2 

2 * 2 * 


_L 

2 k 




Which is (B) so it is true for n , C - 2 is satisfied 
Hence given statement is true for every +ve integer n. 

6. 2+4+6+ .+2»w «(«+!) Sargodha 2009 

Sol. £(«): 2+4+6+ „+2n = n(M+l) 

C-l: Put n = l then S(l): 2(1) = 2 = 1(1 + 1) = 1(2) = 2 
C-lis satisfied 

C-2: Leti?%e true for « = &€# then 

S(k) : 2+4+6 + .....+ 2k~ k{k+Yi K^O 

For n = k + 1 statements is 

S(*+l):2+4+6+ +2(*+l) = 0t+IX*+l+I) 

2+4+6+ +2(*+l)=(*+iX£+2)- 

Adding both side 2 {k + 1) in {A) we get. 

2+4 + 6+ +2k+ 2(k + 1) = k(k + 1) + 2(Jt + 1) 

= (k + 1X^+2) Which is true 

Which is (B) so it is true for n — k +1^ C — 2 is satisfied 

Hence given statement in true for every +ve integer n. 
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7 . 

Sol. 


t 


8 . 


Sol. 


2+6+18+ + 2x3" 1 =3" -1 

S(n): 2+6 + 18+ + 2x3" 1 =3* 1 

C-l: Put n = 1 then 5(1): =2x3 M =2x3° =2x1 = 2 =3 l -1 =3-1 = 2 

C - 1 is satisfied 

C — 2 : Let it be true for n = k e N then 

5(*):2 + 6+18 + + 2x3*-' = 3*-l >(A) 

for n-k + l statements is 

S(k + 1) : 2 + 6 + 1 8 + + 2 x 3* +M = 3* +1 - 1 

2 + 6 + 18 + +2x3* =3* +l -1 HB) 

Adding both side 2x3* in (A) we get. 

2 + 6 + 18 + + 2x3*' ! +2x3* =3* -1 + 2x3* 

= 3* +2.3* -1 
= 3* (1 + 2) - 1 = 3*3 - 1 

Which is (B) so it is true for n- £+1 =3**' -1 
C - 2 is satisfied. 

Hence given statement in true for every +ve integer n. 

Ix3+2x5 + 3x7 + + ff x (2/? + 1) = + ^ 4 " + 5) 

S(n): Ix3+2x5+3x7+. +nx(2n+l) = ^ — ■ 

6 

C-l : Put n = 1 then S(l): = 1 x(2(l) + 1) = 2 + 1 = 3 
_ 1(1 + 1X4<1) + 5) _2(9)_18 
6 6 6 

C — 1 is satisfied . 

C. - 2 : Let it be true for n = k e N then 

S(*):lx3+2x5.+3x7+ + £x(2* + I) = kik + IX4 * +5) *(A) 

6 

For n = k + l statements is 


S(A+l):lx3+2x 5+3x7+ +(A+lX2(jfc+l)+l) = 


(k+\Xk+\+mk+\)+5) 


Ix3+2x5+3x7+ +(A+l)x(2it+2+I) = 


(/c+lXfc+2X4it+4+5) 




6 
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Ix 3 + 2 x 5 + 3 x 7 + + (fr + 1) « + ?) - (* + T X* + 2%4k + 9 ) ^ 

6 

Addir^j both side (£ + l)x( 2 £+ 3 ) In (A) we get 

Ix3+2x5+3x7+ +tx(2i+l)+(*+l)x(a+3)=M±>X«+3 +(i+1)x{2t+ 

6 


9 . 


Sol. 


= (*+!) 


>(4*r+5) 


+(2£+3) 


=(A+1) 
= (*+0 


>( 4 *+ 5 ) 


+(2A+3) 


= (i+I) 


4 £ 2 + 5 * + 12*+18 


4k 2 +17& + I8) 


= (*+1) 
_(*+!) 


r4^ 2 +&t+9A+18] 


6 

_ (A+l) 


4fr(£+2)+9(ft+2) 

6 

(*+2X4* +9) 

6 L 6 

Which is (B) so it is true for n = k + \,C- 2 is satisfied. 

Hence given statement in true for every +ve integer n. 

Ix2+2x3+3x4+ +«x(«+l)=-^ - +1 *' ,+ . 2 i 

3 

S0rt:lx2+2x3+3x*4- 4.x ? v( rf+1 )- ^+iX«+2) 

3 

C- 1: Put n = I then S(l): lx(l+l)=2 =' y+lXl+2) _2x3 =2 

. 3 3 

C-l is satisfied 

C-2 : Let it be true for n = k e N then 

S(*):Ix2+2x3+3x4+.„: +Ax(*+l)=M±Mt2) <A) 

For n = k+l statements is 

iS'(£+l);lx2+2x3+3x4+ (^~*~lX^ + l+lXfc+l+2) 

3 

Ix2+2x3+3x4+ 4;(i--i-i)v(^ + 7j-i^ +1 X^+2X^+3) ^ 
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Adding both Side (k + 1) x (k + 2) in (A) we get. 

Ix2+2x3+3x4+ +^x(A:+l) + (^+l)x(^+2)=^ +1 ^ +2) + (^+i) x (^ + 2) 


= (* + 1 ) 


k(k + 2) 


+ k + 2 


= (* + !) 


r *“ +2k + 7>k+6 


= + 1) + 3 (* + 2)J = + 2){k + 


Which is (B) so it is true for W = £ + l,C-2is satisfied. 
Hence given statement in true for every +ve integer n. 


3 i' -/v " ' 

_ (* + lX* + 2XA + 3) 
3 


io. Ix2+3x4 + 5x6+.... +(2n-l)x2n = ^ ~ ^ 

3 

Sol. S(n)\ Ix2+3x4+5x6+ + ( 2n - ]) - 2n - + ~ 

3 

C-l: Put n = i then S{1): (2(1)— l)x2(1) — (2-l)x2 = 2 
_ I(1+1)(4(I)-1) _ 2(3) _ „ 

3 3 

=> C — 1 is satisfied 

C — 2: Let it be true for n = k e N then 


S(n ) : I x 2 +3 x 4 + 5 x 6 + +(2 k~l)x^k = 

3 

For n — k + 1 statements is 

S(/:+l);lx2+3x4+5x6+ 4+2ffr-t-n-iVv7(ir-i-|)~ ^ + W+l + Q(4{£+I)-l) 

t 3 

1x2 +3x4+ 5x6+ +(2k+2-\)x2(k + \) = (A + 1X^ + 2X4£+4-l) 

3 


Ix2 + 3x4 + 5x6+.. + (2k + \)x2(k + \) = (* + *X^ + 2X4£ + 3) 

3 

Adding both side (2k + 1) x 2(k + 1) in (A). 

Ix2+3x4+5x6+ + (2k - 1) x 2k + (2k +1) x 2(A + ] ) 

k(k + 1X4A-1) 

-+(2£ + l)x2(A + l) 


-XB) 


3 
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11 . 


Sol. 


= (* + !) 
= (* + 1) 


k(4k-X) 


+ 2(2 £ + 1 } 


4 k 2 ~k 


+ 4k + 2 


(k + \) 


[4k- ~k + ]2k + 6] 

= ^^[ 4 ^ 2+lu+6 ] = '^y _ ~[ 4 ^ +8i+3jt+6 ] 

\ 2) + 3(& + 2)] 

.4^[(^2K4* + 3)]= ( * + IX * + , 2)(4 * +3 > 


Which is (B) so it is true for n -■ k + 1.C — 2 is satisfied. 
Hence given statement in true for every +ve integer n. 


1 1 


1 


1 


1x2 2x3 3x4 

S(n ) ! — - — i ! — — f . 

' 1x2 2x3 3x4 

C-i : Put n* 1 then S(l): 


-1 — 


1 


«(// + 1 ) n + 1 


1 


n(n + 1 ) 


■ = 1 — 


1 


n + 1 


1 2 , i. 

1(1 + 1 ) 2 1 + 1 


= 1-I=‘ 

2 2 


C-lis satisfied 

C - 2 : Let it be true for n = k e A r then 


1 1 1 

■ + f +. 


S(k): 

1x2 2x3 3x4 

for /J — k + 1 then statements is 

S'(* + l): 




1 


k{k + 1 ) 


= 1 - 


k + 1 


1 


1x2 2x3 3x4 


Adding both side 


1 


1 1 1 

— h- — - — +- K 

1x2 2x3 3x4 


(k+W+2) 

1 


(£+!)(* + 2) 

in (A). 

1 


■ = 1 — 


<A) 


1 


A + l + 1 






k(k+ 1) (k + IX* + 2) 

1 3 


= 1 — 


1 


1 


= 1 - 


k + 1 (k + 1X& + 2) 
k + 2 ■— 1 


A: + 3 (A+1XA+2) 


= t- 


(k + 1 ){k + 2) 
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= 1 - 


£+2-1 

= 1 — 


_(£ + lX*+2)J 


J -f 2) 


= 1 - 


k+2 


Which is (B) so it is true for n = A r + l,C- 2 is satisfied. 
Hence given statement in true for every +ve integer n. 

1 n 


1 1 1 

12. + H + , 

1x3 3x5 5x7 


CM 1 1 1 

Sol. S(n ) : f + f, 

1x3 3x5 5x7 

C-l : Put n = 1 then S(l) 


(2«-lX2ff + l) 2/t + l 

1 n 

(2/7-1X2/I+I) 2w+l 
I 1 


Sargodha 2009 




1 


1 1 


(2(1)-1X2(1)+1) (2 -1X2+1) 3 


2 ( 1 ) + 1 2 + 1 3 
C-Iis satisfied 

C-2: Let it be true for n - k e N then 


S«r):-i : +. 1 


1 


1 


1x3 3x5 5x7 (2*-lX2fr+l) 2k + 1 

For n = k + 1 then statements is 

S(*+l): — +-L+-L+ 1 

1x3 3x5 5x7 


MA) 


k + 1 


111 

1x3 3x5 5x7 

Adding both side 

1 1 1 

f f h 

1x3 3x5 5x7 

k 1 


[2(A+1)-1][2(*+1)+1] (2(* + l)+l) 
1 £+1 


(2*+lX2A+3) 2£+3 

1 

in (A). 


(2* + lX2*+3) 

1 


.+- 


1 


{2k-\X2k + \) (2*+&2*+3) 


2k + \ (2k+\%2k+3) (2A- +1) 


k+- 


1 


2k +3 


i 

2k 1 +3£ + l" 

1 

~2k 2 +2k +A + l' 

(2k + 1) 

(2i+3) j 

(2A + 1) 

(2k + 3) 


13 . 

Sol. 


1 24(4+1) +1(4+1) 

~(24+l)[ (24+3) 


'(*+ l^rtT] _*+!_ 
24+3 24+3 


Which is .(B) so it is true for n=k+\ i C- 2 is satisfied. 

Hence given statement in true for every +ve integer n. 

-L-u^- + -J_ + ; + _ * ■ _ « 

2x5 5x8 8x11 (3fr-lX3»+2) 2(3/r+2) 


c/ \ ^ 1 I 1 n 

2x5 5x8' 8x1.1 (3/t-lX3n+2) 2(3n+2) 

C-l: Put n = 1 then S(l)i — — = — - — =— 

(3(1) -1X^(1) +2) (2X5) 10 

1 ^ 1 1 
1 2(3(1) +2) 2(5) 10 
C-lis satisfied 

C-2:Letftbetruefor « = 4eA r then 

+ + L_ = * 

2x5 5x8 8x11 (34-1X34+2) 2(34+2) 

For n — k + 1 then statements is 


C-l: Put n = 1 then S(l): 


(34-1X34+2) 2(34+2) 


5(4+1):— +J-+—L+ 

2x5 5x8 8x11 


11 1 

"T 1 1 = K 

2x5 5x8 8x11 

1 1 1 

1 4 K 

2x5 5x8 8x11 


Adding both side 

1 , 1 1 
— — --i 1 f- 

2x5 5x8 8x11 


f +-. - — : — = *_ +1 

. [3(4+l)-l][3(*+l)+2] 2(3(4 +l)+2) 

! k + \ 

(34 +3-1X34 +3+2) 2(34+3+2) 

1 '4+ 1 

(3k +2X34+5) "" 2(34 +5) 

— in {A}. 


(34+2X34+5) 

i- + ! + 1 

xll (34-1X34 +2) (34+2X34+5) 

1 1 1 \k 1 1 


2(34:+ 2) 


J » ] i_r*. 

_ (34 +2X34+ 5) J (34+2)[_2 


34+5 
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14 . 


Sol. 


1 

~3* 2 +5* + 2~ 

1 

~3* : +3* + 2*+2 

(3k +2) 

_ 2(3* +5) _ 

(3* +2) 

2(3* + 5) 


1 


3*(* + l) + 2(* + l) 


+ t + i 


(3/: + 2) [ 2(3* f 5) J 2 (3* + 5) 2(34- + 5) 

Which is (B) so it is true for « = *+I,C-2is satisfied. 

Hence given statement in true for every +ve integer n. 

r(l-r ■) 


r + r 2 +r 3 + 


,+r =■ 




Sfa): r+r 2 +r 3 + +r n = 


1-r 
rjl-r”) 

1-r 


C-l; Put n = l then S(l): r 1 = r 


C— 1 is satisfied 

C- 2 : Let it be true for n-k^N then 

jtrtl ~r k ) 


Kl~r') _ r(l-r ) 
l-r " 1-r 


■ = r 


S(k ) : r+r : + r 3 + +r* = 


1-r 


-+M) 


For n = A’ + 1 then statements is 
S(* +1) : r+r 2 +r 3 +... +r* H ) 


r-r 


1-r 

.* + 2 


I-r 


-am 


Adding both side r A+l in (A) get 


r+r 2 +r 3 + +r A +r Ail 


r—r A+1 A+l 
■+r 


1-r 

r-j^+j^-r k+2 


r-r 


A +2 


1-r 1-r l~r 

Which is ( B) so it is true for n - k +1,C— 2 is satisfied. 
Hence given statement in true for every -Fve integer n. 
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15. 


Sol. 


a+(a +d)+{a+ 2rf)+ [aHn-\yi] = ~[2a±(n-X)tf\ Faisalabad 2009 

£t 

6{rt): Let a + (a+d)+(a+2d)+ {a+(n- l)c/j -^[2a+ {n- X)d\ 

C’ - 1 : Put n = 1 then S(l): £?+(l— X)d~ a+Qd = a 

«|[2a+(I~lV]=i[2^+0.d/] = ^ = a 

C-Iis satisfied 

C-2: Let it be true for n = ke N then 

S(k)-.a+(a+2d)+.. +[aMJ<~l)d] = ^\2a+{k~\)d\ *(A) 

tot ft = k + 1 then statement is 

S(k + 1 ) :a +{a+ d) +{a + 2d) + +(a+kd) = f \[2a + kd] 

Adding both side a + kd in (A) get. 

a+(a+d)Ha+2d)+ +(a+{k-\)d)+{a+kd) 

— — [2a + (k — l)t /] + a + kd 

2a+kd-d]+a+ki 


J 


2 ak+k 2 d-kd 

+a + kd 

2 

2 ak + k 2 d-kd+ 2 a + 2kd 

2 

2a + 2 ak^kdjdc^ 

2 

2a(\ + k) + kd(\+k) 

~1T 


( 1 +*? 

m 


(2 a+kd) 
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Which is (8) so it is true for n = A + 1, C-2 is satisfied. 

Hence given statement in true for every +ve integer n. 

16. l[l+2|2+3[3. +w[rt = [n+ J-l 

Sol. 5( fl ): tl + 2[2 + 3[3 ...+«[w =(*+]-] 

C~ 1: Put n=l then S(l): I[l=|/j + l-I 
= [rt+l~l=[2-l = 2.1-l = 2-l = l 
C— I is satisfied 

C-2: Let it be true for n = keN then 

S(k): l[l+2[2+3[3. +A[A- |A + 1 -1 >{^) 

For rt = A+ [then statements is 

5'(A + 1): 11+42+3(3 +(A + 1) |A + 1 = |A + 1 + I -1 

ljj+2(2+3[3 +(A + l) |A + l = |A+2 -l >(£) 

Adding both side ( k + i) |A + 1 in (A) get. 

1(1 +42+3(3. +A(A+(A+1)(A+1 = |Ar+l — l+(A + l^(Ar+l 

= |A + I +(A + D iA + I -1 
=lA+J(l+A + l)-l 
-U + KA + 2)-! 

= (A +2)[A_+J — l 

= I A + 2 ~ 1 

Which is (B) so it is true for n = A + 1, C-2 is satisfied. 

Hence given statement in true for every +ve integer n. 

11 i “M** tyt When £/|,a, +t/, a t +2 ci, form an A.P. 

Sol. a n =fr, +(n-\)d 

C-l: Put n = i thenS(l): cr, = o, +(I-l)rf=fl | 

C-lis satisfied 

C-2: Let it be true for n = k e N then 
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S(k):a k =a ] +(k I )d >( A) 

For n = k + 1 

6’(/:+l) :a M -a, +(k+l — l)d~a l +kd 
=a k +d 

+ (k - 1 )d + d(me ( A)) 

- or,' + kd -d + d 
= a x + kd = r.h.S 

Which is (B) so it is true for n ~ k + 1, C — 2 is satisfied, 
Hence given statement in true for every +ve integer n. 

IS. «„ - it y r“ 1 when form an G.P. 

Sol. Sin) : Let a n = a x r n ~ l 

C-l : Put n - l then S(l>: o, = a/~ l = a/ = a,(l) - a, 
C 1 is satisfied 

C —2: Let it be true for n = k e N then 

S(k):a k = o,r* 1 >{A) 

For n-k + \ 

S(k + 1):^., - a x r ki ' 1 =af k - — ■>(£) 

L-H.S- a i+l =a / 


19. 


-a t r" l .r 


= a k r k 1+1 ~a/ k =r.h.S 


Which is (B) so it is true for n — k + 1, C — 2 is satisfied, 
Hence given statement in true for every +ve integer n. 


1+3 +5 + +(2«— l) 2 = 


2 _ n(4n 2 -I) 


Faisalabad 2007 


Sol. Sir ,) : f +3 1 4-5 : + +(2„-l) ! 

3 

c 1: Put n = 1 then S(l): (2(1)- 1) 2 =(])“ =1 = — 1 I ' — — = — I _1 = J 

3 3 3 

C ] is satisfied 
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C- 2 : Let it be true for n = k e N then 

S(k): l 2 +3“ +5 2 +.. +(2£-l) 2 = ki4k ~ ~ ^ 

3 

For n- k + 1 the statement is 

S(£+1): I’ +3 : + 5 2 + +(2(A + 1)-1) 2 _ jj + 1 X4U-w 

3 

1 2 +3 2 f5 : + +(2£ + 2-l) 3 + +2A + 1)-1) 

3 

1 3 +3 2 +5 2 + +(2k+]f . (*t»X^+8ft+4-I) 

3 

(A-h]X4A'~ +%k +3) _ 4 k 3 +8/4“ +3 k i 4 k 2 + 8£+3 

J J 

4A 3 +12A: 2 +lU+3 


] 3 +3 3 +5 2 + +(2A' + I) 2 =- 


Adding both sides (2 k + 1)" in (A) we get. 


l 2 +3 2 +5 2 +, +(2 k - 1) ; + ( 2 k + l) 2 = ~ k ~ ~ Y} 


MB) 


+( 2 k + l ) 2 


= It* + 4 k ! + 4 k + 1 = i*ll*±12^+12*+3 

3 3 

4£ 3 + m 2 + lU+3 


20 . 

Sol. 


Which is {B} so it is true for n = k+\,C -2 \s satisfied. 
Hence given statement in true for every +ve integer n, 


f 4> 
. j J + U 

Let S(n ) : 


(5.) 


t -l: Put n=lthenS(l): 


'» + 2> 
3 

'1 + ^ 


v 3 J 


f tf + 33 


Falsalabad 2008, Sargodha 2009 

( n + 2) (n + 3 n 


V 4 j 


3 J 

2>\ / 
= \ = 

V 3 J 


i+3'i r ax 


V 




= 1 
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21 . 

i. 

Sol. 


C — 1 is satisfied 

C - 2 : Let it be true for n = k e A' then 


Let S(k): 


'3] f 4 ' 




.V 


For n = k + 1 the statement is 


S(*+l): 

f4\ 


3 13 


fs" 


J 


( k +2 


(k+\+2) 


f k+3 




f5" 

3 , 


V 


3 ; 

^+3^ (k+4\ 


Adding both sides 


fi\ f4Ws' 


f* + 3^i 


J 




, 4 ; 

pt+1+3' 

\ 4 , 

<B) 


-HA) 


J 


3 




in (A) we get. 


v3y 


\ 3 J 




( k +2^| 

3 


fk+3') 


fk+3 


(k+3' 


r *+3+r 


' k + A y 

i 4 j 


< 4 V 


Which is (B) so it is true for n ~ k + 1 
C-2 satisfied Hence proved. 

Prove by mathematical induction that for all positive integral values of n: 
n 2 + ft is divided by 2. 

C— 1 . put n — 1 then 1" +1 = 1 + 1 = 2 is divided by 2. 

C — 1 is satisfied 

C - 2 let it be true for n - k e N then 


So k~ +k\s divided by 2 => k 2 +k = 2Q (A) 

For n — k + 1 the statement is 

(k + lf+k + \=k 2 +2k + l+k + \ 

=k 2 +2k+k+2 

= (k 2 +k)+2(k+l) 

{k +k) & 2{k + I)are separately divisible by 2. 

So = 20 , C-2 is satisfied. 

Hence proved for all +ve integer values n. 
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II. 5" — 2" i$ divided by 3. 

Sol. 0-1: put n = \ then 5 1 — 2 1 = 5 — 2 = 3 divisible by 3. 

C - 1 is satisfied 

C-2: Let it be true for n = £ mean 5* -2* is divisible by 3 
=> 5* - 2* = 3 Q (A) for n = k + 1 

5* +l -2* +1 = 5*.5-2*.2 = 5*(3 + 2)-2*.2 

= 3.5 4 +2(5* ~2 I ‘)~3Q, C~ 2 is satisfied, 

Hence it is true for all +ve integral values n. 
iii. 5"-l is divided by 4. 

Sol. C-l put H = l thenS 1 -1 = 5-1 = 4 divisible by 4. 

C-l: is satisfied 

C - 2 : Let it be true for n = k € N then 

5* - 1 is divisible by 4 => 5* — I = 4 Q ( A) 

For n = k + 1 then 

5* +l -1 =5*.5-l = 5*(4+l)-l 

= 4.5' +5' -! = 4.5' + (5* -1) which is (A) 

Both terms are separately divisible by 4 

= 40 

C— 2 is satisfied. 

Hence given statement is true for all +ve integral values n. 

Iv. 8x10" -2 is divisible by 6. Multan 2008 

Sol. C— 1: put n — I then 8x 10' — 2 = 80— 2 = 78 divisible by 6 

C-lis satisfied 

C-2: Let it be true for « = A'mean 

8x10* —2 is divisible by 6 =>8x10* — 2 = 6 Q (A) 

For n~k + \ 

8 xlQ KI -2 = 8 xl 0 *. 10-2 

Adding and subtracting 20 

= 8x10* xl0-2 + 20-20 



COLLEGE MATHEMATICS- 1 


MATHEMAT ICAL INOUCTION & BINOMIAL THFORM 


= 8x10* x 10 + 18-20 
= 8x10* xl0~20+18 
= 10(8x10* -2) + 6x3 

Both terms Of R.H.S are separately divisible by 6 so = 6 Q 
C~ 2 is satisfied. 

Hence given statement is true for every +ve integral n. 
n ~ It is divisible by 6. Sargodha 2010 

Soi. C — I: put >7 = I then (I) 3 -1 = 1-1 =0 is divisible by 6 

C 2 : Let it be true for n ~ k mean k* -k is divisible by 6. 

For n = k + 1 then (k + 1) 3 -(k + 1) = k 1 +3A 2 +3A: + 1 -k- 1 

= {k y ~k)+ 3* 2 +3* 

~ik — /t)-f3&(& + l) k(k + 1) is even so put k(k + ] ) = 1m 

= (k'~k)+3(2m) 

^(k i -k)+6m 


22 . 

Sol. 


Both terms of R.H.S are divisible by 6 separately (/r + 1) 3 ~(k~l) = 6Q 
C- 2 is satisfied. 

Hence given statement is true for every +ve integral n. 


1 1 

f —T + i 

3 3 2 


i-ifi-Ll 

3" 21 3"_ 


LetS(n):~+- ~+ +±=l\]~± 

3 3 3" 2, 3" 

-J 

C-l: Put n=l then S(l): -^ = -=- 1— L =!["— n = -L("“1-l 

3 3 2 [ 3 J 2[ 3 J 2L3J 3 

R.H.S C 1 is satisfied 
C - 2 : Let it be true for n — k e N then 

then S(k): -+-^4- +— = 1 l — L~| v/jv 

3 3 ; 3* 2 3* H J 


For r/ = £ + lthen 
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23. 


Sol. 


1 1 


LetS(k+ 1): ^-+~+ +-rr=- 

3 3" 3* +1 ? 


1 - 


>A+I 


1 


3*. 3 


1 1 


2 6.3 


<B) 


Adding both sides ~ i+| in (A) we get. 


1 I 

I ~ "K 

3 3 


1 1 I 

*"f — r ~ 


3 3 


tA + l 


Z L 


i -4 


3*J 3' 


->k\ 1 


i i 


i i 


( i 


2 2.3* 3.3* 2 

1 +3-2 1 I 


2.3* 3.3* 


2 6.3* 2 6.3* 

Which is (B) so it is true for n = k + 1 C- 2 satisfied. 

Hence given statement in true for every +ve integral n. 

I 2 -2 2 +3 2 -4 2 + + (_l)"-' tW 2 - H)" '■«(«+ 0 

2 

Let S(n) : I 2 - 2 2 + 3 2 - 4 2 + + (- 1 )"-' n 2 = H)" '^(« + 1) 

2 

C-l: put n = 1 then.S(l): (-1)' ‘.I 2 =(-I)°.I = l,I = l 

^ (-ly-'.ia+i) h)°. i.2 

2 2 ~ 

C-l is satisfied 

C - 2 : Let it be true for n = keN then 

S(k) : l ! - 2 2 + 3 1 - 4 ; + +(_!/•*,**. Hi* '■*(**') <A) 

S(* + l): !' -2 j +3 ! -4 : +„.. + (-!)* .(* + ])= - + 1)(* + 1 + 1) 

l : -2 : + _ H)*(fc +1 Kft+2) 


-KB) 


Adding both sides (-I)*(£ + I) : jn (A) we get. 
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r -2" +3 3 -4 2 +■ +(“!)* 1 k 2 +H) a (*+1) 2 = ( l)k k[k + l K (-\f(k+lf 


24 . 

Sol. 


2 

=H) Kl .(*+l) 
=(-l) if .(k+ 1) 
=(-!)*-’ .(*+1) 




-+HX*+I) 


'k-2k-2 

2 

-k-2 


& + 2 
~ 

.a . 


= ( 1) ,-M (i + tKA + 2) (-!)*(£ + 1X£ +2) 

2 1 

Which is (B) so it is true for n~ £ + 1 C—2 satisfied. 

Hence given statement in true for every +ve integral n, 

l 3 + 3 3 + 5 3 + . — + (In - 1) 3 = n 1 [2/i 2 - 1] 

S{n ) : l 3 + 3 3 4- 5 3 + + (2« - 1) 3 = n 1 [2/t 2 - 1 ] 

c- 1: Put n = i then s(l): (2(1) - 1) 3 = (1) 3 = 1 
-1 2 [2(1) 3 -l] = l(2-l) = l(l) = l 
C-lissatisf ? 

C - 2 : Let it be true for n = kt.N then 

S(k) : l 3 +3 3 +5 3 + +(2k~lf =k 2 [lk 2 -l] >(A) 

For n = k + 1 the statement is 

S(k + 1) : l 3 + 3 3 + 5 3 + + (2 (k + 1) - 1) 3 = (& + l) 2 [2 (k + 1) 2 - 1 ] 

l 3 +3 3 +5 3 + +(2& + 2-l) 3 = (£+l) : \l(k 2 +2* + I)-l] 

l 3 +3 3 +5 3 + + (2k + 1) 3 =(k + 1) : \j.k 2 + 4 A + 2 — 1 
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25 . 


Sol. 


26 . 

Sol. 


+(2£ + l) 3 =(* + l) 2 [2*V4*+l] 

= (A 2 +2* + l) = (2* 2 +4* + I) 

= 2 k 4 + 4k* +k 2 +4 k l + 8 k 2 +2 k + 2 k 2 +4k + 1 
= 2A 4 +8A 3 +\\k 2 +6k + 1 


Adding both sides ( 2k + l) 3 in {A} we get, 

1 +3 +5 3 + + (2k + 1) 3 + (2k + 1) 3 = k 2 ^2k 2 - 1 j + (2k + 1) 3 

= 2k* -k 2 + 8£ 3 + 1 2 k 2 +6k+] 

= 2 k* +8& 3 + 1 \k 2 +6A + 1 
Which is (B) so it is true for n = k + \, C~ 2 satisfied. 

Hence given statement in true for every +ve integral n. 

Jf+ 1 is a factor of x 2n - 1; (:t # -1) 

X + 1 is a factor X 2n - 1 
C-l: Put n = 1 then 

* { _1 =^'- 1 =(a--1Xx+ 1) clearly x+Us factor of X 2 " -\ >(A) 

let it be true for n = k e N then x + 1 is factor of x lk ~ 1 
For n^=k+\ then * 2( * +,) -1 = x 2k+ 2 - 1 = x 2k x 1 - 1 
Adding and subtract * 2 

= x 2 j: 2 *-x 2 +a- 3 -1 
=jf 2 (r*-i)+l( x 2 _i) 

= *V*-l)+(*-lX*+l) 

*-U factor of both term so (*+l) is factor of R.H.S C- 2 satisfied hence proved 
x-y is a factor of x"-y“;(x*y) Sar 6 odha2011 

x—y is a factor of Jf" —y n 

C- - 1 : Put n = l then* 1 -y l =x-y dearly x~y is its factor C-l is satisfied. 

Let it be true for n = kzN 

AC — is factor of ** -y k 

For « = £ + !, £* +1 -/ + > - x k x _yk y 

Adding and subtracting xy k 
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27 , 

Sol 


28. 

Sol. 


i ■ 

= x k x~xy k +x/ ~y k .y = x(x* ~/)+/(x~y) 

So (x-y) is factor of R.H. 5 C-2 is satisfied 
Hence proved. 

- v+ >’ is a factor of X ln ~ ] +y~ l i(X^y) Faisalabad 2008 

x+y is a factor of x 2 "' 1 +y 2n ~' 

C-l : Put n = 1 thenJVT <1)_l +y 2 1 -X+y 
So X+y is its factor, C-lis satisfied, 

C-2: Let it be true n- Aits mean 
x + y is factor of x 2 *~' +y? k 1 — —HA) 

For ti-k + 1 

= X ™ +y^~' 

= X-*- l+2 +y 2k -' +2 
= X 2 +/*-'./ 

Adding and subtracting x 2 ^ 2 * -1 we get 

-x^-'jc 2 +r/-' -xV*- ! +/*-’./ 

= x (x +y )— y '(x— 3^X' Y + _y)by using A. 

Clearly x+y is factor of R.H.S C-2 is satisfied 

Hence proved. 

Using mathematical induction to show that: 

+ ..... + 2 —2 — 1 for all non-negative integers n. 

I+2 1 +2 z +2 3 . + 2" = 2" +l -1 

c-l: for n = 0, s( l): # = 1 = 2 0+1 -1=*2-1 = 1 

C - 1 is satisfied. 

C — 2 : Let it be true for n — k then 

1 + 2 1 +2 2 + 2 1 ,+2 k = 2* +l -1 — -H A) 

For n — k + l then 

1 + 2' +2 2 +2 j +2 A *' =2*' hl -l 

l + 2‘+2 : +2 1 + 2 * +l =2* +2 -I ~—+(B) 
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Adding both sides 2* xl in A we get. 
l + 2 ! +2 2 +2 3 ,.+2* +2* +l -2* +f -l+2* +i 


= 2.2* +l -1 

= 2 k * 2 - 1 

Which both (B) so it is true for n = k + l,C~2 is satisfied. 

Hence given statement is true for all non negative integral, 

29. |f A and B are square matrices and AB = BA, then show b V mathematical 
induction that AB" = /?" A for any positive integer n. 

Sot. Given AB — BA to prove 

AB 1 = B"A 

C-l:put n = l,then AB 1 = B ] A=> AB = BA >1 

C — I is given satisfied which is given 
C - 2 : Let it be true for n = k then 
AB k =B k A >(A) 

For n = k + l, AB*' 1 =B* +1 A 
L.H.S =AB* +I = AB*.B 

= B k A.B Htse (A) 

= B? B.A Hise I 


30. 

when 

Sol. 


= ^ +l ^ = R.H.S 

It is true for n = k+\ C- 2 is satisfied. 

Hence it hold for any +ve integral n. 

Prove by the Principle of mathematical induction that n 2 -1 is divisible bv 8 
n is an odd positive integer. v 

w — 1 is divisible by 8 (n is odd +ve) 

C -I. put n = l,then 1' -1 = 1-1 = 0 is divisible by S C-l is satisfied. 

C ~ 2 : Let it be true for n = k then k 2 - 1 is divisible 8. 

=>k--l-$Q ^A) For n = £ + 2 then 

.v + 1 is even so put n = k + 2 which is odd. 

{k+2f -\-k 2 +Ak+A-\ 
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31. 


any 

Sol. 


32. 


Sol. 


-k 1 + 4(A + 1) A + lis even so Take k + \ =2tn 

= A : - \+4{2m) 

(k + 1)" - 1 = (A“ — l) + 8wby using A clearly R.H.S is divisible byS < 

= 8£ s C-2 is satisfied. 

Hence given statement is true for all odd +ve integral. 

Use the Principle of mathematical induction to prove that in x n —n in x for 
integer ft k 0 if x is positive number. 

In x" =n in x , «>0 

C’-I:put n^l.then Cnx 1 — (l)tnx =>£nx = Cnx 
C — 1 is satisfied. 

C - 2 : Let it be true for n = k then 

in x k = k Cn x >{A) 

For n = k + \ 

£nx* +l -(A+1) Cnx 

Adding Cnx on both sides of A. 

Cnx k + in x= kCn x+ Cn x 

Cn(x k je) = (k+\) Cnx 

Cnx’ 1 "' = (A + 1) Cn a* 

Which is (B) C-2 is satisfied. 

Hence proved. 

Use the Principle of extended mathematical induction to prove that nl > 2" - 1 
for integral values of /f>4 Multan 2009 

n\> 2” —1 For n > 4 

C — I . put n — 4, then 4! > 2 — 1 4.J.2. 1 > 16 — 1 24 > ] 5 which is true. 

C — 1 is satisfied. 

, / 

C’ - 2 : Let it be true for n = k>4 then 

kl>t~l <v4) 

For n~k + 1 we have 

(A +1)!> 2 A+! -I AB) 

’x ' (A) both sides by (k + 1) 

(A + 1)A! > (A + 1)[~2* - jl 
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(k + I)A ! > 2{i 1) replace k + 1 by 2 because k + ] > 2 

(A +I)!>2.2* -2 , • . 

(A + l)!> 2* +l -1-1 

(A + l)!>2* fl -I (- 1 Ignore ) which, is {B) 

C - 2 is satisfied. Hence proved. 

fl J >n+3 for integral values of n* 3 Gujranwala 2009 

Sol. «'>«+3 n>2 

C - 1 : put « = 3,then 3" > 3+3:=>9> 6 true 
C/ — 1 Is satisfied. 

C - 2 : Let it be true for rt = k > 3 then 

k 2 > A+3 K'O k > 3 

for n~k + \ 

(A-f !)■ >A + I+3=>(A , + 1) 2 >A+4 *(B) 

Adamg both sides of (A) 2k + 1 

k~ +2A +1 > 2A +1 + A+3 
or (A + l’r >A + 4+2A 

(A + I)' >A+4 Ignore 2k because 2A>0 which is(B) so 
It is true for « = A +1, C—2 issatisfied. 

Hence proved. 

34 . r>y+r-' n > 2 

Sol. C — 1 ; put fl = 2, then 4 : >3 : + 2 2-1 =>16>9 + 2:=ol6>l Itrue 
C-lis satrsfied- 

C — 2 : Let it be true for n = k > 2 then 
k>2 ^A) 

for n = k + 1 then 4* +1 > 3" 1 +2*"" 1 

cM* +l >3 a+j +2* ^B) 

’x 1 both sides of (A) by 4. 

4.4* > 4(3 a +2* _i ) 

4* 41 > 4.3* +4.2*" 1 
4* +! >(3+1)3* +2 2 .2* _1 

4 U ' >3.3* +1.3* +2 k ~ M 
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4* +l >3* +1 +3* +2* + ' 

4 >3 +2* (Because 2** 1 >2* replace 2* +1 by 2* and ignore 3* ) 

Which is (B) so it isfor n=k + \ C~2 is satisfied. 

Hence proved. 

35. 3" <«! for integral values of ti<6 

Sol. 3" < n ! n < 6 

C-l:put n- 7 then 3 7 <7! =>2187 <5040 true C-Iis satisfied. 

C — 2 : Let it be true for n — k 

3* <3! A<6 ^A) 

for n = k + 1 then 3* +l < (k + 1)! >(5) 

V both sides of (A) by 3. 

3.3* <3.A! because A +1 >3 replace 3 by A+l 
. 3* +l <(A+]).A! 

3* +l <(A + 1)! which is (B) It is true for « = A + 1 

C 2 is satisfied. 

Hence proved. 

36. ttl>n* for integral values of tt^.4. 

Sol. nb-n 2 n> 4. 

C-l*put n =4 then 4!>4 2 =>24>16 Hint: 4!=4.3.2.1 =24 

C- Its satisfied. , 

C - 2 : Let it be true for « = A £ 4 then 

k\>k? k2>4 

for «= A + Ithen 

(A+1)!>(A+1) 2 ^B) 

V both sides of (A: + 1) we get. 

(k 1)A ik + 1).A A~>A+1 so replace k" by A+l 

(A+I)!>(A+1XA+1) 

(A+ 1) ! > (A + 1) 2 which is (B) C - 2 is satisfied. 

Hence proved 

37. 3+5+7+»„«...„„.+(2«4-5) = («+ 2X« + 4) for integral values of tt ^ —1. 

Sol. 3+5+7+....* +(2rt+5) = (rt+2X«+4),«£:-I 

C-l:put « = lthenS(l): 2(-I)+5=-2+5 = 3=(-l+2X-l+4) = 0X3) = 3 
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C-l is satisfied. 

C— 2 : Let it be true for n = k then 

3+5 + 7+ +(2A +5) = (k+2\k +4) ^A) 

for n=k + l 

3 + 5 + 7+ + (2(k -+* 1) + 5) — (jfc + 1 +2XA + 1+4) 

3 + 5 + 7+ +(2*+2+5) = (A+3X*+5) 

3+5 + 7+ +(2k + 7)=(k+3)(k+5) »(Z?) 

Adding both sides of (A) 2k + 7 we get. 

3+5 + 7 + +(2*+5)+(2*+7) = <A+2X*+4)+2* + 7 

— k + 4 k + 2k +8+ 2k + 7 
= k 2 +8A + 15 

= +-3^ + 5>t+ 15 

=£(A+3)+5(A+3) 

=(k+3Xk+5) 

Which is (BJ so it. if true for n = k + l , C-2 is satisfied. 

Hence proved 

38. I + MA‘£(l+.y)" for /r2: 2 and a - >-1 

Sol. (1 +.t)“ > 1 + nx 

C— 1 : put M = 2then (l+x) : >1+2 a* 

I + 2x + x~ >. 1 + 2a' true 
C — I is satisfied. 

C-2: Let it be true for n = k> 2 then 

(1 +*)* > \+kx $(A) 

for n=k i I,(I+*)* tl > 1 + (I +Xr)x— — K/J) 

V both sides of (A) with (l + x) 

(1 + jfX 1 +x) k > (1 + ferXl +x) = 1 + foe +*.+ hr 

(1+a) a 1 >1 + (1+A).\- ignore Ax 2 >0 

Which is (B) so it is true for r?~A +l C— 2 is satisfied. 

Hence proved 
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Binomial Theore 


Ul 


Statement: If a & x are real numbers and n is natural then prove that Sargodha 2011 


(ff + .v)" = 


M 


a" x° + 


\b 


a"'x 1 + 




\ Z J 


+ 


3; 





r « > 

a" ir V + 


f"' 

+ + 

u n r x r + + 




w 



«V 


Sol. Put n ~ 1 then 


C - I : S( 1}: (a + x) 1 = a + x = 


0 


la 1 /’ + 


fl\ 


a°x l - a + x 


VV 


C -1 is satisfied. 

C — 2: let it to be true for n - k e N then 





a k x' + 


o*-yf*V v+i 

(k ' 



] ) 

lv 



Y" 3 r 3 


+ + 

( k > 

o‘-"- | y- | +f*l 0 ‘-Y+ + 

(k' 


H~b 

UJ 

Hj 


For n-k + \ 

(a + kf +] = 


flV- 


-HA) 


(* +1 V*v+ 

r k + 1 3 

o J 

V. 1 V 


a k+] - ] x ] 


(k+\) 4tl _, , (a+o 

a 1 ~x 




fk + 1' 






v r V 


a i+i ' x r + . 


V 3 j 

fk+l\ 


K k + \j 


Y +, ~V 


aY*' 


(« + A)* + ' - 


'*+r 


^+r 


''A + P 

+ 1 3 


a 'x i 


Q .X 4- 


a” V + 

V 0 J 


, 1 J 


S 2 j 

l 3 J 


a* : .y j 


(A+n 

y r-lj 


d~ H2 x r ~H 


fk+l) 


r j 


ct'^x' +. 


(A + f| 


a 


V*' - — >(S) 


Multiplying (A) by ( a + x) both sides 

r k\ 


(i a+xf (a+x) ~(a+x) 


fir) fk\ 

W*-f| dW-i\\r-x 2 +.. 


H) 


\b 


(a + kr =\ Q \crx u + 


f k') 


ax' + 


V 1 J 


■J 

(k\ 


\ 2 J 


YV . . k' 

cn-'+ 

,r~\) 


V+ + 


(k\ 


K r J 


w 


w 


+. 


(k ^ 

< r ~b 
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Whir/ is (H) r,o it trim ?! ~ k -f 1 C - 2 is iatisficri. 
Henre given .tsfpmont is trus for o !l natural number n, 
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se 8.2 


Example 3: Find the term involving V also find fifth term in the expansion of 

r 3x 1 N " 

v 


il. 


1. 


2 3x 

Sol. Its general term is 

fuYs.t.Y' 7 iv nn 


T - 

l K I 


V A - J 


\ 


( 1 A / 


3 x ) 

Hr 


1)'Yr(4jY 


I ]~r 


v J 


v J 


3 y 

v2 j 


V 


3 


in 


V J 


M-Zr 


3 V ( i \ 


3 


Compare Exponent of .v with exponent of ,v 5 

ll-2r-5=?2r = Il-5 = 6 =^ 7 ' = 3 Sargodha 2009, 2010 Multan 2007 

put r - 3 


Tm = 


nr 




1 ) 

2 ) 


113/ v3 



il! 

3 !. 8 !’ 


•x 


u-h 


(SMi; 


r 4 =* 


, 3 J 

1 1 , 10 . 9 . 8 ! , 3 , A 165 x 243 , 40095 s 

T2ir r -v < " !)- - - 25r'* 


For fifth term put r — A 

/jj'l 

4 J 


Faisalabad 2007, 2008 


T t = 


“2(4) 



1 1 . 10 . 9 . 8 ,/f ,(3 


Sol.(n+2 by - 


4 , 3 . 2 . l.Tf 

Using Binomial theorem, expand the following: 

<rr + 2 *) s 

(5} 


* 2 


Multan 2008 




a(2bf + 


(5) 

\b 


a (2b)' 


(S') 


7 


5) , 


,3/ 


V 


(5\ 


4455 

64 


a\2hf+ tr(2bf + a(2bf + a°(2bf 


(5] 


\V 


KV 


= (l)a s (l) + 5 a 4 ( 2 A)+ I 0 A( 4 Zr ) + 10 A(B 6 3 ) + 5 (a)( 166 ' l )+( 1 )(l)( 326 5 ) 
- ( 7 s 4- 1 Oab + 40 aHr + 80 cftf + 80 A 1 + 326 5 


fl. 


X 

2 A' 2 


V 


Sol, 



YY AY-2Y YYY 3 


2 2 


x~ J 


Wl 3 


.2 J 


V X J 
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III. 


(x 6 ) 

=0) ^ (l)+(6) 

l 64 ; 


f X s V-2 1 ' 


\32j\rj 


+ (15) 


6 


xY -32 N 

2 ){x i0 j 


) is A / 


HW) 



x^_3Y 15 20^ 60^ 96 64 

64 8 + 4 “x 3 + x 6 7 + ~x" 

( ,V 


3a - 


3d 


Sargodha 2008 


+ 15 


f x 2 V 16 


V 4 A 


Sol. 


IV. 


( 


( 


3a-— 
3a 


Y 

f 4 ' 


( xf ■ 

f4 

j , ( x V 

( 4^ 

, ( x Y 

= 


(3a) 4 

1 +i 

L 

(3 a n — - j + 


(3a)‘ 

1 1 

w 


^ 3a; 1 

10 

1 l 3 ci ) ! 

U; 

' l 3a J 


(4 




(3a) 1 


x 

3a 


A 3 


^4) 

, 4 


Oaf 


( jc_y 
3a J 


- (1)(8 la 4 }{l) + 4(27a 3 )| -— U6(9a 2 ) 

3a ) 


( x 2 ^ 


9a 2 


+ 4(3a) 


f .1 > 
X ' 


= 8 la 4 -36a'x +6 a 2 x 2 


4x 2 x 


\ j 
.4 


l 27a 3 


+ 0 ) 0 ) 


f X 4 ^ 


8 la 4 


9 a 1 81a 4 


( 

2 a 


a 


Sol 

(T\ 


\ 


2 a- X - 
a 


\ 7 


2a + 


lYlT 


\ a J) 




v 3 ; 


m 


( J!\ 3 (T) 


-r 


V a J 




(2a) 


: (1)(128« 7 )(0) + 7('64a 6 ) 


a 

x 

A 


J 15, 


(2a) ; 


J 


VJ 


-x_ 

V a j 




(2a) 

j(2a) 


r f 7) 


V a J 


7) 


Y-r? (IV. J~. ^ 


a J K 7 J 


+ 2 l(32a ; )[ — ] + 35(1 6a 4 ) 


V 

( _6 \ 


(2a) s 

(2a/ 1 


f-l Y 

L 0 J 


+ 21(4a : ) 


f _ r io 


\ a J 


+ 7(2a) — r- 


a j 

.12 \ 

+ 0)0) 


v a ) 


a 


+ 35(8a' ) 


) 


\ a J 
( js \ 




' x 14 ^ 


a ; 

r . 3„4 


a' ; 


x" 14x i: x N 


-128a - 448a V +672cr'x’’ -SfeOciY + 280- — 84— — + 

a a : ' -a s a 



V, 
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2 . 

i. 

Sol. 


Sol. 


III. 

Sol. 


= (1)|-| <l) + 6 

A 


5 2 


—x 


A' 


!/J 


+ 151- 


V a J 


-I +20 


•ffe 

xj 


a 


+2 f xl 

, -( u 
+ \y, 

X 


+6 


\x) 


Ml 


-X 


a 


5:2 


+ ( 1 ) 0 ) 


X 


U 


a cr - x l 2 . a 2 x a 32 x 3 2 

m '?' i 7^ x 7 T * ls 7 x a- 20 lF rX 7^* 15 


a x 
- x — 


.3 \ 


V x a ~ J 


},n v 2 i 

, Q x- - _ r 

“ 6_ rr x ~ + 6 — 

■v a a’ 


- 6 

"~ 6 




+ 15--20 + 15--6-T+ — 


a 


cr a 


Using Binomial theorem, expand the following; 

(0.93) 3 

(0.93) 3 = (1-O.03) 3 


Faisalabad 2008 


( 3 1 


(3^ 




(3\ 


f: 1\ 


(l) 3 (-0.003)° + i |(1) 2 (-0.03) ] + (l) l (-0.U3) 2 + J(l)°(-0.003) 3 

W 


v3y 


= (1)(1)(1) + 3(l)(-0.03) + (3)(1)(0.0009) + 1(1)( -0.000027) 

= 1 - 0.09 + 0.00027 - 0,000027 
= 0.0910243 

(2.02) 4 Faisalabad 2009, Multan 2008, 2009 

( 2 . 02) 4 = (2 + 0 , 02) 4 =[^( 2 ) J (. 02 )°+^ j { 2 ) 5 (. 02 ) ! + f ^( 2 ) 2 (. 02) 2 

s 1 J 




4 1 


(2)‘(.02) , + (2)°(.02) 4 

l 4 ,) 


\ 2 J 


~ ( 1 )( 1 6 )( 1 ) + 4 ( 8 )( 0 . 02 ) + 6 ( 4 )( 0 . 0004 ) + 4 ( 2 )( 0 . 0000 8 ) + ( 1 '){ 1 )( 0 . 0000006 ) 

= 16 + 0. 6400 + 0.0096 + 0, 000064 + 0 . 000000 1 6 
= 16.6496 

(9.98) 4 Sargodha 2009 

( 9 . 98) 4 = ( 10 - 0 , 02 } 4 = . ( 10 ) 4 (- 0 , 02 ) V [^ |( 10 ) 3 (- 0 . 02 )' +( 4 ( 10 ) : (- 0 . 02 ) : 


(4\ 




(10)'(-0.02) 4 +f 4 \l0)°(-0.02) 4 

l 4 ; 


v 1 ; 




= (1X10000X1) + 4(1 OOOK-0.02) f 6(100X0.0004) + 4(1 OX-0.00008) 
+0X11(0.0000016) 

- 1 0000 - 80 + 0.24 - 0.00032 + 0,000000 1 6 = 9920.2397 




iv. (2,I) S 

sol. (2. 1) 5 = (2+0.1/ =n(2) s (0.1)"+ff)(2) 4 (0.1)' +P](2)’(0,1) 3 

w ■ ' K 1 ) W 

( 5 ) (S') 5 V 

+ (2) 3 (0.1) 3 + (2)‘(0.1) < + (2)°(0.1) 5 

v 3 ; W tv 

= (1X32 )(1) + 5(1 6)(0, 1) +1D(8)(0.0 1) +i0(4)(0.001)+ 5(2X0.0001)+ (1)(1X0.00001) 
= 32 + 8 + 0.8 + 0.4 + 0. 00 1 + 0,0000 1 =40.84101 

3. Expand and simplify the following: 

I. (tf + VLt) 4 +(a-V2.x-) 4 

Sol. = a 4 (yf2xf + ^la 3 (V2x) t + 4 ]a 2 (>j2x) 2 + 4 la'(V2x) 3 +f 4 )a°(V2x) 4 

v u ; v J VV \3J 

=| a\-^2xf+ c)'+f 4 cr (-^2xf +Mo’(-V^) J +f 4 la°(->/ 2 x ) 4 

W VJ \V {*) 

= (I)(a* XI) + 4 a 3 yflx + 6a 2 (lx 2 ) + 4a(2«Jlx 2 ) + (l)(I>4x 4 + (l)o 4 (1) + 4a 3 

(W2x) + 6 a 2 (+2x 3 ) + 4o(-2V2x 3 ) + (1X1)(4* 4 ) 

= a 4 +4a 3 j%x +12 a 2 x 2 +$aj%i?+4x 4 +a A - 4a 3 J&x +12aV -jiW?* 3 +4x 4 
= 2a A +14a 2 x 2 +&x 4 
II. (2+V3) # +(2-V3) s 

Sol. =(oj( 2 ) I (^3)° +[fJ(2)-(V3)' +^J{2) 3 C^)’ +^1(2)^^ 

+[ 3 ]( 2 )'(^)' +ff)(2}°cV3) s 

\v k 5 J ■ 

+ [o) (2)!(_ ^ ) ° + (j i )ra 4 ^ 1 + QJ <2)3(_VI ) 2 + (j V V5>’ 

■ +(^(2) 1 (-^) 4 +f^(2)°(-V3y 
(V 

= (1X32)(1) + 5(16)(V3) + 10(8){3)+10(4X3V3) + 5(2X9) + 0X1)(9V3) 

+(I)(32)(1)+ 5(16X~V3) + 1G(8X3)+ 1 0(4X-3V3)+ 5(2)(9) + ( 1 )( 1 )(- 9 V 3 ) 

= 32+ $80 +240+JL2ff^f+90+ $0 +32-$80 + 240-^20^3 + $O-p0 
= 64 + 480+180 = 724 
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til. 


sol. 


iv. 

Sol. 


Sol. 


(2 + if -(2- if 


(53 

2 f /° + 

^>3 

7°/ 



ft S' 

V 



2 5 (-/) 

11 + 


i 

V 


vU 


5 

\2j 


\ \ = i 7 -i = -/ Similarly / 4 = 1 & / * = / 1 


1 


2 J (-0' + 


2 3 i 2 + 
(5) 


rsv 2 , rs 


2 2 

I + 




2 1 / 4 +1 


'53 




.0 *5 


2 / 


v 2 ; 


2 3 C- 0 2 +f | 2 -(-/r +f^ 2 i (- 0 4 +f ^ 2 °(- 0 ; 


v 3 ; 


= 32 + 5(16/) + 10(8X-I) + 1Q(4)(-I) +5(2X1) + (1)(1)(/)- 32 5(-16/) 

1 0(4)(+/) - 5(2)(+l) - (1)(1)(-/) 

= & + 80 i-$6 -40 /+>tf +/->£' + 80/ + - 40/ - >CT + / - 82/ 

(x + yfx* -1)* +(x-\jx 1 -l) 3 


v 


x 3 (VJM)°+( Lv 2 (Vi- - i> ! +k i^ , (Vx 3 -i)“ + 3 )AJ7~iy 


V 3 / 


0) '• ■' Ll 

x\-yf7^lf +[ * } X \-J7^\)' +P i.T'(-V?^l) : 


t 3 2 


' uj * ' 'i 2 

= (1)* 3 (1) + l) + 3x(x J - 1) + (l)XLX^T ) 

+(l)x 3 (1) - 3 T ) + 3x(:r - 1) - (1)( jX^l) 3 ' 2 
- 2a:' 1 + 6 x\fx* -1 

Expand the following in ascending power of x: 

(2 + x-x 2 ) 4 

(2 + x-x : )' 1 = [(2 + x)-x 2 J* 

f 4 V + *)' f + f 4 ] (2 + *) 3 (-.r )' + { 4 ) (2 + xf (-x 2 ) 2 


V 3 / 


( 43 , (A\ 

(2 + Jc) (-x 2 ) 3 + (2 + .r)°(-^) 4 

L 4 J 


v 2 / 


= ]x(2 + A-) 4 (]) + 4(2 + .Y) , (-.x : ) + (6K2 + .v) 2 (.r‘ l ) + 4(2 + .Y)(-^) + (]X1)(A' !i ) 

2° x A -4.r 2 (8 + 12x+6x : +x 3 )+ 


+V u ,1+U , 74V, , f4)_, , a) 


\0j 


2 r+ 


) 


2 x + 


2 x + 


V 3 / 


2V + 


V 4 / 


6(4 + 4x + x 2 X-T J ) - 8x 6 - 4x 7 + x* 

=16+32x+24r +8.V 1 +*' -32r -4&T 1 -24.x 4 -4x +24x 4 +24x 5 +6x b -&v fi ~4x 7 +/ 
= 16 + 32x-8x 2 -40x 3 +jr 4 + 20x 5 -2x 6 -4x 7 +x 8 
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ii. 

Sol. 


iii. 

Sol. 


5. 


Sol. 


(I-x + x 1 ) 4 


(l-.T + X 2 ) 4 ^[(1-X) + A- 2 ] 4 


mv: 


/ 4 n 


o-x)V)°+i: ; 

1 J . 12 


(1 -xftff 


(\~x)'( x y + 


'4] 

,4, 


(l-x)V ) 4 


= l(]-x) 4 (l) + 4(l-^) 3 (^ 2 ) + 6(l-x) J Jc 4 +4(l-jrK^) + (I)0X* S ) 


'4' 

A 


1 




A 


(4\ 




n-xU LM+ , f(-*/+ , lW+4r(l-3x+3r-y) 


V 4 y 


+6x 4 (l - 2x+ x 2 ) + 4x 6 (1-x) + x s 

-1-4X+6X 2 - 4x 5 +x 4 +4X 2 - 12x 3 + 12x 4 + 6x* ~12x 1 + 6x 6 + 4x 6 - 4x 7 + x H 

- 1 - 4* + 1 0x 2 - 1 6x 3 + 1 9x 4 -\6x s +l Ox 6 - 4x 7 + x H 

(1-x-jc 2 ) 4 

(1-X-X 2 ) 4 =[(l-x)-x 2 ] 4 
/ 4 l(i-x) 4 (-x 2 ) D +f 4 ](i - x f(-x 2 yJ^ 


f 4 ) 

< 3 J 


,1 - 


2s2 


(l-xf(-x 2 ) 


^ J 






(l~X)'(-X 2 ) + 


2v4 


(1-x) u (-x 2 ) 


- 10 -J f) 4 (0 + 4(1 — x) 3 {-x 2 ) + 6(1 — x) 2 (x 4 ) + 4(l - *)(— x 6 ) + (1)(1)( x 8 ) 

1 -4x + 6x 2 -4x’ +x 4 — 4x 2 (l— 3x + 3x 2 -x 3 ) + 6x 4 (l-2x + x 2 )-4x 6 (l — x) + x* 
= I-4x+6x 2 -4x 3 +x 4 -4x 2 +12* 3 -12x 4 +4x s +6x 4 -12x 5 +6x 6 -4x 6 +4x 7 +x 8 
= 1-4x4' 2 + 8x 3 - 5x 4 -8x s + 2x 6 + 4x 7 + * 8 

Expand the following in descending powers of x: ' 

(X 2 +X-1) 3 

(x 2 +X-1)' =[^X 3 +(x-l)J 3 


3 \r) s (x-l)“ + ff'l(x ! ) 3 ( I -l)' + 
1 1 


0 


f 3> 

3-j 


{x 2 n x -iy+ 


* . (b 


vb 


(X 2 )°(x~\f 


= (1)(x 6 )(1)+3(x 4 Xx-1) + 3(x 2 )(x 2 -2x+I)+(IX1)(x 3 -3x 2 +3x-1) 

= Z+3x 5 ->/+>/-6x 3 +>/4-x 3 ->/+3x-1 = x 8 +3x s -5x 3 +3x-1 



COLLEGE MATHEMATICS. I 


469 


MATHEMATICAL INDUCTION & BI N OMIAL THEORM 


Sol. 


Sol. 


ii. 

Sol. 


* . If 

x-1 — 

xj 




(x-l)-i- 

X 


r 3 j ( x-i^pj.r?v -r-iv r3^ 




(x-iy 


V X J 




l( X .MyfdY + fV 1J ..t!f 

V * J l°J x ) 


- OX* 1 - 3jt +3jt- !)(!) + 3(.v : - 2 x + 1)| — j + 3(x - l)["4 r ] + (])(!) f — | 

[ x 


= x 3 - 3x 2 + ?jc-]-Jjc+6- f + f—K — - 

A A x 2 x 3 

3 1 2 , c 3 1 

= * -2x +5 r 

X X 

Find the term involving: 

* 4 In expansion of (3 - lx) 1 Faisalabad 2007 

(3-2x) 7 
Its general term is 


T = 

*rt\ 


1~\ 


\ r J 


Ot'X -2 xy = 


(1\ 


\ r J 


( 3 y-'(- 2 y x r — >1 


Compare exponent of x with 4 so r = 4 put r = 4 in / 

=| 7 W‘(-2)V =flV(-3)V 
W W 

? 5 =35(27)(16).r 4 = 15I20x 4 


\ 13 


x~ in the expansion of x 

■ \ 

Its general term is 


T,* = 




lx) 


yx-j 


fm f4 ( i 

(x) u - r (- 2/-L 

X 


\ r J 

'13 


x tt-r-i,(_ 2 y = 


r\3A 


\ r j 


x'^t-2 y — >i 



Compare exponent of x with power -2 

13-3r = -2=*13-+2 = 3r=>15 = 3r = — = 5 =>/• = $ 

3 

Put r = 5 in / 

^ 13 s ! 

T m = , * IJ “* 5, (- 2)' 

\ 5 J . . . 

- 13! ...- ty 13.12.11.10.9.^ , 

51.81' 1 ’ ~ S.4.3.2.1.J8f ( 3 ’* 

X^UMx- 


a in the expansion 


2 Y 

— a 
,x J 

Its general term is 

. r»V2r . 


-(I-)’ 


a =7 


Sargodha 2008 


T = 

V+] 


9y2T\ „ f9Y2Y" r 

- (-*)'= - (-l)V 

'A*/ IrAxJ 


Compare exponent of a with power 4 r = 4 

r J 9 Y 2 T f ,y „4_9.8.7.6.^'2'‘ , 

At!- . - (-1) « = — - j „ - (l)o 

UAjxtJ if .4! I x J 


9A7.6.3.2 4 4032 4 

ra — r-a = z — & 

4,3.2. 1 X s x* 
y l in the expansion of (x—<Jy) u 

t x-sfyf 

Its general term is 
A A 

T„, = ( x f ,r (~>fyY 

l r J 


(x) nr (-ircyf 2 


Put Power of JP equal to 3 so 


— = 3=>r = 6 so Put r- 6 
2 
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SOI. 


II. 

Sol. 


T = 


fir 




ip 

r 7 =— _v 5 (i)y 

6 !, 5 ! 


1 1.10.9. 8. 7.yf , , 


Find the Coefficient of: Faisafabad 2007, 08, Multan 2009, Sargodha 2009 10 

3 Y* 

l‘ V lx) 


•V s in the expansion of f 


Its general term is 

4.1 - it’s ) 


r j 1 • i i* / 


l r J • l 2 J 


, Y 

! >/ 

2 j 


uy v 2 j (r 

Compare exponent of a with x s =>20-3r~5t=>-3r = 5-15ri>r = 5 



if _J0! W 

'-2434 

5 ./ i 

2 J 5!.S! ( 

, 32 J 


r 5T) = 


1 0.9.8, 7.6, y r -243 ‘ 

& 5.43,2, 1.M l 32 , 

r . .■ -15309 

Coefficient of .V is 


8 


a" in the expansion of f x 2 

Its general term is 

r ». 7. n 


yj 


.v 1 " wi-v 


u , 

r 2n) 

,/• J 

f 2 m ^ 


V r J 

Put 4n-3/- = /?— > ■ 3r - n-4n 
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8. 

Sol. 


9. 

i. 

Sol. 


=> — 3r = -3 n =>r -n 
Put r -n in 1 

, - 2/1 lv 4 "- 5 "(-ir = . 1(-I )".x" = ^(-!)V = 


J ui-I 


[nl(2n-r,)lj 
2rr ! 


(n\y 


Coefficient of x" is “(— 1)" 

(«!) 

Find 6 th term in the expansion of ( x * 


2x 


Sargodha 2006, Multan 2008 


Its general term is 


T - 


r, 0 Wf^ Y 

\ 2x 


\ r J 


Put r = 5 

r w 4 “](*’>““ 


r ~A 

2x 


^ iQI (v-r f~ 3 T 1 

51.5! ■ l 2 j .v 5 
„ 10.9.8.7.6.^ t „ f -243 ^ I 

5.4.3.2.i.^l 


32 Jx 

W 243 5 
= --2!>2x — x 

32 

rp 15309 , 

7 - — x 

8 

Find the term independent of x in the following expansions. 

Multan 2007, Sargodha 2011 


2 

x — - 
x 


Its general term is 


T v = 


(v) 10 " 


-2Y 




10 '' 

*■ J 
'' 10' 1 

\ r J 

/ ](jA ArA 

r J 


K r J 


JQ-ir 


(- 2 )' 


-^1 


Put power of x = 0 so 1 0 — 2r = 0 
=3- 2r ~ 1 0 => /■ = 5 
Put r =5 in / 
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lii. 


Sol. 
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r w - 




5!. 5! 


- -252(32)x° = -8064(1) = -8064 


Sol, Its general term is 


l( ^ j? ■ 



= x A 

Vr) 

„ 10-5r 

Put — — - »0=>10-5r = 0=>5r=l0 = 2 




Put r — 2 in l 


7L,= 


10' 

,2; 

10! 




X 


UMO 


® ' 


2!.8! 4 2,l,«T UJ 


r >'T ( i )= T 

4 4 


<!+*’) 


’■b?! 


(l + ^/|. Y + J_j t =( 1 +r 2 ) 3 fi + .V : ’ ^ 


= (! + **) 


3(1+.V 2 ) 4 d+r/* 4 (l + X 2 ) 7 


X 


*7 




r i x 2 v ( 


\ x 7 ; 

Its general term is 

tfi 


V s ' 7 + v *' 7 

V X X j 


1 2-- V 
377 + x 7 

c J 


1 + x s/7 


, fin 



x ft;7 -+ 


-V s ' 7 J 


T = 

1 r tl 


\ r J 


(x 6 7 ) 7 " 
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10 . 

i. 

Sol. 


ii. 

Sol. 


T = 

* t, i 

Put^dit 


'7> 

42-br.Jtr 

(7} 

, 42-{^-3/\ 


, r J 

k y~*~ 7 = 


X 7 =* 

Sj 


=G=>42-,,14f = 0 


=i»14r = 42=>r-3 
Put r=3in / 

/yN 42-14(3) 


T - 
'3+1 


7 ' _ 




v_ 

3L4! 


«a~« : 

■ = * 7 


o = 35>n = 35 
3.2.1.^ {) 

So term independent of x is 35. 

Determine the middle term in the following expansions: 


[--I 

2 j 


Faisalabad 2008, Sargodha 2008, 2009 


Its genera! term is 

rnv. 


If power is 1 2 then it has 1 3 term so middle term is 7 


T = 

l r + 1 


\r.) 


V 


f 

-JT 


Put r-6 


T = 

i 6+i 






2 J 


12! f lt( jr' n 


' 6!+6li jc 


v2V 


T,= 


12.1 1.10.9.8.7.^ 1 (V^ 
64 


6.14.3.2.1 . #< x b 


-924 




231r b 


64 16 

So middle term = TJ = 

(KT 


231/ 

16 

Federal 


Its general term is 

It has twelve (12) term in expansion so middle terms are 6 th & 7^ for 6 th term 


T * 
v+i 



Put r= 5 


■mm 

11! 3*YY ~j x 

SWll 2 J [243^ ; 


1 1 . lQ .9.8,7.jgf ( 729** V -1 
5.4.3.2.1;.jgff 1; 64 ^243**, 

64 32 

For 7 th term put r =6 

_ (nVieV^V-iV 


= 462 


(frei 

ife)- 


/ I *1 231 _ 77 
Iwj 48* 16* 


KT 


Its general term is 
f2m+lY_ , 


2m+\ 


~H 1 

Mi) 


- Its power 2m* l isodd 
so middle term arejm * 1) & (m+2) 


_ f 2m+\\ 

'1 r J 




for (m+1) th term Put r = mthen 


-■ * r> 


.Tnt+i-iimu 


m\(2m+\-m)\ 

(2m+\)\ 


,vXS+l -jrf 


Note ; If power is odd then 

middle lerm=^-i 

2 2 


(“0* \put n~2m+\ 


(m+l)!(w)! 


2*(-ir 


. , 2m+l+l .. 2m+l+3 

middle terms are = & 

2 2 

_2m+2 2m+4 u $(m+2) 

~ i 2 ' i & ~r~ 


For (m+2)th term 
Put r = nt + 1 
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11 . 


m+ 1 ) 

(2m + 1)! 
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(m + 1) l(2m + 1 - m - 1) 


(2x) 2 




= (2W + I)! . ( 2 x )- ] (.- I )"'" 1 


{m + l)!(mj! 

(2m + 1)! 1 


(- 1 )" 


(m + ])!(my.2x 

Find(2fl+i)th term from the end in the expansion of f x Ll : 

V 2x) 


Sol. For (2n + 1) th term from beginning, the question become f — — + x ] 

l 2x J 

(4 


Its general term is 

poV-i 


T - 


V ' / 


Put r=2» 

(3 


T ~ 
1 2 w+J — 


v2"y 


2 x 




w 1 f-iy, 

2n%3n-2n)\\2x) W 


ivn 


jr" 


2«!«r '■ U; W. 

- x y I 
2nlnV } T ' 

... (3»)? ( 0'V 

(2n')x\ T- 

12. Show that the middle term of (l + *) 2n is 1 J S >(2w-l) ^ _ 

Sol. Its general term is: 


nl 


t„ - 


(2n\ 


\ r J 


(0 


2*t-r 


Power 2n is even so middle term 

n + 2 2n + 2 J^(n + 1) 

1= = = ■ v =n+l\ 

/ 


Put r-n 
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2 ”)(irv =_£ ">' iv 

\ n ) nl(2n~n)l 

= ^ - j*( 2n - 1) S.4.3.2. 1 1 ,2.3 AS (2n - 1).2» „ 

- Il- 3,5 ^ 2j>? ~ 1)][(2.4.6 2n)] v>l (1.3.5 (2 n l)X1.2.3...w)2V 

„ i „ i A — 


nl.nl 

- L 13 - 5 (2»-l)|2W 1.3 .5 (2w-l) „ 

nl.nl * n \ x 

Hence proved 


13. 

Sol. 


f n'' 

Show that : 

w 

We know that 


+ 


n 

«-l 


„ ") n- 


( |+ *Hj + 


w 

n 



i*+ 




[.T 2 + 




Plt/X = -\ 
0 - 1 )" = 

0 = 



f "W 

► i i - 

w 


*(;>"•(; 

/ \ S \ y A - t * V 


nr 


f n' 


( n ' 




rv 

fn \ ( 


— 

* I 

l+, 


— 



l°.J 


0 ) 


UJ 


l3J 

U-i J l 


/7 , 


[V 

4- 

r -1 

4y 


.2j 


AW /?/// F v -Mnl 

o+i r- 1 



|V 


(V 


( n ) 

1 fn 1 

4 


— 


+ 1 


+ + 




) 

1 

4 

U-iJ 


-n 


n 


3 ; 


n 

n - 1 


y 







(«> 


^ n x 


r«v 

r 

(V 





fn y 

“ 

loj 

+ 


4 f . 


4 


4 


4 tli 

, „ + 4 

- 


v 2 y 


W 

. 

uJ 




1 



2 " = 


\ 

,3 


fn ) 


7«> 


n ' 



f- ]l 

U-iJ 

4 

j) 

4 


4,. 

*. 4 

- 


^3; 
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2 " = 2 
/ 

=> 

14. 

Sol. 


(V 


( n ^\ 1 

(rf ) 


M 




r n ' 


+ 



=> 


+ 

+ 

+ + 


_U; 


W ■ 1 

l«-u 


10 


to 

10 



Y_ 

2 


« n\ 

+ + 
13 , 


n 


K-lJ 


= 2 


H-\ 


^ ^ W iW if »1 if »1 i W 2 ** J --i 

Show that: + — H — + — + H . = 

1,0 J 2{l) 3UJ 4\3j h + H/iJ n + 1 


f’] + l| 

r-V 1 ' 

M + ii 

V 

l f 

+ *. H 

W 2' 

lu 3 

UJ 4 

,3; 

n+}\ 


L.H.S = 


(n) 

li 

V 

1 

V 


+— ! 


+ - 


loj 

2' 


3 

v 2 j 


lf»l 
+ - + . 

4 3 


V\_ 2 "*' ~ J 

n) ff+1 

—fl 

«+H n i 


+-J- 0 ) 

4.y.fp*4fi «+r 
»*«-!) «C«-lX*-2) * 1 


-{/!) + 

2 3 2 !(*-/)! 


= 1 + — + 
2! 


3! 


4! 


#?+-l 


V&'V 6 y(n + l) 
1 


(»+i)L 

L_r rtT, c, 

(n + l) L ’ 


(>ti 1 ) i + 1 <" + lXgX *»-0 , { H + l 


2 ! 

k « + i c + «*i ^ + 


3! 






•41 

-+/ 


H + l 


o+xr 1 ^" +1 Qar'u) 0 + rt+t c t ar"(ry +**' c^or'-v 


wVI »IUC1 

+” +l C 3 (l)' ,+, ' 3 je 3 + 

+" + ' C x*** 




Put .V — 1 






d+ir 1 

= n+ ’ C 0 +" t, C 1 +' ,+, C+ A+l C+. 



C*i 

'JH+I 

-l+'^ C, + Mtl c\ 

+ n+l c \ + 

_^_n+L 

C +) 


2" +1 -h 

n+l * i . ^r+l , tr+ 1 

= V,+ U,+ 

C,+- ^ 

C 

W + 1 


-+// 


Use II in I then 1 become 


ro 

1 

V 

1 

f r?>. 


+ — 


+- 


loj 

21 

J; 

3 



1 f n 3 

+....+ 

rt + l^« 


(n + 1) 




Hence proved. 
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Exercise 8.3 


Example 7:- 
Sol, 


If m and n are nearly equal Find value of — — 

m + 2n 


Sol. 


ii. 

Sol. 


Faisalabad 2008 
Sargodha 2009 

Put m=n+h (where h is very small that its higher power can be neglected} 
m 11 + h n + h , (n + h) 


m + 2n n + h + 2n 3n + h 


/ 


j/7 


— {n + h ). — I 1 + 


3* 


-,i + A 

3 3 n 


3n J 

h_ 

3/7 


1 + 

3 n 

n_ h 
3/7 3/7 


h > 

1 + {- I) — + neglect 
3/7 


1 h h h 1 . , 

~ + {neg l ec/) 

3 9/7 3« 9n 


_ I t h ft _ j | 3ft-ft I h_ 

3 3/7 9/7 _ 3 9 n ~ 3 9« 

Expand the following upto 4 terms, taking the values of x such that the expansion 
in each case is valid. 

(l-x ) I/2 


Sargodha 2006, Faisalabad 2007, 2009 


(1-x) ' =!+-(-*) + 


2 2{ 2) 

_ J X X 2 X 3 


d-\ 


1 


2! 

1 


1 


. 3 '* 


3.2 1 2 


i-xY+- 

•il 


1 


T-l X --2 


J 


2 


3! 




(-v) 3 +. 


{valid if j-x| = |x| < 1) 


Faisalabad 2008, Multan 2008 


(I +2*)-' 

- i + HX2.)4d>£i!W + (zix -!-ix-i-2) (2x)1+ 
(->X-2) (4xV H^ ( 8x3)+ + 


— 1 — 2x + • 


2 ! 


3.2.1 


= I - 2x + ^ (4a: 3 ) - ~ (8.v J ) + . 

P 


= l-2.7c+4x 3 -&r 5 +. 


{valid if |2x| <l =>jxj<^) 
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Sol. 


Sol. 



X 3 +. 


IV. 


Sol. 


Multan 2007 

\V2 



3 9x~ 27x 3 

-2 — x+ f. 

4 64 572 


v. ( 8 - 2 . V )' 1 


valid if 

Faisalabad 2009 


7. <1= 4*K 


Faisalabad 2008 
Sarge*2009 
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VI. 


Sol. 


VII. 


Sol. 


. x x- x 
1 + - + — + — 

4 16 64 


(2-3 x) 1 

(2-3.V) 3 = 2 ~ 

1 + (— 2 ) 


. valid if 

Sargodha 2009 


2x 




j 3a 

”T 


V 3 




-3a j ] (-2X-2- 1) ^-3* y (-2X-2 --1X-2 -2 )( -3x f 


71 


3! 


1 

1 + 3a + { - 2X - 3) 

rar 3> 

, (-2X-3X-4) 

(-27*?) 


4 

2 

v 4 ; 

3.2.1 

{ »■ J 

+ 


” 4 
(l-.v) 1 

0+A) 2 


. , 27 x 2 21 x 1 

1 + 3a + + +. 


valid if 


3a 


<1=>|x| 


V 


(1-A) 


(1 + a) 

l + (-l)(-A) + 


= (]-A)-'(l + A) 


3 ( (-!)(-! - 1X-1- 2), _, 3 


2 ! 


3! 


(-a y+. 


1+( - 2)j+ (lgMzi),: + i -2X-2-IK-2-2) ^ 

2! 3! 

J 1+J+ HXj)^ + (zlX-2)(-3) 1 + 

L 2 3.2.1 ' 

\-2 X+ ™^ x > + mt4i (x) > + 


2.1 3.2.1 

-[l +a +x 2 +a' ! + JJ^1-2a+3a : -4a j + J 

=[l ~2x+3x z -4x s +a-2t +3x i -4a 4 +r -2r’ +3a 4 -4a + a 3 -2v 4 +3a 5 -4a 1 ’' 1 


= 1 - a + 2a 2 - 2 a 3 + . 


( valid of\x\ < 1 ) 
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viii. 


Sol. 


IX. 


Sol. 


l^X 

Vl+2x 

1-JC 


Sargodha 2011 

= (l + 2x) l/2 (l-*)~ l 


in 


1 2 
1+— (2x)+— -= — 
2 ■ 2 ! 


-1 


W + 


, . KH 


n > 
A -2 J 


3! 


(2x) 3 +. 


, +( _ 1X _, )+ + HX-^X-i-2) ( _ jy + . 


3! 

i nv-iY-3^ 


2 ) (4X )+ 3.2.lU A 2 A 2 ) 

l + x + I(-l)(-2)x 2 + ^1 _ ( _i X „2X-3X-x) 3 +.., 


(8x 3 )+. 


r 


, X 2 V 

1+x + — . 

2 2 


X(1 + X+X 2 +X J + ) 


( 


l+x+x 2 +x 3 +x+x 2 +x 3 +x 


V ■ 

3jt 2x* 1 lx 4 
= l+2x+ — +—+—+. 
2 1 2 

(4+2*) 1 ' 2 

2-x 

(l+2xf- _ 4 „/ 


2 /2 8/2 2 


x 

+ — +. 

2 


2-x 


= 2 


1 + 


i * 

.In — 

k 2 ) 


2) 


=/ 


r x\ m 1 

1+ l) 1 

VI 


Hf 


, x 

1 +— 

2 , 


f 


1 -- 

2 , 
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X. 

Sol. 


1+ i^ybA2 &» 

2{2) 2! 1 2 



fi-i) 
\2 J 

(H 

3! 1 


x 

2 ) 




1 +H) 


C-lX-l- DT-x V (— J)(— l — IX— 1 ~ 2) y —x 

“T “ — — — — 

l 2 , 


2 ! 


J 


( 


1+-+ - ,, 

4 \2 A2 


lYlY lY— 1+T-' 
2 ) 1 4 J + U, 


( 


x (\ 


1 +- + 
2 


4J 


N f \ 


m 

I 2 



3! 

lY-3Yx 3 ^ 


V 2 


V 8 JJ 


\ 

f 2 3 

- X X X 
1 + + — +. 

v 4 32 128 


,(-I)(-2)(-3) 


< £^y 


\ ( 2 3 

.XX X 

1+- + — + + .„ 

2 4 8 


J 




\ 

J 


=,+ f + T + f + rf + S-3i-^ + ii + «*“"*•«*'**> 

_ , , X X X 2 X 2 x 2 x 3 X 3 .V 3 X 3 

— 1H 1 1 1 H 1 1 f- 

2 4 4 8 32 8 16 64 128 

, 2x+x 8x 2 + 4x : - x 2 16x 3 + 8x 3 - 2x 3 + x 3 

- J 1 + +■ k 


32 

, 3x I lx 3 23x J < 
= 1 + — + + 

4 32 128 

(l+.v~2x I ) l/J 
.(1+x-2x 2 ) 1 ' : =[l+(x-2x 3 )] 


Valid if 


128 

x 

2 


< 1 => ; x < 2 


11/2 


I 


= 1+— (x-2x*)+— 

2 2! 


"(U) ifl- 1 1 | 1 - 2 , 

' ' (x - 2x : ) : + 2 ^ 2 A 2 J (x - 2x 3 ) 3 + . 


, 1 - IM‘ 

= 1 + -X-X" +— I - 
2 212 . 


^ *\x 2 -4 x 3 +4x 4 )+ 



(x 3 - 6x 4 + 1 2x s -8x 6 ) + 

= I + ^ - X : - j (x J - 4x 3 + 4 x 4 )+^-(x 3 - 6x 4 + 1 2x 5 - 8x 6 ) + . 

2. o 16 
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. X i X 2 -V 3 X 4 .V 3 3x 4 3 A' 3 x b 

= 1+ X + — + - - + + 

2 822 16 8 42 


x , x 2 x 3 x 3 x 4 3x 4 

= 1+ X" + h— + . 

2 8 2 16 2 8 


. x 9x 2 9x 3 7x 4 

= 1 + + — -+. 

2 8 16 4 


x 9x 3 9x 3 

= 1 + + — +. 

2 8 16 


Valid if — < x < 1 Because notify | x - 2x 3 


<1 


XI. 

Sol. 


2 . 1/2 


ll/2 


2 . 

i. 


(I-2x + 3* 2 ) 

= [(l + (-2x + 3x 2 )] 

= 1 + W(-2x +3x 2 ) + 2 ^ ; ' (-2x + 3.x 2 ) 2 + 


(H(H 


(~2x+3x 2 ) 3 + 


= 1-X4 


3r (lYlY-H 


+ - 

2 2 . 


2A2 


(4r+9x 4 -12x 3 )+ 


AYl' 


1.6A2, 


3! 

— | — |(- & +36x 4 -54V 3 +2?x b ) 



. 3x 2 x 2 9x 4 3 3 Y 36x 4 54x 5 27x 6 

= 1-X+ — + -X + + + . 

2 2 8 2 2 16 16 16 

, 3x 2 - x 3 3x 3 -x 3 36x 4 - 1 8x 4 54x 5 27x" 

= 1 - x+ + + + +.. 


16 


16 


16 


i ? 3 9 4 27 5 ^ / b 

= I-x + x"+x +-x x + — x +... 

8 8 16 


27 




-2 


3 


Valid if — < .v < 1 Because\-2x \ 3x7 < 1 

3 J 


Using Binomial theorem find the value of the following to three places of decimals 
V99 Rawalpindi 2009, Multan 2009 


Sol. V99 = (99) ,/2 = (100-I) 1/2 =100 w 


1- 


1 


.1/2 


100 


= 10(1-G.01) I/2 =10 


1 212 
l + -(-0.01)+^ — 
2 ' 2 ! 


(-0.0 1) 2 +. 


= 10 


1-0.005+ - Q ‘ 5 ^~°' 5) (-0.0001J + . 


= I0[l -0.005-0.0001 25 + ] = 10(0.9499) = 9.499 approx 
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ii. 


Sol. 


iii. 


Sol. 


IV. 


Sol. 


(0.98) 


1/2 


Sargodha 2008, Fa Isa la bad 2009, Federal 

in 


(0.98) ,/2 =(1-0.02) l/2 = l+-^(-0.02) + — ^ 
= 1-0.01+ (Q - 5X ~°- 5) (0.0004)+ 


-1 


(- 0 . 02) 2 +. 


= 1-0.01- 0.00005 = 0.989 = 0.990 (approx) 

(l.03) 1/J Multan 2008 

m 

(1.03) 1 ' 3 =(l+0.03) iyi =l+^j(0.03)+- 


■1 


2 ! 


■(0.03) 2 +. 


= 1 + 0.01 + 


1 V 1 Y 2 


-- (0.0009)+. 


2A3) 

= I + 0.01 — 0.000 1 4- = L0I0 (approx) 
\^65 Sargodha 2008 


v/65 = (65) 1/3 = (64+- 1) I/J = 64 l/3 f 1+— 

t,.* 64 


1/3 


3.1 

-4 3 
r 


= 4 3 (1 + 0.01 5625)' 


1/3 


= 4 


= 4 


1 + - (0.0 1 5625) + y (0.00 1 562) 2 + . 

3 2! 


1 + 0.0052083 + \ f | )f-| j (0.000244 1 4) 


= 4 [ 1 + 0.0052083 - 0.00027 1 26] 

= 4(1 .005181 173) = 4.021 (Approx) 

\^I7 Faisalabad 2009, Sargodha 2011 


Sol. Vl7 = (l7) l/4 =(16+l) ly4 =16 lM 


,IM 


1 + — ) =2^(l+0.0625) l/4 

16 J 
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VI. 


Sol. 


VII. 


Sol. 


= 2j 1+^(0.0625) 


+ 


11 .,] 

4 v4 J 


J 

= 2! 1 + 0.15625 + ^ 


2! 


(0.0625 ) J +. 


m 

' 3 ^ 

LJ 



= 2(1+0.015625-0.00036621 + 
= 2(1 .0525) = 2.3 1 (Approx) 

^31 Multan 2007 


(0.00390625) 

) 


1 > 


1/5 


V31 =(31) l/s = (32 — l) !/s = (32) l/i 1 1 

v 32. 


5x1 
- 1 5 


2 5 (1 + {—0.032 l)) l/5 =2 


5 , 


1 + -(-0.031)+-^— 
5 2 ! 


(-0.031) 2 + . 


= 2(1 - 0.00625 - 0.000077 + ) = 2(0.9936) = 1 .9873 (Approx) 

l 


1 


<998 

1 

</998 ” (998) l/2 

= ( 1000)' l/3 


Federal 


(998)" 1 ' 3 = (1 000 — 2)” ,/3 


( v 2 V‘ /3 


1 


1000 ) ( 1000 ) 1 ; 3 ( 1 +(- 0 . 002 )) 
( 1 


1 


*4 

10 3 


- 1/3 


-1 I 

I + (-0.002) + - 


3 A 3 
2 ! 


(-0.002) 3 +. 


= — [l + 0.00066 + 0.00000088 + 1 = L ° — 

10 l J 10 

= 0.100 (Approx) 
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Vlff. 


Sol. 


lx. 


Sol. 


X. 

Sol. 


1 

\/252 
1 1 
^252 ~ (252) l/s 


(252)" 1/5 = (243 + 9J 


-1/S 


= (243) 




V s v ' ,s 


I 


Jx- 

3 s 


1 


1 + 


243 J (243) 
(0.037) 


1/5 


(1+0.037) 


-Vi 


-1 


--1 


2 ! 


■(0.037) 2 +. 


” - (1 - 0.0074 + 0.0001 67 + . 
~ 0.33 1 (Aoprox) 

V? 

V* 

V? = V7 _/7V /2 

y/a ~ Vs 




4 u o 

=i+ — 

2 1 8j 

1 ( l \ 

= 1-0.0625+- 

2 


i-i 

. 8 . 
riY2_ 1 ' 
2 


. 1/2 


2 ! 


2 J 



f 1 

fct 1 + ’ 

64 


= 1-0.0625-0.001953 
= 0.935 (Approx) 

(.998)” I/3 

(. 998)' 1/3 = (1 - 0 . 002 )' 1 '-' = [1 + (-. 002 )] ’ 


H 


= 1 + 


( i) 

3 J 


(- 0 . 002 ) + 



3 , 

2! 


(-0.002) 2 +. 


= 1 + 0.00066 + 0.00000088 + = 1 .0006 (Approx) 

= 1-001 (Approx) 



COLLEGE MATHEMATICS-1 


gMf MATHEMATICAL INDUCTION A BINOMIAL THEORM 


xi. 


Sol. 


xii. 

Sol. 


3 . 


Sol. 


1 

V486 

1 


V ?86 


= (486)” ,/6 = (480 + 6)' 1/6 ( I + 0.0 1 04) 


-Mb 



f 


1 

1+1 

r-r 

(480) 1/6 1 

,<>) 


i 



(0.0104) + 


-lV 1 ^ 
6 ) 



2 ! 


(0.0104) 2 +. 


1 


-(1 -0.0017+0.00001051 +, 


2.7981 

- 0.3573(0.99831051) = 0.3566 (Approx) 

( 1280)' 4 


( 1280)’ 4 = ( 1296 - 1 6 f 4 — ( 1 296)' 4 


1 + f — T ] 

V 1296 )_ 


4 *- . 


■si '4 


= 6 4 [] +(- 0 . 01 23 )]' 

( (. iVi 

(\ 


= 6 


1 + 


- (-0.0123) + 




4 ), ,2 


2! 


-(-0.0123) 


= 6(1-0.00208-0.0000142- ) - 5.981 (Approx) 

Find the coefficient of in the expansion of: 

1 + .V 2 

(1 + -V-) 2 

1+x 2 


(I + x) 

= (1+X 2 ) 


y=*(l+JT )(1 + .V) _: 


l + (-2)x + ^ 2 - |) ^ + 2 -> -3 

2! 3! 


JT +. 
\ 


= (l+x 2 )fl+(-2)x+^-^A- J + ^ X ~ 3X ~ 4) x 3 + 

l 2! 3.2.1 "■ , 

= (l + .r)(l+(-l)'(2)x , +(-l) 2 .3x 2 +(-l) J (4).v 3 + (_ir 2 (n-l) 



■ gEMATH^nga-t JBB M^™**^™***™' TtffWft 

> 4, It 

^>Hr 1 ^' 1 +(-ir(«+i)j f '’) . 

= I+(-l)2x+..„ +(-I)"(«+l)x' r +x 3 +(-l)2x 3 + +(-l)*" 2 

(* - ljx" + (-1)"' 1 ffiT 1 + (-1J"(„ + i) x n+2 
Coefficient of X * are = (-l)"(/r + 1) + (—I)"’ 2 ( w ^ I) 

= (-!)"(«+ O+t-iyt-D^Cn-J) 

=(-ir(«+i)+(-i)"^L.(„-i) 


ii. 

Sol. 


(1+x) 2 

{l-X? 

= 0 +2X+ x a )(l - x)- 1 

=(l+2x+x 2 ) I+(-2X-x)+^^fi(^ f -2(-2-lX-2-2) ( ^ 3) ^ 

2! 3! 

= (l+2x+x I ) 1 + f~n 2 (-iy> @X3) ^ , (~1) 6 (2X3X4) 3 

2 3.2.1 

= (1 + 2x + x 2 )[l + (-l) 2 .2x ‘+ (-I) 4 3x 2 + (- 1J 6 4X 3 + +(-I) 2(B - 2 '<n-l) 

x^“ 2 +(-l) a " I i ro r l +(-l) 3ff (n+l)y'] 

I+H) 3 2x+ .....+H) 2 -(«+l)x' ! +2x+(-l) 3 4x 2 + 

+x 2 +(-1) 2 2x > + +(-l) 2(2H) («-l)x rt 

Coefficient of x" are =(-l) 2fl (/j+l)+(-l) : ('’ : ^2«+(-iy<' , - |1 ( ff _i) 

= (- l) 2 ' f (« + 1) + (-l) 2n " 3 2« + (- l) 2 r 4 (« - 1) i 

= (-l) 2fl (M + l)+(-I) 3n (-l)' 2 2rt+(-l) 2fl (-l)- J, ( w -i) 

= (-l) 2 "(n+ 1) + (-1)- 2 * 2n + (-1)’” _L. ( „ _ ,) 

- Hf(» + 1) + (-;I)- J " (-1 )?"!(„ - 1) 

- ( — 1) [^w+/+2fl+n— /J = (— l) 2 "4rt = 4n (Because(— l) 2 " = 1) 
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ill. 


(1 + Af 


( l -*) 2 

Sol. = (l + x) 5 (l-jr) " 

- ( 1 + 3x : + 3x + x 1 ) | 1 + (-2)(-x) + 


(-2X-2-1) 


(-a ) 2 + 


(- 2)(-2 - 1 )( -2 - 2 ) 


(-x’)4-... 


2 ! " ' 3 ! 

= (1 + 3jt + 3x +x i )(l 4 2x + 3.r + 4x 3 + +{n-2 )x”~ 3 + (n - l)x"~ 2 + > re"' 1 + {n + l)x" ) 

= 1 + 2x + +(n+ l)x" + 3x + 6x 2 +„ .. + 3 we' 1 + 3x : + 6x 3 + .... + 3(n - l)x" 

4-x 3 +2x 4 4- .... 4- (77 — 2)x” 

co -efficient of x” =(n+ l)+3n+3(n-l)+(n~2) = n+\+3n+3n-3+n-2 
= &»— 4 = 4(2«— I) 

U + *) 2 


IV. 


(1-x) 3 
Sol. ={l + x)"(l-x) 3 

( 


=o + + a±«± 2 ( . rf + . 

v 2! 3! 


) 


= (l + 2x + .v 3 )[ l + 3x + ™x 2 + — — x 3 + .... 

1 2! 3! 

/t _ . 2.3 2.3.4 j 2. 3.4,5 , 

- (I + 2x + x ) ] h — x + — x' + x + . 

2 2.2! 2.3! 


(x& + by 2) 


— (1 4- 2x + x" ) 


1 + 


3! 


- x 4- ■ 


4! 


V 


2 . 1 ! 2 . 2 ! 


x +- 


1L 

2.3!' 


- x 4- . 


| tt!-x l, ~‘ 2 | (77 + 1)!x ,, ~‘ | (n + 2)\x” 


i 3! 

- ] +— — x 4- . 


2!. !! 


(n+2)!y „ 3!.x 2 

4- 2x 4 — 4-. 


2.(n-2) 2.(«-l)! 

(tt+Ol.x" 


2.n\ 


2 Jl! 


1! 


(«-D! 


+x~ +- 


3!.x 3 
2 !. 1 ! 


n\.x n 

2(«-2)! 


Co.effecems of x" = + + ( ” + 1)! + 


n ! 


2.«! (>7-1)! 2(n- 2)! 

_{n+2){n + ])./rf fn + \)(n)fj^Yfi n(n-\)fp^lf. 
2./. + 2{ry-<X\ 



COLLEGE MATHEMATICS-1 


491 


MATHEMATICAL INDUCTION & BINOMIAL THEORM 


rf +n+2n+2 , n 2 -w 

= Vn~ +«h 

2 2 

_ ft 2 +3/?+2+2w : h- 2n+rr -n 2 _ 4« 2 +4«+2 

2 " 2 

^( 2 w 2 + 2 «+ 1 ) 2 

-7 — 2/7 +2n+\ 

t 

V. (1-JC + JC 2 -.V 3 + ) 2 

Sol. (l-X + X 2 -* 3 *., f 

Suppose 

(l + *)-'=, 

g + ^:i- x+ H&a!i + (-«X-»X-^ 

2 3.2.1 

(1+x) ! = 1 -x+x 2 ~x s + 

Squaring both sides 

0 + x) 2 =(1 -x + x 2 -x 2 + ... )' 2 

So (1 - x + x 2 - x 3 + y 2 = (1 + x)~ 2 

= 1 + (-2 )jc + — x 2 + ~ j><~ 2 ~ 2 > ^ 

= 

2.1 3.2.1 

= l + (-2)x + (— l) 2 3x 2 + (-1) 3 4x 3 + +(-ir(»+.l)x* 

Coefficient of x J) = {— 1)"(« + 1) 

4. If x is so small that its square and higher powers can be neglected, then show 
that: 

l-x 3 

i. -j=«l X 

Vl + x 2 

Sol. l.H.S = 4== = (l-*)(1+x) 1/2 


Multan 2008, Sargodha 2010 


Vi+x 
= (l-x) 



— 1 

1 + 


l 2 j 


x + neglecting x 2 & higher power 
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Ml~.v) 




X x" 

- I — (neglect) 


^ , x 3x 

' 2 _X= 'T~ R '„' S 

1 -X . 3 

Hence , — - ~ 1 X 

Yl+* 2 


n. 


Sol. 


m. 


Sol. 


V 1 + 2x 3 

- T - - -- - - I + — .v 

vT^ 2 


L.H.S — ' 


(li-2.v) 


f/2 


-T =(\ + 2xf 2 (\-x) 






1 + - (2-t) + neglecting x 2 & higher power | 1+ — \{-x)+ neglect 

2 ){ ^ 2 J 


(\+x) 


l+± 


,\ 


V 


2 ; 


I + .V + -+ — (neglect) 


3x 

+ — - R.H.S 


VtiZr t 3 

Hence ~~i= * 1 H — X 
vl — x 2 


(9 + 7.y) -(16+ 3.v) 

4+5* 


i/j 


1 17 

4 384 


Lahore 2009 


(9 + 7.v) 1/: -(I6l3x) 


L.H.S 


!/4 


4+5* 


7 


\I/2 i - 2 


\ 


1/3 


1+-.V 

V ^ ; 


— 16 14 1 + — x 


[(9 + Ixf 2 “(16+ 3x) 1,m ] (4 + 5x) 
x4 _1 


1 ^ 

16 


J 


i + * 
4 . 


2vi ' 

3 : 


1 +- 


21.9 


— -Y + neglect 


-2 


AT. iY3 'i 


1 +- 

4 


— A' 

16 


If 

X" 

4 


f5 "l "I 

l+(— 1) — * +«e , gfetf 

U ; J 


V 
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IV, 


Sol. 


3 + 


7x^i 


J 


-(2+— 

v 32 


M _5x > 

jU 16; 


/ 3+— -2- — Vl_£x' 

6 “ 32JU 16, 

J\ „ 7.v 3xVl 5*' 

T" 2+ 7"Mj[ri6, 

224x -18xVl 5x '' 
192 JU _ "l6> 


= 3 + 


1 +- 


206xVl 5x\ f, 103xYl 5x^ 


192 A 4 16 


1 H"" 


96 


A 


4 16 J 


I 5x 103x 

= - - — +— neglect x* 

4 16 384 6 


2 

4 


5x 103x 
16 384 


I 

( 1 20x - 1 03x N 

_1 17.x 

4 

l 384 , 

~ 4 384 


V4+.x . 25 

r «2+— x 

(1 -x? 4 


Multan 2007 


L.H.S“ 


V 4 + .x _ 
= 

2 Jr x f 2 

2 2 ! 1+- 
4 J 


■ (4+ x) |y2 (l - x)” J - 4 1/2 
(I x) 3 






^2 


& 2 


= 2 


1 +I[£ 

2U; 


1 + - 


8 


+ neglect 
[ 1 + 3x] - 


f 1 + ( 3X -x ) + neglect ] 


, 24x + x 

1 h i- neglect 

8 • 


, - x 3x“ 
1 t-3x+-+ — 

8 8 
25x 


as 1 


1 + 


„ 25.x 

= 2 + R.H.S 


4 
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V . 


Sol. 


vi. 


_y)/2 


»4 


f 


1~ 


5a 


(1 + x) (4-3 a ) 

( 8 + 5 a -)" 3 

(1+x) U 2 (4-3*) w y J 

L.H.S=“ — ... ' = (1 +x) l/2 A m 

(8h-5a) J ' 


Federal 


j 3x 

4 


*3/2 


.8 


-1/3 


1 + 


5x 


*-1/3 


= (1 + at )’'-.2 3 


I 


(. 3a ^ 

i/2 _i 

3> — 

r 5 a 1 


,2 3 

i+— 

4 J 


l v 8 J 


-1/3 


1 +— (x)+neglect , 2 3 


, 3 ( 3x 
1 +- 

2v 


— — J + neglect 


.2 


-i 


1 + 


^5r. 

— \+ neglect 
8 


1 +- 


= 4 


i - v 

i -i — 


ii-^U 

l 8 J 2 

V 


A 


1 

~T 


1-— 

24 


5x) 
1 -— 
24 J 

5x ^ 


= 4 1+— 


xY, 5x 9x 


2 a 


1 L + neglect 

24 8 ; 


% 4 


= 4 


i * 

1 +- 


V 


2 ) 


1- 


V 


5a+27a ^ 
24 ) 


= 4 


1 + X 


V 


1- 


32.y 


2 A 24 J 


32a x 32x : y , ^ 

24" + 2 j2~( ne & ect ) 


J 


J. X 32x^1 „ 

*4| I + — — |-4 


= 4 1 -- 


2 24 , 

20A ( 

V 24 J v 

(1 - a') i/i (9-4a')" 2 
{8 + 3a) 1 3 

1/2 n l/2 


A 12a-32x 
1 + 


Sx') 

I-— 

6 J 


24 

: R.H.S 


3 61 

* — A 

2 48 


Sol. L.H.S = (1-,A) '*.9 


4x 

~~9J 


VI 


l+-(-x)x neglect 


x3 


.8 

1 f~ 4x) 


, 3a 

1 + — 

8 


, 1/3 


1 +- 

L 2V 9 J 


f neglect 


1 

J x ~ 1 
J 9 3 L 


1 + 


-Y-l 

*3 JUv 


+ neglect 



£ 9klP<?5 mathematics iSl MBEKWlCftl WDUCTICTIA bkohul theorm 

l 2 ) [ 9 ) 2 { 8 j L 2 A 3 JU IfiJ 

^ f 1 — 1 = fi -- 1 

l 2^2 16 3 24 J L 2 jl 


vfi. 


Sol. 


f 3 ~ 9 x -\ 6 x \ 

2 + ^i- +negleC, j 


f t *V3 25*^ 3 25x 3x 

■riJU'^rJ = 2“ir‘7 + ^ fea 


_ 3 ^ — 2 Sx - 36 ar 3 6 lx 

~2 48 * 2 ~ 48 

\f4^x+(S-xf 3 „ 1 

-*2 x 

12 


( 8 - 3*) ,/3 

V4^+(8-x) 1/3 


Multan 2008 


~ * 
*2 

12 


LH.S - 


(8-3x/' 3 

V4-x+(8-x) l/3 (4-jt) 1/2 +(8-*) w 


(&~2x) Ui 
V* 

+ r 


+ 4 -I) 

(8-x) w 


(8-3xj l/3 

2 2 


1 / \w 


1-- 


■ w 

+2 3 


/ \!/3 

N 


(8-x) 


,1/3 


= 2 


1 4H0 + "* te 


+2 
J L 


. u * 

1 + . 

I 8 J 

-in 


<8-4 


,-1/3 




■-Y 

3/1 8 


:] 


+ neglect 


_ 

2-— +2 — — 

2“' 

r y > 


4 12 


1 24 J 


-3x-xM 


12 


( A 4*^ 
4 

I2J 


1+— 
21 24 J 


(2 48/ 1, 3 A 2 48 J 




2 
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5. If x is so small that its cube and higher power can be neglected, then show that: 

/— 1 Q 

i. V1-.V-2.V 2 *1 .V--AT 2 

2 8 

Sol. L.H.S = Vl - X ~ 2x' =[ 1 -(x + 2.X 2 )J I; 


’1 1/2 


-l+~Kr+2.r))+ 


- 

'UA.2 

71 


(— (x + 2x“ )) ' + neglect x J + higher power 


^f-~(x + 2x : ) + I' ~ \{-~)(x 2 +4x- i +4x 4 ) 


■VAA 2, 


. X , X' . 

- 1 — x" — - + neglect 

2 8 

, -V -8x 2 -x 2 , x 9x 2 

=l -rT aR - HS 


1+V 1 2 

I - — =l+x+-x 
l-x 2 



V 


1 + 


A 


f. * iny-i ,Vi 

I+-+ : X' 

2 2UA2 JJ 


{ 


X t 
1 +-+- 
2 2 


“!(-*>+ 


-1 A-3 n 

1 2 At, 


2 A 2 

2 ! 

A 


(-x) 2 + neglect 


(A 


( 2 

' x x 

1+ 

2 8 


y 

A 


2 \ 


, x 3x 

1 H — + 

2 8 


, x 3x 2 x x 

= 1 +-+- 

2 8 2 4 16 8 16 64 




-> j 2 2 

. v x 3x x x 

— ] -1 I t-- 1-— ■ h ignore 

2 2 8 4 8 g 

x + x 3x"+2x'-x 2 2x 4x : x 2 

= l+^~ + - = 1 + — + — 1 4- x + — = r H s 

2 8 2 8 2 



6 . 


If* is very nearly equal 1, then prove that px p —qx* &(p—q)x l ” >l 
px p -cpp ^{p-q)x p+q Lahore 2009 

Take X — 1+A where h isvery small 
L.H.S= /J(I +h) p ~q(l +hf 

- p[\+ph+ ignore] ~q[}+qh+ ignore] 

= p\\+ph]-q[\+qh j 
= p+ p 1 h-q~q 1 h 
= {p~q)+(p 2 ~q 1 )h 
= {p-<t)Hp-q)(p+<i)h 
=(p-tq)[\Hp+q)h] 
r.h.s ^ip-qXl+h)™ 

= (p-q)[\+{p+q)h+ Ignore] 

= (p-q)[\+{p+q)h] 

So L.H.S = RiH.S’ 

\1 p—q is small when compared with p or q show that 


(pt+l)p+(2n-l)q ( 

{2n-\)p+{2n+\)q \ 2q j 

(2n+X)p+{2n-X)q ( p+q^” 
(2w-l)jp+(2«+l)^ \ 2q j 
Take p— q = h^> p=q+hvthsre /lisverysmall 
{2n+\)(q + h)+(2n-l)q 
LHS (2w-lX^ +h)+(2n+\)q 

2nq+2jth+^ +h+2nq- $ 
2nq+2nh- -h+2jtq+ ^ 


Gujranwala 2009 


L,H.S=' 


4nq+2nh+h 
4nq + 2nh~h 


^ 1 


2 nh+h 
4 nq 
2 nh-h 
4 nq 
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8 . 


Sol. 


1 + 

V 


2n+l 
4 nq 


1 + 

\ 

1 + 

1 + 

f 


2/7-1 


\ 


1 + 


.. 4tt <? , 
f 2n + \ 


h L 

\ 


4 nq 


1 + 


1 + 


2/7~I 


r ! 


4 nq J 

( 2 / 7+1 1 

4nq 


l+H) 


r 


2/7-1 

4/fc/ 


4 nq ) 

h + neglect h 2 higher power 


( 


1- 


2/7-1 


-1 + 


= 1 + 


= 1 + 


/r- 


h- 




2/7+1 

4nq 
2/7 + 1 
4/7^ 

2/7+1 -2/7 + 1 
4/7(/ 


4/7<7 J 

2 / 1-0 


4/7(7 

2/7-1 

4/7^ J 


h — 


r 2/7 +i Y 2/7-i 
4/7/? 4/7// 


7 2 

" (neglect) 


A 




2nq 


2 h 

= 1+ A = l+- 

4/a/ 

Now R.H.S = 


(p+q ) 

\/n 

( q+h+q ' 

m ) 


l 2 ? J 


1/w 


V 


J 


2 q + /i 
2c/ 

i4 

n 


2 q h 
■+ 


V"> ^ 

= ,2? ' 2?J 

+ neglect It 


V'" / 


i h 

1+— . 

2<?J 


\ 


0^ 
2<7 J 


= 1 +- 


So LH.S = R.H.S 


Show that 


nl/2 


/I 


2(77 + /V) 


|_2(/f+7V)J 9 n-N 

m 

8/7 n + N 

;v _ _ 

9 n-N 4n 


2/7i7 

8n n+N 

Where n and N are nearly equal. 


Federal 
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R.H.S 


L.H.5= 


- l !/2 


n 


2(at + /V) 


Take h — n+h where h is very small, 

(2 n + h) m 


n 

\/2 

n 

\n 

J n 

2(/7 + /7 + /j) 


2(2/7 + h) 

UJ 


(-T 

v.2; 

V' 2 




1+— , 
2 n ) 


- 1/2 


1 + 


(2 n) 
(-lY h' 


- 1/2 


(2 n) 


1/2 


l 2 ){2n) 

hi 


r n Y 2 r 


W L 


l- 


An 


+ neglect h 2 & higher power 

1 v*7 1 _a'' 


2 y2 y* 2 U2 


An 


=Ifi-±Li_A 

n+N- 


An 


Bn 


9n-N 
8 n 


An 


n+n+h 


Bn 


2n+h 


9 n-(n + h) An 9 n-n-h An 

= _Bn 2* + ft _ (8w)(4w) - (2 n + ft)(8w - h) 

8m-/j An (Bn-h)(4n) 

_ 32n" -\6n 2 +2nh~Bnh+h 2 , 

; — ; neglect h? 

4n(Bn~h) 

_ 16 tr_ -6nh 2n(Sn-3h) Bn-3h 
2(8 n-h) An(Bn-h) ~ 2{Bn-h) 


Bn-h-2h 3 
2(8 n-h) ~ 2 


Bn-h 2 h 


1- 


2 h 


Bn-h 8 n-h 
1 1 2 h 


Bn-h\ 2 2 {Bn-h) 
Bn—h^Bn because h is very small. 

-:LA 

2 Bn 


{2n) 


M2 


So L.H.S = R.H.S 
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9 . 


Indentify the following scries as binomial expansion and find the sum in each case. 




1.3 ri 


v 


-x - 


1^.5 nv 


Sol. I — 

2 


21,4; 2!.4 ^ 4 ; 3!.8l,4 J 

1.3 nf 1.3.5^ 1 v 


- +- 


V‘ 


V 


3!.8 U 


4; 2!.4 
Comparing with 

( i + xr=i+«v+^^ + . 

2! 



64 


Dividing/// by II 


nO?-l )_/_ 

~J7~ 


64 

1 

63 


n-\ 3 64 

— x — =>n~l = 3 n^>-]= 3 n-n 

n 64 I 

-1 = 2/7 


n = — 

j 


put value of n in I. 


JL'L__I =>I .(_iV 2 
2 8 l 8 




.V - — 

4 


II. 

Sol. 


So (1 + .rj" - 

,-i^ 

2 


-1 2 


3 + i 

4 


1.3 n v 


4 + 0 


- 1/2 


4 J 

1,3.5 


1 2 


2) 2.4.6 


2J 2.4 

Comparing with 

(l +xr = l +m - + ^zl)^ + . 


'iY 

,2 j 


?i 



, 2 2 

{ =>n x -■ 


16 


II and 


2 


II 
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n{n- 1) 2 _L3( l 
2! V " 2.412 


16 


■III 


Dividing HI by II 
n— I 3 16 

n> = — X — 

n 16 1 


rjn- l)r _ 16 

J_ 

16 


2 n 
/r.x~ 


n-]-3n^>—\=3n-n = 2n 


->-1 = 2 n 


n = — 
2 


Put n - — in J 
2 


-1 


— U = ■ 


~^>x = 


So (1 + x)" = 1 + 


iY- -V - 

4 A l)~2 

I 


1 

x = — 

2 


2 + 1 


, 3 3.5 3 . 5.7 

Hi. 1 + - + — + + 

4 4.8 4 . 8.12 

Sol. Comparing with 

(1 + x)" = 1 + nx+ — ^ +. 


2! 

3 . 3 2 9 

nx = / => n x 

4 16 

, „ 3 15 15 

n(n — \)x ~ — x 2 = 

32 16 

Dividing 111 by 11 

y u 

«(«- X)f _ i6 _ 15 16 _ 5 
__ 9" _ l6 X ’9 “ 3 




16 


-l?2 / ^ \l 2 


U. 

Faisalabacf 2008 


-II and 


n(n-\)x 2 _ 3.5 
~~ 2 ! *48 


III 


n-1 5 

= - => 3(n-l) ~ 5n => 3n-3 = 5n => 3 = 5n -3 n=> -3 = In => 

n 3 


n - ■ 


| CM 
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-3 

Put n = — in I 
2 


3 3 

JC = ~=> Jf = 

2 4 


fl) 

Ml 

\ 

UJi 

l V 

2 


now (i+xr =(i-i] *' -(VJ" “(ir " ~ (ir 
= 2'.2 I/2 — 2>/2 


IV, 




2 3 241. 3j 1441.3 J 

So). Comparing with 

(i+xr=i+TO+^fc^x 2 +. 


2! 


-Il l 

nx = — = — :■ 

2 3 6 


■v => »V = 


1 


36 


-II 


and 


Kn-D .j_l.af 1Y 

2! 2.4UJ 


=> n(n-l)x 2 = — 


III 


12 , 

Dividing III by II 
_ * Kh-DV" 12 1 36 

=0 y = — x — 

n* jr J_ 12 I 

36 

n-\ , 

■ - 3 =* y.j-\ = 3 o => -1 = 3 n -n = 2 n=> 


n 


n = — 
2 
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10 . 


Sol. 


11 . 


Sol. 


. 1 1.3 1 . 3.5 

Use binomial theorem to show that 1 + — + — r +—— + . 




t 1 1.3 1.3.5 r- 

1+- + — + + = V2 

4 4.8 4.8.12 

Comparing with 

(l + r) fl - 1 + m + jc 2 +. 


4 4.8 4 . 8.12 

Faisalabad 2009, Sargodha 2008 


1 


m -■ 


2! 


T 2 2 

■I =>K*A* = 


1 


■II 


n(n- 1) ■, 13 

and — -x~ =■ 


2 ! 


4.8 


16 

>n(n-\)x 2 = — x2 = 

4.8 


16 


■III 


n(n- X)/ _\l 

Dividing III hr II ^ “ i 

n /T 

16 

tt-l 3 16 t _ , . 

= — X — => H - 1 = 3« ^ -1 = 3rt - « = 2rt : 

n 16 1 

( Put values of in / X~ —)x = — =>* = — j=> 

2 4 4 ^ 1 ^ 


n = — 
2 


1 

X = 

2 


50 (1 + x)" = 


f 


2 



f 2 — 1 V l/2 

(\) 

— j 


— 

) 

1 2 J 

UJ 



= ( 2) l/2 -yjl 

then prove that y* + 2 y — 2 = 0 


Faisalabad 2007 


Adding both side 1. 

LS/.rf 

l+^ = !+3+— - + 

2! v 3 J 

Comparing with 

a+ x)"=l + «.v+^^ + . 


1 , 2*1 
. nx = - - 1 => n'x~ = — // 
3 9 


2! 
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also 


«(«-!) 2 1.3.5 


2 ! 


■x =• 


21 


f t A 




9 3 


1 

«(/?-l)x 2 3 1 9 

Di viiling III by H ~jTj — 


n x 


! 3 1 

9 


n - 1 


n 


— 3n-n-2n 


n - — 
2 


, . i \ 1 1 i 

{put n ml ) — x ~ - => \x ~ — 


f 2\ m (3-2\ V1 (\ 
l+y = (\+xr = \l-± ■ 


m 


3 J 




1+^ = (3 ) i/ 2 -V3 

Square both sides 

(1 +yf - {S f => 1 + 2y + >’ 2 - 3 =s> y 2 + 2 y + 1 - 3 = 0 

f = 2y~ 2-0 

„ 1 1.3 1 1.3.5 1 . 

12. If + + j then prove that 4y + 4y-l=0 

. 1 1.3 1 1.3.5 1 

Sol. 2y-~4 . t d . — 

2 ” 2 ! 2 4 3 ! 2 6 
Adding both side 1. 

, _ . 1 1.3 I 1.3.5 1 

1x2 y — 1 H — -x - — .— 4 +■ . 

2 2 2! 2 3! 2 

Comparing with , 

(1«)"=1 +OT+ *^ + . 


Federal 


1 1 

/TV =— - — 

2 2 4 


2 ! 


■ / => trx 1 - - 


16 


II 


. n(n-l) a 13 1 . . , 3 

and x - — .— =>««(«- 1 ).v' = -- 

2! 2! 2 8 

Dividing m bv fl 


■III 
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13 , 

So!. 


n{n - 1 )/ _ ] 5 n - 1 _ 3 16 

n 2 / “T^~"T6 X T 

16 


n - 1 


n 


- 3 =>n-l -3n-n -1 - 2n^> 


n- — 
? 


1 1 1 

( 2 > 1 1 

1 

-X = -=>X = —. 

— = — 

X — 

2 4 4 ' 

lj 2 

2 


I + 2y = (.l + *)'■ = 


f u£ 

2 


■ 1/2 


( 2 -n 


- 1/2 


J 


( n 

1/ 


l + 2v = (2) ,/: = VI 
Squaring both sides 

1 + 4 y + 4 y = 2 => 4 y 2 +4y +1 - 2= 0 
4y 2 + 4.y-l=0 


2 

1.3 f 

” 5 

|, 


/->V 


1 . 3.5 


^ 2 v 


w 


Adding both side 1 we get 


. . 2 1.3 f 2 V 1.3.3/ 2? 

1+ y = l+- + + - 

5 2 ! v 5 y 3! 

Comparing with 

(!+*)■ = I +OT+ *^ + . 


21 


tvc 


■ I => n 2 x 2 ~ 


25 


II 


also *nzHsJ>(*\ 


n{n-\)x 2 = 


0 - 
12 


1 n(n-l)x 2 =3 


W 


O 

25 


25 


III 
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12 


Dividing ill by 1 1 


fftff-ljy ' _ 25 _ 12 

n 2 / 


i 25 
25 


(«~ 1 ) 




« 


n- — 


1 2 

(/'wf in I )- —x = — 


2 

=>x = - 
5 


(- 2 > 

4 

4 

Is j 

- — =+> 
5 

x - — 
5 


.-1 

5 


.- 1/2 


5ol+y = (l + jc) n = 

1 y w 

1 +y= - =>\+y^5 V2 =j5 

\5) 

Squaring both sides 

1+2 y+y = %^>y 2 +2_y+l-5 = 0 
=>y 2 + 2 y -4 = 0 


5-4 


25 

X 

4 

■2n 
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TEST YOUR SKILLS 


Marks: SO 


Q # 1. Select the Correct Option 

i. General term in the expansion of (a + x)''is: 
1 n + 0 


( 10 ) 


it. 


a) 


n > 


r + \ 


la” V 


a n -'x r 


b) 

d) 


n 

r„\ 


\ r j 


a”' r x r 


1 ~X + x' -.V* + -H (— 1)^ Jt'" + ....= 



a) 

o-xy 

b > * 

(I-*) - ' 


c) 

(1 + .T)'' 

d) 

(l+x) M 

ill 

The expansion of (1 + 2 .y)" : 

is valid if 



a) 

H < 1/2 

b) 

W<i 


c) 

|y| < 2 

d} 

None 

Jv 

The number of terms in the expansion of ,v" 

i Vu 

— T \ is: 





x-J 


a) 

2 

b) 

7 


c) 

8 

d) 

14 

V, 

The middle term in expansion of ( a + b f is: 



a) 


b) 



c) 


d} 

T b 

vi. 

The method of induction was given by Francesco who lived from: 


a) 

1494-1575 

b) 

1500 -1575 


c) 

1498-1575 

d) 

1494-1570 

viL 

7 

n~ 

>n + 3 is true for: 




a) 

n> 3 

b) 

n > 0 


c} 

n>2 

d} 

W>1 

viii* 

V 

> 2(n + 1) is true for all: 




a) 

n > 1 

b) 

n> 2 


c) 

n-2 

d) 

n > 4 

ix. 

The sum of exponent a & b 

in every term in the expansion of (a + b)” is: 


a) 

Zero 

b) 

1 



ti+ 1 


n 

X. 

3 + 6 + 9 + + 3» = (whennis+ve) 
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3) 3>?(tf+l) 


e} 


b) 

d) 


3ff(w + l) 

t 

Q # 2. Short Questions; 

L Show that (x— v) is a factor of X L — y 3 ; n = 1. 2 
if Find 6 tn term in the expansion of j jr - 


3 n[n + 1) 

2 

3 n(n + 1) 


(10 X 2 ~ 20) 


lit. 

IV, 


V, 

vi. 

vrl 

viil 

ix. 

x. 


2x 

State Binomial Theorem for Positive integer n. 

If x is so small that its square and higher power can be neglected then show that 
\l • 2v , 3 

- — ^ 1 -? X 

\ 1 — .V ^ 

Find the value of if\l to three places of decimal by using binomial theorems; 
Expand (1 - 2x)' ’ up to 3 terms. 

Show that tr - n is divided by 6 for ti -2,3 

Prove that 2 + 4 + 6 + 2 n - n(n + 1) for n - 1,2 

Evaluate (9.9S) 1 2 by Binomial Theorem: 

For what value of x, the expansion (4 - 3x} 1 2 is valid: 

(Z X 10 = 20) 


Long Questions: 


Q#3. (a) Find the term independent of x in the expansion of fx- — 


(b) 

Q#4. (a) 


W 


Find the Co-efficient o x' in the expansion of f ,y~ - — 
Use the Mathematical induction to show that 

U3 + 3Ts + Tx~ 7 + , '"""' t '(2w-l)(2n + ]) " 2/t + l 

Use Binomial to show that l +-T + = * -L2JL + 

4 4,8 4,8,12 . 
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Fundamentals of 
Trigonometry 



The word trigonometry has been derived form three Greek words 
trei (three) Goni (angles) and metron (measurement). It means measurement of triangle. 
Two rays with common starting point form an angle. 

If the circumference of circle is divided into 360 equal parts in length, the angle 
subtented by one part at the centre of the circle is called a degree. 

Faisalabad 2008 

A radian is the measure of the central angle of an arc of a circle whose length is 

equal to the radius of the circle. 

OHIEnillPIMM 

Sargodha 2011 

As this system of measurement of angle owes its origin to the English and because 
90,60 are multiples of 6 and 10 so it is known as English or sexagesimal system. 


Angle: 


Degree: 


Radian: 


Relation: 


n radian = 180° 


1 radian = 


180 " 


e 


n 


Theorem 1: Prove that f * r 0 
Proof; Here ( = arc length 

O * Central angle 
r = radius 

We know by elementary geometry that measure of central angles of arcs of a circle 
are proportional to the length of their arcs. 



m < AO 8 m A li Brad C 

— ■ - 

m < AOC )))AC I rad r 


C = rd or 0 
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Theorem 2: Prove the sin 1 0 + cos 1 ^ = 1 Faisalabad 2008, Lahore 2009 

P. r °Q _f: If ABC is right angle triangle then by Pythagoras theorem 


a 1 + b 2 = c 2 


(Divide both sides by c 2 .) 



a" 

i 

C 1 
J 




T 

C 

7 7 

c 

2 x . V T 

f bX , 




fa] 

u ^ n 

b 

or 

- 

+ - =1 

— = SinO , 

— - CasO 


1 <■■ ) 

UJ 

c 

c 


=* Sin 2 0 +Cos 7 0 - 1 

Theorem 3: Prove that 1 + tan 1 0 = Sec 1 0 

Proof: We know that sin 1 0 + cos 1 0=1 divide both sides by cos 2 0 

sin" 0 cos 2 0 1 

cos 2 0 cos '0 cos 2 0 
or tan 2 0 + 1 = sec 1 8 => 1 + tan‘ 6 - sec 1 0 

Example 2: Convert 21.256° to the D°m'S" form 

Sol: 0.256° = 0.256(1°) = 0,256 (60') 

= 15.36' 

and 0.36' =0.36(1>0.36(60'>21.6" 

Therefore 21.256° -21° +0.256° 

-21°+15,36'=21°+15'+0.36' 

=21° + 15'+21.6''=21°15'22" 



-'.j ' ' T. .-jy-V t ■ , .. 

Exercise 9.1 


Express the following sexagesimal measures of angles in radians. 


i. 30° 


Sol. - 30x 1° - 30 x — rad= — rad 


180 


ili. 60° 


Sol. 60“ - 60 x 1° - co x rad- — rad 

180 3 


ii. 45° 


71 


n 


Sol. 45° = 45 x l u - 45 x rad= — rad 

180 4 

iv. 75° 


Sol. 75° = 75x1° 75 x rad = “—rad 

180 12 
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V. 90 


n 


Sol. 90°= 90 x 1° = 90 x — rad=— rad 


vil. 135° 


180 2 


n 


Sol. 135° = 135x1°= 135 x —rad 

180 


3ff 

- — rad 
4 


ix. 10°15' 


Sol. 10°15' = 10 + 


15 


60 


i V' 

= 1 10+ 4 


41 it . 4 Iff , 

= — x rad = rad 

4 180 720 


xi. 120'20" 


Sol. 220'4U" = 


1 20 40 


V 


= 2 + 


, 60 60x60 

i v ri8i 


90 

181 ff 


90 


, 181 

— x rad - rad 

90 180 18200 


xjii. 0° 


Sol. 0" = 0 x — — rad - 0 rad 
180 


vi. 105° 

Sol. 105° = 105 x 1° = 105 x — rad = — rad 

180 12 

vlii. 150° 

Sol. 150“ = 150 x 1° = 150 x rad = ^' 7 rad 


x. 35 20' 


Sol. 35°20' = ! 35 + 


= 35 +■ 


180 

20 
60. 

'105 + lV 




106 V 106 


J 


3 


xl" 


106 ff , 53ff , 

= — x rad- rad 

3 180 270 

xii. 154°20" 


( 20 

Sol. 154° 20" = 154 + 

^ 360 


= 154 + 


27721 


180 

xl° 


27721 

180 


180 
27721 ff 


, 27721ff . 

x rad rad 


1 80 1 80 


xiv. 3" 


Sol. 3" = 


' 3 V t 


60x60 


32400 


v 


U200 


1 ff . 
-x rad 


1200 180 
ff 


21600 


- rad 
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2. Convert the following radian measures of angles into the measures of sexagesimal system 


Sol. 


n 

H 

71 71 180 

— ‘ — x degree 

8 8 Ji 


180 


degree - 22.5 degree 


in. 


Sol. 


v. 


So!. 


vn. 


Sol. 


IX. 


Sol, 


. 8 

= 22 J 3Q' 

n 

4 


71 K 1 80 

— = x = 45 degree = 45 
4 4 7T 


K 

2 

7 r n 180 , 

— - — x degree 

2 2 n 

.= 90 degree - 90° 

4 

3 n 3 n 180 

— = — x degree 

4 4 7T 

= 135 degree = 135 u 

In 

12 

In In 180 J 

— - - x degree 

12 12 n 

= 105 degree - 105" 


n 

a. 

6 

. n n 1 80 
Sol. — - —x— -degree 
6 6 n 

- 30 degree = 30° 

n 

iv. — 


, 71 JT ISO- . 

Sol. -- - — x degree 

3 3 7T 


- 60 degree = 60 11 

2/r 

3 


VI. 


, In 2 n 180 J 

Sol. — - x — degree 

3 3 n 


- 120 degree - 120 s 

Sn 

6 


VIII. 


5 n 5 n 180- 

Sol. — - — -x— — degree 

6 6 n 


= 150 degree = 150 c 
9n 

T 


X. 


, , 9 n 9n ISO J 

Sol. - — x — degree 
5 5 n 

= 324 degree = 324 11 
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xt. 


Sol. 


1 1 71 

27 

Hit ll;r 180 

~ri 


x degree 

27 7T 


- 73.333 degree 
= 73°20' 


XII. 


Sol. 


1 7n 


XIII. 


Sol. 


Faisalabad 2007 


24 

\ln \ln 180, 

= x degree 

24 24 K 

= 127.5 degree = 127° 30 


XIV. 


13tt 

16 

13tt 13jt 180, 

= x degree 

16 16 ? r 

- 146.25 degree = 146 fl 15 

25tt 

36 

25;r 2$n 180, 

x degree 

36 7T 


Sol. — = 

36 


xv. 


Sol. 


= 125 degree = 125° 

19;r 

19tt 1 9tt 180, 

= x degree 

32 32 k 


3. 

Sol. 


= 106.875 degree = 106° 52' 30" 

What is the circular measure of the angle between the hands of a watch at 4 O clock? 

Angle in 12 hours = 2 n 


2 n 7i , 

Angle in one hour - — = — rad 
5 12 6 

n ,27 r , 

Angle at 4,0 dock = 4 x — rad = — rad 

6 3 


li }?.. i 

10. ' t 2 

9: \ I 3 

8 ' '4 

7 6 5 


4. Find 0 , when: Sargodha 2006, Multan 2008 
i. £ = l.S cm, r = 2.5 cm 

Sol. 9 = ? , £ = 1.5 cm, r = 2.5 cm, 
l 1.5 


■f r => (9 = 


2.5 


li. £ = 3.2 cm, r = 2cm, 

Sol. / = 3.2m, r = 2m , 9 = ?, 
7 3 2 

0 = - = — - 1.6 rad 
r 2 


9 = 0.6 rad 
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5. Find l , when 


Multan 2008 


ii. 0 =65°20' , r = 18mm Sargodha2010 
Sol. 9 = 65°20' , r= 18, £ = ? 


n radians , r = 6 cm 


6. Find r, when 


Faisalabad 09 


Now t= r0 = 18 1 

1 135 

ii. t = 56cm , 6 = 45° 
Sol. t = 56 cm , 9 = 45°, 


Rawalpindi 2009 


rad =0.7854 rad 


r = 10cm 


What Is the length of the arc Intercepted on a circle of radius 14 
of a central angle of 45°? 

£ = ? , r = 14cm , 0 - 45° ^ i* 


rad = 0.7854 rad 


** xO = 14 (0.7854)- 10.99cm 

Find the radius of the circle. In which the arms of a central angle of measure 1 
radian cut off an are of length 35 cm. 


A railway train is running on a circle track of radius 500 meters at the rate of 30 
km per hour. Through what angle will it turn in 10 sec? Ti 

V = (30km/h), r = 500, 9 =1 > 


( ~ (30km/h) x t 
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„ B uy „ r melers i engtn antJ can movfi in a 

circle with the peg as centre. If the horse moves along the circumference of the 

circle, keeping the rope tight, how far will it have gone when the rope has turned 
through an angle of 70°? 


0 V Length of ro pc 

- r0 -8 (1.22) - 10.99 m become radius 

The pendulum of a dock Is 20 cm long and it swings through an angle of 20° each 
second. How far does the tip of the pendulum move in 1 second? 

f? - 20 - 20 x ■ — rad =—rad , r = 20 , i ~ ? S' Faisalabad 2008 


20cm 


Assuming the average distance of the earth from the 
the angle subtended by the sun at the eye of a person 
x 10 3 radian. Find the diameter of the sun. 

r = 148 x 106 , 9 = 9,3 x 10" 3 rad 


= 148 x 1U“ x 9.3 x 10" = 1376.4 x 10 3 IGJr 
= 1376400 km Man on earth 

A circular wire of radius 6 cm is cut straightened and 
the circumference of a hoop of radius 24 cm. Find the 
it subtends at the centre of the hoop. 

r = 24 (of Hoop), 0 = ? r = 6 (of circle) 

£ = 2;rr=2/r(6) = 12/r 
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Show that the area of a sector of a circular region of radius r is 1 /2 rO, where 0 
is the circular measure of the central angle of the sector. 

Let A - Are3 of sector 

0 - Centrel angle ^ 

r - radius (J 

we know by elementary geometry that jr 

A rea of sector. Area of cird e = G\2n / \ . 

Area of sec/or B l () t 7 


Area of circle 


Two cities A and B lie on the equator such that their longitudes are 4S°E and Z5 D W 
respectively. Find the distance between the two cities, taking radius of the earth 
as 6400 kms. / 

0 = 45 ° + 25 u - 70° = 70 x —rad = 1.2217, r - 6400 , £* ? / 


£ = r 9 = (6400) (1.2217) = 7818.8 km W 

7819 km (approx.) ' 

The moon subtends an angle of 0.5° at the eye of an observer on earth. The 
distance of the moon from the earth is 3.844 x 10 s km approx, what is the length 
of the diameter of the moon? 

0 = 0.5° = 0.5 X - 0.008726 rad " ''SS 4 


C=rB = 3.844 x 10 s x 0.008726 
= 3354 km 

The angle subtended by the earth at the eye of a spacemen, landed on the 
moon, is 1° 54. The radius of the earth is 6400 km. Find the approxrmat 
distance between the moon and the earth. 


rad - 0.033 rad 


2r = 2 (6400)- 12800, r 
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1. Find the signs of the following, 
fi) sin 160° 

Sol. sin 160° + ve 

(ii) cos 190“ 

Sol. cos 190° — ve 

(iii) tan 115° 

Sol, tan 115° -ve 

(ivj sec 245° 

Sol. sec 245° -ve 

(v) cot 80° 

Sol. cot 80“ + ve 

(vi) cosec 297“ 

Sol. cosec 297° -ve 


Sargodha 2011 


40 7t 2 



2 . Fill in the blanks, 
i. sin (-310°) = .... sin 310“ 
Sol. sin (- 310°) = - sin 310° 
iii. tan (- 180°) = .... tan 182° 
Sol. tan (- 182°) =- tan 182° 
v. sec (-216°) = .... sec 216° 
Sol. Sec (-216°)- + sec 216° 


For remember Read (CAST) start from IV quad 

ii. cos {- 75°) = .... cos 75° 

Sol. cos (- 75“) = + COS 75° 
iv. cot (- 173°) = .... cot 137° 

Sol. cot (-137°) = -cot 137“ 
vi. cosec (- 15°) = .... cosec 15° 

Sol. cosec (- 15“) = - cosec 15° 


3. In which quadrant are the terminal 
i. sin 0 <0 and cos 0 > 0 

Sol. lies in quadrant IV 

iii. tan 0 < 0 and cos 0 >0 

Sol. lies in quadrant IV 

v. cot 6 > 0 and sin 6 <. o 

Sol. Lies in quadrant III 


amis of the angle lie when 

it. cos 0 > 0 and cosec 0 > 0 

Sol. lies in quadrant ] 

iv. sec 0 < 0 and sin 0 < 0 

Sol. lies in quadrant III 

vi. cos 0 <0 and tan 0 <0 

Sol. lies in quadrant |] 


Sargodha 2008 


Fid 2008, Sgd ZOO 9 
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4. Find the values of the remaining trigonometric functions. 


0 ) 

Sol. 


(ii) 

Sol. 


(ii') 

Sol. 


sin 0 - — and the terminal arm of the angle is in quad. I 

13 


12 

Sint? - — 

13 


6 in I quad. By Pythagoras 


x 2 + y 2 = r 2 => x 2 = r 2 - y 2 


Sargodha 2010 


y 



a & 

cos 0 = — and the terminal arm of the angle Is in quad, HI. ^ 

Cos 6 in III quad) by Pythagoras, , 

2 ^ x ” 


x 2 + y 2 = r 2 ^ y 2 = r 2 - x 2 


Sargodha 2008 

O 


y 2 = (2) 2 - (- ) 2 = 4 - 3-1 
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(iv) 

Sol. 


(V) 

Sol. 

Sin# = 


tan# 


y-±l => y - -1 (Because on negative y - axis) 


Tan # = 


-1 1 


-V 3 'yj 

Cot# = V3 


Sec# - — ^ 

V3 

5in 0 - - * 

2 

Cosec# = - 2 

- 1 

tan # and the terminal arm of the angle is in quad. II. Multan 2008 



Sin # = - and the terminal arm of the angle is not in quad. III. 


1 


Sin# - — -= {0 not in III quad) 

\2 

-ve given and Sin# is-ve in III and IV but given not in III. Its means Sin# is in IV quad 
By Pythagoras y 

x J + y* = r 2 => x 2 = r 2 - y 2 

x ? = (V2 ) 2 -(-!)' = 2 -(1) = 2-1=1 

x - +1 => x = l (Because on + ve x - axis) 

Cos# = Sec# = yfl 

V2 

- I -4l r~ 

- — = ~ 1 , Cosec# = — — = - V2 

1 1 
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and the terminal arm of the angle is not is quad. ! , find the values 


Multan 2007 


r - x + y - 15) + (- S} 

= 225 + 64 - 289 
r = + 17 

r - 17 (Because r is always + ve) 


find the values of the remaining 


Sargodha 2008, 2010, 2011 


trigonometric ratios, 


Its mean 0 in 1 quad 


X = (m' + 1 ) 1 - (2m) = rrf + 2m' +1- 4m' 

X 2 = m 4 +l-2m 2 => x 2 = (m 2 - 1) 2 
X = + (m 2 - 1) => x = (m 2 - 1) (Because on + ve - axis) 

- „ 1 - „ m 3 +I 
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If tan 8 = 1 / V 7 and the terminal arm of the angle is not the IMquad, find the 

cos 2 6 - sec 2 G 
values of : z — 


r= +Vs => r= v'8 (always +ve} 


cosec'*# + See' 9 


If cot 8=51 2 and the terminal arm of the angle is in the I quad, find the values 
3 sin 8 + 4 cos 8 

~~2, ; a — Multan 2009, Lahore 2009, Faisalabad 2009 


Sol. Cot 8 = 5 / 2 (8 in quadrant /) 


r 2 = (5) ! + (4) ! = 25 + 4 = 29 
r = ± V 29 =) rs \/29 {always + ve) 


3 Sin0+ 4 Cox 9 
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(i) Sin 60° Cos 30° - cos60° Sin30° = Sin30° Sargodha 2009 

Sol. L.H.S - Sin 60° Cos3Q° - Cos 60° Sin 30° 


fvn 

'■jv 

_r.n 


v 2 j 

V 2 > 

UJ 

<2j 


R.H.S = Sin 30° - - 

2 

Hence L.H.S = R.H.S 

* j 7t 7 7T j iT 

(n) Sin — + Sm — +tan — =2 

6 3 4 


Sol. 


K 


K 


n 


L.H.S = Sin — + Sin — + tan — 



fVT 

UJ 

. 2 J 




1+3+4 8 

— - = 2 = R.H.S 

4 4 


(iii) 2Sin45° + — Cosec 45° = —= Faisalabad 2008 

2 V2 

Sol. L.H.S = 2 Sin45°+ 1/2 Cosec 45° 

1 1 ' 1 ?i 

- 2 Sin 45 u + — — — 2. — = + \ = -== + ~ 

2Si»4S ? \ S. 2 
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_2_ V2 _ 442 _ _6_ _ 3 
V2 2 2V2 2V2 “ V2 




(iv) 

Sol. 


Sin 


7T 


7T 


Sin 1 -\Sin 


K 


n 


Sin - 1 : 2 : 3 : 4 


3 2 

L.H.S = Sin 2 — :Sin 2 — :Sin 2 Sin 2 — 
6 4 3 2 


Faisalabad 2003 


4 2 4 


V 2 / 


(I ) 2 


Multiplying by 4 

1 1 l 

= /x 7 :4x-:/x 7 :4xl=l:2:3:4 

A 2 / 


Evaluate the following 


Tan 71 - Tan - 
3 6 


Sol. 


1 + Tan K Tan K - 

3 6 


71 n 

urn - tan 
3 6 


1 -Tan 2 


1 + Tan 2 


7T 


S- 


1 + 1 m K tan — 1 + J37 ^ 

3 6 V V3 

3-1 

V3 2 1 1 

" 1 + 1 " V3*2 ~ 

Verify the following when 0 = 30®, 45° 


Sol. 


1 - tan " tt! 3 _ 1 - (>/3 j~ _ 1 -3 


1 + tan" n /3 


1 + (v'3) ! 


1 + 3 


- 2 
~T 


i 

7 


i. Sin 2 0 - 2Sin 0 cos 0 
Sol. When 9 = 30° 

L.H.S = Sin2 9 = Sin2 (30°) 

V3 

= Sin 60° = — 

2 

R.H.S = 2Sin# Cos 0 


II. Cos 2 0 =Cos z 0 -Si n 2 9 
Sol. When 6 = 30“ 

L.H.S = Cos2# = Cos 2 (30°J= Cos 60° = 
R,H.S = Cos 2 tf-$in J 0 


= Cos 2 30°- Sin 2 30° 


1 
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- 2Sin30°Cos30' 




3-1 2 1 


L.H.S - R.H.S 
When 6 - 45° 


4 4 2 


L.H.S = R.H.S 


L.H.S = Sin2 Q = Sin2 (45°) 
- Sin90° 


When e = 45° 

L.H.S - Cos 2 & - Cos 2(45“)= Cos 90“ = 0 
R.H.S = Cos 7 0 - 5in 7 <9 = Cos 7 45° - Sm 7 45' 


R.H.S = 25in0 Cos 0 



- 2Sin 45° Cos45' 


L.H.S " R.H.S 



L.H.S = R.H.S 

iii Cos2 6 = 2005*0 -1 

Sal. when 0 - 30° 

L.H.S - Cos2 0 - Cos2 (30°) = Cos 60° = 1/2 
R.H.S = 2Cos 2 <? - 1 = 2Cos 7 30° - 1 


L.H.S = R.H.S 
When 6 - 45° 

L.H.S = cos2 0 = C0S2 (45°) = Cos 90° = 0 

R.H.S - 2Cos ; 0-1 = 2 Cos 2 (45°) -1 = 2 | -|=- j -1 =2(|}-1=1-1=Q 
L.H.S = R.H.S 

vm. Cos20 = 1 - IS'in 2 0 

Sol. when 0 - 30° 
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Sol. 


4. 

Sol. 


L.H.S = Cos2 9 = Cos2(30°) = Cos60° = 1/2 


l ill 

R.H.S = 1 — 2Sin 2 f? = 1 - 2Sin 2 30 Q = 1 - 2 ( ^ ) 2 =l-2(-) = l-- = - 

L.H.S = R.H.S 
When 0 - 45° 

L.H.S = Cos 29 = Cos 1 (45°) = Cos90 u = 0 

R.H.S = l-2Sin z 0 = 1-2 Sin 2 45°= 1 - 2 ( -j- ) 2 = 1-2 ()= 1-1 = 0 

V2 2 


L.H.S = R.H.S 


tan 2 0 ~ 


2 tan# 


1 - tan 2 $ 

When 9 = 30 s 

L.H.S * tan2 0 = tan2(30°) = tan60 u = S 


R.H.S 


2 tan 30" 
1-tan 2 30" 


J_) 2 _2_ 

m 4± V3 _ / 


1- 


i Y l-' ? - £ t 

UJ 3 3 


L.H.S = R.H.S 
When 0 = 45° 

L.H.S = tan2 0 = tan2(45°) = tan 90° = °o 

2 tan 6 2 tan 45" 2(1) 


R.H.S = 


2 2 

— — = oD 


1-tan 2 8 1 - tan 2 45" l-.(l) 2 1-1 0 

Find x, if tan : 45° - cos z 60° = x sin 45° cos45° tan60° Sargodha 2008, 2009, 2010 


tan ? 45° - cos 2 60° - x sin 45° cos45° tan 00 1 ’ 


Multan 2009, Faisalabad 08 




, ' 'ft 

1 — = jc. — 

4 2 


4-1 _ , n/3 
4 A ' 2 


3 2 yfl $ j _^3 




Find tiie 


i- -It 

Sol. v -7r=7r+(-l) 2n -n, k = -l 

Values of Trigonometric functions at - n 

and n are same 

Sfn (— jt ) = Sin n = 0 

Cos (~7T ) = Cos n = - 1 

Tari(-;r) = tan n =0 


iL -in 

Sol- -3k = -4n + n ={-2)2 n + jr = n 

Values of Trigonometric turnons at -3 n and 

ffaresame 

Sin {-3n ) = Sm n = 0 

Cos {-3 7T ) ■= CDS it - ~ 1 

tart {-in )- tan n =0 


Cot {-n) = cot n - 


tan^r 0 


Cot (—3 ) = Cot;r = 1/tan n = — = oo 


Sec (-n)* See n = 


Cosec(-;r) = Cosec n = — — = — = oo 

Sinn 0 


Sec {-3 n) = Seen = 1/costt = — =-i 

-1 


Cosec (-3 n ) = Cosec n = 1/Sin n = — = oo 

0 


5 n n 

y u, i = '/ 2 


Values of Trigonometric functions at — and n /2 are same 

2 


c- 5<T n 

Sin — = Sm — - l 

2 2 

in n 

tan — = tan = oc 
2 2 


cot^=cot* = — >— = ± = 0 

2 2 tan n / 2 «? 

- ' 5n n 1 1 . 

Cosec — = cosec — = — — = - = i 

2 . 2 sih3‘/2 1 


Cos = Cos — = 0 
2 2 
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iv. 


Sol. 


v. 

Sol. 


Sec — = Sec n / 2 = — = <x> 

2 cose nil 0 

9 

— n 

2 

- 97/2 = -67 + — 

2 

. . "in 3 n 

= -3 2 n + — = — 

2 2 

Values of Trigonometric functions at - 9 n /2 and 3 7/2 are same 
Sin {- 9 n / 2 ) = Sin 3 7/2 = - 1 
Cos (-9 t r ( 2 ) = Cos 3 n /2 = 0 
tan (-9 n /2) = tan 3 7/2 = oo 


Cot (-9,7/2} = cot 37/2 = 
Sec (-97/2) = Sec 37/2 = 


1 


= — = 0 


tan 37 / 2 QO 

1 1 


Cosec (-97/2) = Cosec 37 /2 = 


cos 37 / 2 0 

I 


- 00 


1 


= -1 


sin 37/ 2 -1 

-157 

-15 7 = - 16 7 + 7 = (-8) 27 + 7=7 , k = -8 

Values of Trigonometric functions at -157 and n are same 

Sin (-15 7 ) = Sin 7 =0 
Cos (-15 7 ) - C0S7 = -1 
Tan (- 157 } = tan7 =0 


Cot (- 157 ) = cot 7 = 


1 


1 


■= — = 00 


tan 7 . 0 

Sec (-15 7 ) = Sec 7 = l/cos7 = — =- 1 

-I 


Cosec (- 157 ) = cosecm = 1/Sin7 = - = oc 

0 
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vi. 

Sol. 


VII. 

Sol. 


vlll. 

Sol. 


1530° 

1530° = (4x 360°) + 90°) = 90° , k = 4 

Values of Trigonometric functions at 1530° and 90° are same 

Sin (1530°) = Sin (90°) = 1 

Cos (1530°) = cos (90°) = 0 

Tan (1530°) = tan 90°= «? 

Cot (153(f) = cot 90° = ~ 7 T=— = 0 

tan 90° oo 

Sec (1530°) = sec 90° = ^ = °° 

cos 90 0 


Cos (1530°) = cosec 90° = 


I 

sin 90° 


I 

- =1 
1 


-2430° 


- 2430° = - 7 x 3.60° +90 0 = 90°; K = -7 

Values of Trigonometric functions at - 2430° and 90° are same 

Sin (-2430°) = Sin 90° = 1 

Cost- 2430V Sin 90° = 0 

Tan (- 2430°) = tan 90° = » 

Cot (- 2430°) = cot 90° = = — = 0 

tan 90“ oo 

Sec (-2430°) = Sec 90°= 1 n = — =» 

cos 90° Q 

Cosec (- 2430°) = Cosec 90° = — — = - = 1 

S/«90 1 


235 
2 ' 

235 


Faisalabad 2008 


, , , 3 7t _ 3tt , hn , 

n = 116a- + .- =58 x In + — = — , k = 58 
2 2 2 2 


Values of Trigonometric functions at 


235;r 

2 


, 3tt 

and — are same 

2 
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. , 235/r , ,3 k x 

Sin ( ■ ■■■) = Sin (---)= -1 


„ , 235* , 3 n 

Cos ) = cos = 0 

l 


Tan { 
Cot ( 
Sec { 


2 

235* 
1 2 

23 5 
2 

235* 


, 3 n 

= tan — =oo 

2 


. 3 n 1 1 

) - cot — = = — =0 

2 tan 2n 12 cc 


! 


1 


) = S ec ^ = 

2 cos 3k/ 2 0 


= — = O) 


,235 n. r 3n \ 1 

Cosec } = Cosec — = = — 

2 2 SinM/2 -1 


= -1 


407 


IX. 

— n 

2 

Sol. 

407 k 


. n . 3 k 3tt 3* 

= 202* h =101 x .2 * + — := — 

2 2 2 2 


K=101 


... , . , , 407* 3 * 

Values of Trigonometric functions at — and — are same 

, 407* v p . 3* 

Sin { } = Sin — = - 1 

2 2 


, , 407* . 3* 

Cos ( ■ ■ ) = cos — = 0 

2 


tan ( 
Cot ( 


2 

407* 

2 

407* 


. 3 * 

= tan — = « 

2 

v >3*, 1 1 

) = cot { — ) = = — = 0 

2 tan 3 * i 2 * 


_ 407* _ 3* I 1 

Sec = Sec — = = - = oo 

2 2 cos 3* / 2 0 

„ 407* 3k I 1 

Cosec = cosec — = = — = - 1 

2 2 Sin3nt7 -1 



&. Find the values of the trigonometric functions of the following angles: 


Sol. 390° = (1) x 360° + 30° = 30° ' , K=T 

Values of Trigonometric functions at 390° and 30° are same 

Sin (390°} = Sin 30® = - 
2 

Cos (390°) = cos 30° = V3 / 2 
Tan (390°) = tan 30° = 1/S 

I 1 r- 

Cot (390°) = cot 30° = — — = =■ = v3 

tan 30" 1/V3 


Sec (390°) = Sec 30° = 


Os 30" S/2 S 


1 1 


Cosec {390") = cosec 30° = - = 2 


5/n30" 1/2 


-330° 


Sol. - 330° = - 360° + 30 = (- 1) x 360° + 30° = 30° , k = - 1 

Value of Trigonometric functions at -330° and 30° are same 

Sin (- 330") = Sin 30° = - 
2 

Cos (- 330") = Cos 30° = S/2 
Tan {- 330°) = tan 30° = 1/S 

Cot (- 330°) = cot 30° = ! = — L= = S ' 

Tan 30° 1/^3 


Sec (-330°) = Sec 30° 


Car 30" S/2 S 


Cosec (- 330°) = cosec 30° = — = — — = 2 

Sin3Q" 1/2 

ifi. 765" 

Sol. T6S° -It 360’ + atf = , k=2 

Value of Trigonometric functions at 765° and 45° are same 
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FUNDAMENTA LS^ TTRQONOMFTRY 


iv. 

Sol. 


Sin 765° = Sin 45“ = -L 

V2 

Cos 765° * Cos 45° = 

V2 


Tan 765“ = Tan 45“ = 1 


Cot 765° = Cot 45“ = l/tan45° = - = 1 


1 


Sec 765° = Sec 45“ = 


1 


--V-V5 


Cosec 765° *= Cosce 45°- 


Cw45* 1/^2 ' 

I I 


5/n 45° “ 1/ V2 

- 675“ * 

- 675“ = (- 2) x 360° + 45“ =45° , k = - 2 

Values of Trigonometric functions at - 675“ and 45“ are same 

Sin (- 675“)* Sin 45°= 1 


V2 

Cos (-675“) = Cos 45“= 4= 

* . V2 

Tan (-675°) = Tan 45° =1 


Cot (- 675“) = Cot 45“ = l/tan45“ = 1 = 1 


Sec (- 675“} = Sec 45“ = — = 

C<h45* I/V2 . 

Cosec (-675“) = Cosec 45“ = — J = Jr 

Sift 45° 1/V2 

17 

v. n Federal 

17 

SOl ‘ "T^ at “ 6?r J + J “ -3x2ff + ff/3 , k = - 3 
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Vi. 


Sol. 


, ‘ ...... -17# . n 

Value of Trigonometric functions at ■ and — are same 


- 17 #. ■ # £ 

Sin { ) = Sm -- = — - 

3 3 2 

I 

-17#. „ # 1 

Cost— — J = Cos — = - 
3 3 2 

Tan ( ■■ = Tan — = £ 

3 3 

-17#, ^ # 1 11 

3 3 tan #/3 £ £ 


-17#, „ # 

Sec(— — ) = Sec — = 


1 


1 


Cosec ( 


3 

-17* 


= 2 


) - COsec 


3 cos#/3 1/2 
#1 1 


3 ~ Sinn ! 3 £n 


= 2 /£ 


13 


-# 


3 

13 # 


ft ft 

-- =4# + — = 2(2#) + #73 = — 
3 3 3 


k = 2 


. , . , 13* . # 

Value of Trigonometric functions at — — and — aresame 


13 # # . £ 

Sin = Sm — = — 

3 3 2 

„ 13 # „ # ' 

Cos = Cos — = 1/2 

3 3 


Tan 


13 # 


= Tan — = £ 


. 13# _ # 

Cot = Cot — = 


Sec - 


3 

13# 


3 tan#/3 £ 


1 


1 


„ # 

— — 

3 3 cos # / 3 1/2 


= 2 


13 # , * 1 12 

Cosec ■ * Cosec — = = — j = — = — j= 

3 3 Sin #/3 £)2 £ 



Sargodha 2009; Multan 2009 


25?r n * ~ n . . 

-An + — = 2 x 2 tt + nib =■ — , k=2 

6 6 . 6 

25 it n 

Value of Trigonometric functions at and — are same 

6 6 


25 n ft 1 

6 6.2 

25 n n 4$- 

Cos = Cos — * — 

6 6 2 

_ 25 a n 1 

Tan *= Tan — = — =■ 

6 # 6 VJ 


„ 25>r „ n 

Cot = Cot — 


= -4-V3 


6 tanzr/6 1/VJ 


„ 25tt * n 1 12 

6 6 Cos?r76 -^3 ^ ^3 


_ 25tt n 1 1 ^ 

Cosec = Cosec — = = 2 

6 . 6 Start* 1/2 


Farsalabad 2009, Federal 


-71a: n .. _ n n , 

--I2n + — = (- 6} 2 a' + — = — , . k= -6 

6 6 6 6 

Value of Trigonometric functions at and — are same 

6 6 

c, /“ 71jr v C1 * 1 

Sin ( J = Sin — = — 

6 6 2 

_ n 41 

Cos ) = Cos — = — 

6 6 2 
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ix. 


Tan (— — J = Tan — = -= 
6 6 v3 

„ - 71# s' 1 

Cot ( — - — ) = Cot — = 


6 tans/6 1/^/3 


= V3 


„ -71/r, „ # 

Set ( ) = Sec — = 


1 


1 


_ -7br it 

Cosec ( ) = Cosec 


6 Coss/6 VJ. V3 
~2 

1 1 


- 2 


6 6 Swvr/6 1/2 

-1035” Multan20G7 

Sol. - 1035° = (- 3) x 360° + 45° = 45° , k=-3 

Value of Trigonometric functions at - 1035° and 45° are same 

1 

^2 

_L 
V2 

Tan (-1035°) = Tan 45° = 1 


Sin (- 1035°) = Sin 45° ■ 
Cos (-1035°) = Cos 45° = 


Cot (- 1035°) = Cot 45° = 
Sec (- 1035°) - Sec 45° = 


1 


14045 “ 1 

1 1 


Cos 45“ 1/^2 


-Vz 


Cosec (- 1035°) = Cosec 45° 


1 


Sin 45" ITT? 


= V2 
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(i» 

Sin 2 # + Cos 2 # = 1 

(vi) 

Cosec - — - — 

SinO 

(ii) 

Sin 2 # = 1 - Cos 2 # 

(vii) 

Sec = — - — 

CosB 

(iii) 

Co 2 # = 1 - Sin 2 # 

(viiij 

Cot# = 1 

tan # 

(tv) 

(v) 

1 + tan 2 # = Sec 2 # 

1 + Cot 2 # = Cose 2 # 

(ix) 

n Sind 
tan# = 

CosO 


Example 4: cot* # + cot '# = coset*' 1 #- cosec 2 # Mu/ tan 2009 

j o |, L.H S - cot -1 # + cot : ’ 9 ~ cot' 1 #(cor 9 + !)• 

= (cos ec 2 Q~\ )(cos ec 2 0) =co$ec'0-co$ec i &= R.H,S 

Prove the following identities, state the domain of 9 in each case: 


1. tan# + cot# = cosec# sec# 
Sol. L.H.S = tan# + Cot# 


_Sin9_ Cos9 _ Sin 0+ Co 2 9 t1Tr 

cose sino ~ ^#“a^#“ ' Domain = 0 £ R but 6 


\ 1 1 _ 

SinGCosd SinO Cos9 

a Cosec# Sec# = R.H.S 

sec# cosec# sin# cos# =1 Multan 2008 


Sol. L.H.S = Sec# Cosec# Sin# Cos# , Domain = # e R but # * — 

2 

^ = 1 = R ' HS 

3. cos# + tan # sin# =sec# 

Sol. L.H.S = Cos# + Tan # Sin # , Domain = # e R but 0 * + 
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Sind n Sin'O 

- Cos# + — SinO — CosO + 


Cos 9 
Cos 2 9 + Sin- 0 


1 


4 . 


CosO Cos $ 

cosec 8 + tan# sec# = cosec# sec 2 # 


Cos 9 
= SecO R.H.S 

Faisalabad 2008 


Sot. L.H.S = Cosec# + Tan # Sec# , Domain = 9 e R but # # ^ 

Sind i _ i sine _ cos 2 e +- sm 2 e 

CosO Cos 9 Sin9 Cos 1 9 Sind Cos" 0 

* 

= ^ — = — — - Co sec Sec 2 9 = R.H.S 

Sin 6 Cos ’O Sin 9 Cos~9 

% 1 

5. sec 2 # - cosec 2 # = tan 2 # - cot 2 # 

, , ^ „ (2« + l)?r 

Sol. L.H.S - Sec 2 9 - Cosec"# , Domain =# e R but # * — —— 

= 1 + tan 2 # - (1 + Cot 2 #) = 1 + tan 2 9 -1-Cot 2 # 

= tan 2 # - Cot 2 # -R.H.S 

6. cot 2 # - cos 2 # = cot 2 # cos 2 # 

Sol. L.H.S - Cot 2 # -Cos 2 # , Domain - # e R but # * nn 

Cos 2 6 Cos 1 9 -Cos 1 9 Sin 1 9 

Sin " # Sin " # 

Cor #{1 - Sin 1 0) Cos 1 9 2/i 

— - , Cos 9 

Sin 2 9 Sin 2 6 

= Cot 2 #. Cos 2 # -R.H.S 

7. (sec# + tan#) (sec# - tan # ) = 1 

Sol. L.H.S = (Sec# + tan#) (Sec# -tan#) , Domain - 9 e R but # — - 

= Sec 2 # -tan 2 # 

- 1 + tan 2 # - tan 2 # = 1 - R.H.S 



COURSE ttATHEMft-ncS.1 (gf 

8. 2cos 2 0 -1 = 1-2 sin 2 0 

So). L.H.S = 2Cos 2 0 - 1 = 2(1 - $in 2 0) — 1 , 

= 2 - 2Sin 2 (9-1 = 1- 2$m 2 # = R.H.S 
l-tan ! 9 


FUNDAMENTA LS OE TRIGONOMETRY 


Domain = 6 e R 


9. cos 2 0 - sin 2 # - = 


Sol. 


10 . 


Sol. 


11 . 


R.H.S = 


1+tao* 9 

I - tan 2 0 _ ] -tan 2 0 
1 + tan 2 0 ~ Sec 2 0 


Faisalabad 2009, Sargodha 2011 
, Domain * 9 e R but 9 * + ^ 


1 


tan 2 6 


= Cos 3 9 - 


Sin 3 9 


Sec-& Sec-9 
= Cos 2 # - Sin 2 # = LH.S 

cos# -sin# _ cot 0-1 
cos0+sin0 cot 0+1 

Cos9 


: 


Multan 2007 


R.H.S = — ? * = 

Co/0 + 1 CVw0 

SinO 


-1 


Domain = 9 6 R but 0 * nn 


+ 1 


CosO -Sin9 
Sind 


Sin9 


C.os0-Sin9 


Cm9+ Sin9 Cos 9+ Sin 6 


= R.H.S 


sin0 
1 + cos 6 


+cot0=cosec0 ' Multan 200S 


Sol. L.H.S = Sm ° +Cor0 
1 + Cos 9 


Domain = 9 e R but 0 * nx 


Sind Cos 9 J Sin 2 9 +Cos 2 9+Cos9 

1 + Cos 0 _ Sin9 Sin 0(1+ Cos 9) 


Sin0(\jjCoS0) SinO 


Co sec 9R.HS 
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cut 2 0-1 „ , 

12. r — = 2cos" 0-1 

l + cot‘0 


Sargodha 2011 


Cot 2 B-\ Cat 2 #- 1 

Sol. L.H.S - — ■ ; — ; — ’ , Domain - 0 e R but 0 a nn 

1 + CorB Cosec 2 0 

Core 1 


13. 


Sol. 


Co sec " B Co sec 2 0 

jTl 2 /J 

- -x Sirflf - Sirr 0 - Cor 6 - (1 - Cos 2 0 ) 

£bfe 

- Cos* 0 - 1 + Cos 2 0 - 2Cos : 0 — 1 = R.H.S 

t + cus G . . , 

= (cosecf? + cot0}~ 

1 - COS0 

R.H.S = (Cosec 6 + CotB }‘ , 


Domain = 0 e R but 0 * nn 


I Cvs9\ (l + Cui'0)' 


Sind SinB 

(i + cos of 


Sin 6 

(1 + CosOf 


1 + Cos 6 


1 Cos 2 # {V^c-rcd) (1 - CosO) " 1 -CosO 


- L.H.S 


2 l-sin0 


14. {sec0 -tan0 ) = 

l + sin0 

Sol. L.H.S = {5ec0 -tan0} 7 

1 Sin# 


Sargodha 2008, 2011 


Domain = B e R but 6 * 


( 2n + 1 )ti 


C 'osO CosO 


1 - SinB 


CosO 


(I SinOf (C-SmBf 
Cos 1 # 1 -SinB 


(i -SinB) 2 


l- SinB 


U-Sin0KUSin0) V+Sin0 


■= R.H.S 
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15. 


Sol. 


16. 


Sol. 


18. 

Sol. 


2 fang 
I + tan 2 0 


2 sin 0 cos 6 


L.H.S 1 


2 tan 0 2 tan 6 


l + tan 0 Sec"0 


Multan 2007 


Domain * 0 6 R but & * 


(2n + \)k 


= 2tang Cos 2 0 = Cos 2 0 = 2 Sing . cosg = R.H.S 


CosO 


1-sing cosg 


cosg l + sin0 

1 - Sin 6 1 -SinO 1 + Sin 6 

l.H.S= — - — — = — — — x 


CosQ CosO 
\-SbrO 


\+SinO 

Cos ? 0 


Cos 0(\ + Sin 0) Cos 0(1 + Sind) 1 + SinO 


Domain = 0 e R 

CosO „ 

=R.H.S 


17. (tan 0 + cot 0 ) 2 = sec 2 0 cosec 2 0 


Sol. 

L.H.S = (tan B 4 Cot 6 

, Domain = 0 e 


_ ( SinO CosO V _ 

( Sin 1 0+ Cos 2 0 1 


\ CosO SinO J 

v CosB SinO j 


Multan 2008, Lahore 2009 

„ nn 

ut 0 * — 

2 




1 


\ 


yCosO SinO 

~ Sec 2 0 Cosec 2 0 = R.H.S 

tan0 + sec0-l „ . 

■ tan 9 + sec 0 

tan g-secg + 1 

tan 9 + Seed 1 


1 


1 


Cos-0 Sin O 


L.H.S = 


Faisalabad 2007 


Domain = 0 e R but 9 * 


(2n+\)jr 


Uin9~Sec6 + \ 

(tan 9 + Sec0) - ( Secrg-tair 0) 

(tang - Sec0 + 1) 

(tan 0+SecO) - (Sac 9 + tan 9) (Sec - tang) 
(tan g - Sec9+\) 

_ ((tan 0 + S ecO) [1- (Sec ■ tang)]) 

(tang - Sec0 + \) 



Multan 2007,2008 


. mVm e + secey = 

J ; ! Multan 2007,20 

Ct>sec#-CW# SinB SinB Co sec #+('<?/# 

L h.S = ! 1_ 

Co see d- Cal 0 Sin$ 

_ 1 1_ 

1 _ CosO sin# 

sin# SirtO 

1 1 _ SinB 1 Siri l 0-i + Cos0 

= l ~ Cos0 ~ SinQ ~ .1 -CosO "* Sinff * Sin0(l-Cos&) 

Sin 0 

, l-Co^O-l+CtaO . Cos0-Cos l O Cqs 0{\- <&&) 
Stn0(l-Cos0) ~Sin0{l-Cos0) = SinB{ 


Sin & CasceB + CotO 


= _1 1 

* Sind _J_ + Cos0 
Sin0 SinO 

_ _J_ J 1 = _J_ SinB 

Sin0 1 + Cos 0 Sin0 1 + CosO 

. Sin6 

■ . \+Cu.\0-Sin 2 0 \+Cos0-(\-Cos 2 0) 

Sin 0 (1 + CosO ) SinB (1 + CosO) 

^ 1 + Car# - 1 + Cos 1 0 _ CosO (1+Coj#) _ Q 
Sin0(l+Cos0 ) ~ SinB {\+ CosO) 

L.H.S-R.H.S 

20. sin 1 # - cos 1 # = (sin# — cos# J(1 + sin# cos# ) 

Sol. L,H.S = Sin 3 # -Cos 3 # , Domain- # e R 

= \Sm 9 - Cos 0 ) \S\t\ 2 0 + Cos? 0 + Sm 0 Cos 0 ) 

= (Sin # -Cos#){l + Sin# Cos#J-R.H.S 
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21. sin 6 # - cos 6 # = (sin 2 8 - cos 2 8 } (1 - sin 2 8 cos 2 8 } Fsd 2008, Sgd2009, Lhr 2009 

Sol. L.H.S = Sin 6 ^ - Cos 6 # = (Sin 2 #) 3 - (Cos 2 #) 3 , Domain = 8 e R 

* (Sin 2 # - Cos 2 8 ) ( (Sin’ 2 0 } 2 + (Cos 2 # } 2 + Sin 2 8 Cos 2 # }) 

= (Sin 2 8 - Cos 2 9 ) [(Sin 2 0 } 2 + (Cos 2 0 } 2 + 2Sin 2 8 Cos 2 8 - 2Sin 2 0 
Cos 2 8 + Sin 2 # Cos 2 #] 

= (Sin 2 0 - Cos 2 # ) [(Sin 2 # + Cos 2 # ) 2 - Sin 2 8 Cos 2 # ] 

= (Sin 2 # - Cos 2 #) (1-Sin 2 # Cos 2 #) = R.H.S 

22. Sin 6 # +cos 6 # =l-3Stn 2 # Cos 2 # # e R Rawalpindi 2009 


Sol. 


23. 


Sol. 


L.H.S = Sin 6 # + cos 6 # = (Sin 2 #) 3 +(Cos 2 #) 3 
= (Sin 2 # + Cos 2 #) {(Sin 2 #) 2 + (Cos 2 #) 2 - Sin 2 # Cos 2 #] 

= 1. [(Sin 2 # ) 2 + (Cos 2 # ) 2 +2Sin 2 # Cos 2 # - 2 Sin 2 # Cos 2 # - Sin 2 # Cos 2 # ] 
= (Sin 2 # + Cos 2 # j 2 - 3Sin 2 # Cos 2 # = l-3Sin 2 #Cos 2 # = R.H.S 


— + = 2 SfB 1 # % 

1 + Si/i0 1 - Sind 

1 1 _ + 

1 + Sin8 + 1 - Sin8 ” (1 + 5m#) (1 - 5m#) 


, Domain = # e R 


2__ 

l-5m 2 # 



= 2 Sec 2 # = R.H.S 


„ Cos8 + SinO Cos8-Sin8 2 

24. + = r- 

Cus8 - SinO Cos8 + SinO 1 - 2 Sin 2 8 


Sol. L.H.S = 


Cos 0 + SinO Cos 0 - Sin 8 


Faisalabad 2007, Sargodha 2009 

( 2n+\)n 


Cos 0 - Sin 8 Cos 0 + Sin 8 


, Domain = # e R but 0 ± 


(f 'os 8 + Sin 0) 2 + ( Cos 0 - SinO ) : 

( Co t s 0-Sin0)( Cos 0 + Sin 0) 

Cos 2 +Sin 2 0 + 2 SinOCosO + Cos 2 0+ SuvO - 2 SinOCosO 
( CosO - Sin8)~i(TosO+SinO) 
2Cos 2 8+2Sin~8 _ 2(CW#+5m 2 #) _ 2 

1 - Sin 1 8 ~ Sin' 0 " l-25m 2 # " l-25m 3 # " 
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TEST YOUR SKILLS 


Marks; 50 


Q # 1, Select the Correct Option 

i. In one hour, the hour hand of a dock turns through radians; 


( 10 ) 


ti. 


HI. 


fV, 


V. 


Vi. 


vfi. 


viiL 


IX. 


x. 


/< 


K/ 


31 7 % b) 

'> ' % d ' /2 

If TanO < 0 and CosQ > 0 then terminal arm is in quadrant: 
a) I b) II 

c) III d) IV 

If the terminal side lies on x — axis or y-axis then angle is called: 
a) Central angle b) Quadrantal angle 

c) Co-terminal angle d) Acute angle 

Domain of. Sinff and Coxff is set of 

a) 


Integers 
c) Real numbers 

3tt 

— radian equal to: 

2 

a) 270" 

c) 1 80" 

Co sec’ 0 -CorO equals: 
a) 1 

c) 2 

Which one is true: 
a) 1 radian < I" 

c) l radian — ]" 

57/7390" is equal to: 

a) >2 

c) I 


b) 

d) 


b} 

d} 

b} 

d) 

b) 

d) 

b) 

d) 


The value of Sin420 v is equal to 

31 Vs 

c) s/3 

The SO 111 part of one degree is called one: 
a} Second b) 

c} Minute d) 


b) 

d) 


Natural numbers 
None 


90" 

60" 

0 

-I 

I radian > I" 
5 radian - 2" 


2 

& 


Radian 

Degree 
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FUNDAMENTALS OF TRIGONOMETRY 


Q # 2. Short Questions: {10X2 = 20) 

i. Write the Sign of Trigonometric functions in //and II quadrant: 

ii. Prove that Cos 2 9 - Sin 2 9 - - — T ar} ® 

I + Tan 2 9 

lii. Find x if Tan 2 45" - Cos' 60 ,J = xS7«45 <l .C V).v45"./Vm60 1 ’ 

iv. Find l when 9 = 60"20' and r - 1 8 mm 

v. Verify that Sin6Q"Cos3Q" -Cos60°Sin‘50" - Siri3Q i ' 

vi. In which quadrant terminal arm lie if CosO < 0 and TanO < 0 

jz 

vii. CosO - — - (0<&< 7 ^/ ) ) Find remaining trigonometric functions. 

2 

1 - SinO 

„iii Prove that (SecO - TanO)' = 

1 + SinO 

ix. Define Radian 

„ Prove that Co sec// i Tan&Secd - Cosec OSec'O 


Long Questions: 
Q#3. (a) 

(b) 

Q ft 4, (a) 

(b) 


(2 X 10 = 20) 


Show that {Seed - Tariff) 1 = 


I -SinO 


2 + j 

Co sec 0 = ,m > 0 and 0 < 9 < n /~ Find value of the remaining 


\ + Si..O 

m 2 + 1 
"2m" 

trigonometric ratios: 

. CosO + SinO Cosff -SinB 2 

Prove that + = “ 

CosO - SinO CosO 4 - SinO 1 - 2 Sin' 9 

Prove that Sin* 9 - Cos* 9 = (Sin 2 9 - Cos 2 9)(\ - Sin 2 ffCos 2 0) 
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TRIGONOMETRY IDENTITIES 


Trigonometry 
Identities 

Fundamental Law 

Cos (a ~P)~ Cos a Cos p + Sin a Sin ft Sargodha 2011(onfy statement) 


IProof: 


Consider a unit circle with centre at 0. 
Where < AOD = a , < BOD ~ P 

< AOB = <COD = a - p 




Now A AOB and A COD are congruent then | AB | = | CD | =$ | AB | 2 = | CD | 2 
Use distance formula, we have 
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TRIGONOMETRY IDENTITIES 


(Cos Of - Cos/?)* + (Sin a -Sin/? f = (Cos (or -p )-l) 2 + (Sin(ar ~ (3 }-0) 2 
Cos 2 or + Cos 2 p - 2 Cos or Cos /? + Sin 2 a + Sin 2 /? - 2 Sin or Sin /? 

= Cos 2 (cr -/? ) + l-2Cos ((or-/? ) + Sin 2 (or -p ) 

Cos 2 a + Sin 2 or +Cos 2 P + Sin 2 /? -2 (Cos or Cos p + Sin or Sin/?) = Cos ! (cr -/? ) + Sin 2 
( or -p ) + 1 - 2Cos{ a-p } 

► 

1 + 1-2 (Cost* Cos/? + Sin or Sin/? ) = 1 + 1 - 2Cos(or -/?) 

2-2 (Cos or Cos/? + Sin or Sin/?} = 2 -2Cos(a -/? } 

Subtract 2 from both sides 

- 2 (Cos or Cos /? + Sin or Sin p ) = 2Cos( a-p) 

Divide by - 2 from both sides 

Cos or Cos P + Sin or Sin/? =Cos(a-/?) 
or Cos( a - P)- Cos or Cos P + Sin a Sin /? 

Hence Proved 


Distance formula 


Let and (^(jCpj^be two points. If d denotes distance between them. 


= \PQ\ = >/(*i -* : ) 3 +(>'i 

or=^{x 2 -xp 2 +(y 2 -y } ) 2 


Sargodha 2011 
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TRIGONOMETRY IDENTITIES 


Note Sign of trigonometric ratio depends in which quadrant # exists, important Formulas. 

1. Sin(a +/?} = Sina Cos/? + Cost* Sin/? 


2. Sin{ a- f3)~ Sin a Cos j3 - Cos a Sin (3 

3. Cos( a + f3 ) = Cos a Cos f3 - Sin Sin /? 

4. Cos( a - f3 ) = Coscr Cos ft + Sina Sin /7 
Tan a + Tan f3 


\ 


5. tan{c+/if) = 

6. tan( a- (3)- 

l 

7. (Even number) 


1 - tan a tan (3 

tana - lan (3 
1 + tan a tan/3 

(■ 


n 


V ±e 


then no change of trigonometric function. 


8 . 


71 

Example Sin I 4— + # 

2 


7Z 


- Sin (3 


Odd number — ± 9 | then change trigonometric function as given below 


Sin # 

< 

► Cos# 

tan # 

— 

* Cot# 

Sec# 

^ 

► Co sec# 


n-6 — 

— II quadrant 

Also 

x + 0— 

111 quadrant 


2 n-0 — 

IP quadrant 
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TRIGONOMETRY' IDENTITIES 


i 

Sol. 

ii. 

Sol. 


Ml. 

Sol. 


iv. 

Sol. 


V. 

Sol. 

vi. 

Sol. 


Sol. 


EXERCISE. 10.1 


Without using calculator. Find the values of 
Sin (- 780 e ) 


- Sin78Q° = - Sin (2x360°+60°) = - Sin60° = - 




Cot (- 855°) 

= - Cot (2 x 360°) + 135°) = -Cot 135°= -Cot (180°- 45°) = - (-Cot 45°) 
1 1 

= Cot 45° = = - = 1 

tan 45" 1 

Cosec 2040° 

= Cosec (5 x 360° + 240°)= Cosec 240° = Cosec (180° + 60°) 

„ 1 -1 -2 
= -Cosec 60° = -= — - — 

Sin 60“ V3/2 V3 

% 

Sec (- 960°) 

= Sec 960° = Sec (2 x 360° + 240°) = Sec 240°= Sec (180° + 60°) = - Sec60° 
I I 

= - 2 


Cos 60" 1/2 

tan (1110°) 

= tan (3 x 360° + 30°)= tan 30° = -L 

V3 

Sin {- 300°) 

R 

= - Sin 300° = - Sin (360° - 60°)= - {- Sin 60°) = Sin 60° = — 

2 

Express each of the following as a trigonometric function of an angle positive 

degree measure of less than 45° 

Sin 196° = Sin (180° + 16°} 

| = Sin 180° Cos 16° + Cos 180° Sin 16“ 

» 

= O.Cos 16° + {- 1) Sin 16° = - Sin 16° 

* 

| Sin 196° = Sin (180° + 16°) = - Sin 16° 


Method I 


Method U 




COLLEGE MATHEMATICS-1 


548 


TRIGONOMETRY IDENTITIES 


ii. 

Sol. 

iii. 
Sol. 
!v. 
Sol. 
v. 

Sol. 

vl. 

Sol. 

vli. 

Sol. 

viii. 
Sol. 

ix. 
Sol. 
3. i. 
Sol. 


ii. 


Sol. 


Cos 147° 

= Cos (180° - 33°) = - Cos 33° 

Sin 319° 

= Sin (360° - 41°) = - Sin 41° 

COS 254° 

= Cos (270° -16°) = -Sin 16° 

tan 294° 

= tan (270° + 24 e } = -Cot 24° 

Cos 728° 

= Cos (2 x 360° + 8°) = Cos 8° 

Sin {- 625°) 

Sin (- 625°) =- Sin 625° 

= Sin (2 x 360° - 95°} = - (- Sin 95°) 

= 510 95" = Sin (90° + 5°) = Cos5" 

Cos (- 435°) 

= Cos 435° = Cos (360° + 75°)= Cos 75° = Cos (90° - 15°) = Sin 15° 

Sin 150° 

= Sin (180° -30°} = Sin 30° 

Prove that Sin (180° + a } Sin (90° - a ) = - Sin a Cos a 

L.H.S= Sin (180° + a ) Sin 90° - a ) = Sin [2 x 90 + a ] Sin [1 x 90- a ] = (-sin a ) (cos a } 
= - Sin a Cos a = R,H.$ Sargodha 2006, 2008, 2009, Multan 2009 

Sin 780° Sin 48c * Cos 120° Sin 30° - 1/2 
L.H.S = Sin 780° Sin 480° + Cos 120° Sin 30° 

= Sin {2 x 360 a + 60°) Sin (360° + 120“} + Cos 120° Sin 30° 

= Sin 60° Sin 120° + Cos 120" Sin 30* 

= Sin 60° Sin (180* - 60") + Cos (180* - 60") Sin 30° 

= Sin 60° Sin 60° + {- Cos 60°) Sin 30° 

= i _ 3 l = hl±l = }. = RHS 

2*2 2*2 4 4 4 ” 4 2 
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TRIGONOMETRY IDENTITIES 


III. 

Sol. 


IV. 

Sol. 


Sol. 


II. 


Sol. 


Cos 306“ + Cos 234° + Cos 162° + Cosl8° = 0 

L.H.S = Cos 306° + Cos 234° + Cos 162° + Cos 18° 

= Cos (360° - 54°) + Cos (180° + 54°) + Cos (ISO 0 - 18°) + Cos 18° 

= pdfSfi' - ZerS#' - pxrtff + = 0 = R.H.S 

Cos 330° Sin 600° + Cos 120° Sin 150° = - 1 
L.H.S = Cos 330° Sin 600° + Cos 120 ° Sin 150° 

= Cos (360° -30°) Sin (360° + 240 °> + Cos 120° Sin 150“ 

= Cos 30° Sin 240° + Cos 120° Sin 150° 

= Cos 30° Sin (180° + 60°) + Cos (180° - 60°) Sin (180° - 30°) 

= Cos 30° (- Sin 60°) + (- Cos 60°) Sin 30° 

V3 V3 1 1 3 1 4 

“ T "T ,_, 2 2 4 " 4 ■ ' 4 ' ~ 1 = R,H,S 


Prove that 


3?r 


Sin {a + 0) tan(— +9) 


Cot 2 ( — -0)Cos 2 (x-0) Co sec {2n-9) 


-Cos 9 


L.H.S = 


Sin 2 (;r + 9) tan + 0 ) 


(~Sin0)\/Cot0) 


Cor ( 3 * -9) Cos 1 {n-9) Co sec (2 k-6) 181,3 Q{~Cos)\/Co sec 0) 

Sin 1 9 Cot 9 _ Cos9 


£hi *9 


1 

Cefe Sine 
Cos( 90* + 9) Sec (-9) tan (180 a - 9) 
5ec(360“ - 9) Sin (l80° + 9) Cot (90° - 9)) 


xjxrftf = Cos9= R.H.S 


= -l 


! HS . ^(90" +g)5gg(-g)tan(I80 tf -g ) ~Sin9Sec9(- tang) 
Sec{360'‘ "-9) Sin (l 80“ + 9) Cot (90 IJ ~9)j Sec9(-Sin9) tan# 




= -l = R.H.S 
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TRIGONOMETRY IDENTITIES 


5. 


Sol. 


ii. 

Sol. 


iii. 

Sol. 


iv. 

Sol. 


If a,p,y are angle of Triangle ABC, then prove that 
5in{ a + /? ) = Sin a Faisalabad 2008, 2009 

let a + p + y - 180° ( sum of angles of triangfe=180°) 

a + p -180 °-y 

Sin ( a + P } = sin (2 x 90° -y ) 

Sin (a + P ) = Sin y Hence proved 


(a + p) . 

Cos - sin a /2 


Lahore 2009 


Let a + p + y ~ 180° => a + p =180 °~ y 

a + p _ 1 80° - y 

2 2 

;v 


Cos 


Cos 


Cos 


a + P 

2 

a + p 

2 

a + B 


= Cos 


1 80 


r 

2 


= Cos I 90° - - 


y 

-Sin — Hence Proved 


Cos [a + P ) = - Cos y 

let a + P + y = 180° 


Faisalabad 2009 


a + p = 180°- y 

Cos (a + p) = Cos (2 x 90° — y ) 

Cos { a + p } = - Cos y Hence Proved 

tan ( a + P ) + tan y - 0 Multan 2007, Faisalabad 2009 

let a + p + y = 180° 
a+p = 180 u - y 
\w[a + - y) 

tan {a + p}- -tan/ tan (a + p ) + tan / =0 


Hence Proved 
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Example 2. Without using tables. Find the values of all trigonometric functions of 75° 
Sol. As 75° = 45° + 30° Sargodha 2009, Faisalabad 2009 

Sin 75° = Sin (45“ + 30°) = sin45° Cos30° + ccs45° sin30° ’■ 


i + _L i_V|+l 
' V2' 2 V2 2" 2V2 

Cos 75° = Cos (54° + 30°) = Cos 45° Cos 30° - sin 45° sin 30° 


tan 75° = tan (45° + 30°) = 


_ J_ H _ 1 V3-1 

~ V2' 2 V2 ’ 2 ~ 2>/2 

tan 45" + tan 30" 


1- tan 45" tan 30" 

I &+\ 


Multan 2007, Sargodha 2009 


1 + 


%/3 _ -s/3 _ + 1 pH _ H + 1 


l-(l) ' 7|z> £ ' ' / 3-> -73-1 

S V5 


Cosec75° = 


Sec75° = 


I 


2V2 


Sin 75" V3+1 

1 2^2 


Cusl5" V3-1 


f cot 75" = 


_I V3-I 

tan 75" _ ^3 + t 


Exampie3 
Sol. 


„ . cos\r+sinn° ■ 

Prove that — - = tan56 


CaslV-Smir 

R.H.S = tan56° = tan (45“ + 11°} 

Sinl 1° 


Faisalabad 2008, 


Sargodha 2009 


tan 45"+ tan ] 1" 


1 + 


1- tan 45" tan 11" 

CosU u +Sin\ 1° 


1- 


Cos] ]°_+_Sinl 1" 

'cosir 

Sinl T Cosl \° -Sinl \° 


Cosll 


o 


Cox 1 1" Cosl 1° 

Cosl r Cosl l a + Sinl 1" 


C osl I' 


Cosl 1 -Sinl 1 Cosl r - Sinl 1‘ 


= L.H.S 
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TRIGONOMETRY IDENTITIES 


1 . 


i 


Sol. 


ii. 

Sol. 


in. 

Sol. 


iv. 

Sol. 


v. 

Sol. 


vi. 

Sol. 


Prove that 

Sin ( 180 ° t 9 ) = -Sin0 

L.H.S = Sin (ISO 0 + 9) 

= Sin 180° Cos 0 + Cos 180° Sin 0 
= (0) Cos 6 + (- 1) Sin 0 = - Sin 9 = R.H.S 


Cos (180° + 9 ) = - Cos 6 Sargodha 2008 
L.H.S = Cos (180° + 0 ) 

= Cos 180° Cos 9 - Sin 180 Q Sin 9 
= (-l)Cosfl — (O.)Sin 6* = - Cos# = R.H.S 

tan (270° -9)- Cot# Multan 2008 


L.H.S - tan (270° - 9) = 


Sin( 270" -6Q 
Cos (270' J -6) 


Sin 270" Cos9 - Cos 270" SmO _ (- 1 )Cos9 - (Q )SinO - Cos9 
" Cos 270" CosO + Sin 270" SinO (0 )Cos0 + (-1 )Sin& ~ - SinO 

Co s(0 - 180°) * - Cost? 

L.H.S = Cos ( 9 -180°) 

= Cos 9 Cos 180° + Sin 9 Sin 180° 

= Cos# (~1) + Sin0 (0) 

= -Cos 9 = R.H.S 

Cos (270° + 9 ) = Sin 9 Lahore 2009 

L.H.S = Cos (270° + 9 ) = Cos 270° Cos 9 - Sin 270° Sin 0 

- Q.Cost? - (- 1) Sin 9 

= 0 + Si n<9 = Sin 9 = R.H.S 

Sin {0 +270°)= - Cos (9 

L.H.S = Sin ^ 0 + 270 °) - Sint? Cos 270° + Cos# Sin 270° 

- Sin t? (0) + Cost? (-1) 


= - Cost? = R.H.S 
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TRIGONOMETRY IDENTITIES 


Vtl. 

Sol. 


viii. 

Sol. 


Sol. 


11. 

Sol. 


m. 


tan (180°+ #} = tan # 

L.H.S = tan (180° ♦ # ) 

tan 1 SO" + tan # 0 + tan # 


3 - tan 1 80" tan 0 1 - (0), tan 0 
tan 0 


1 


= tan# R.h.S 


Cos (360° - # ) = Cos 0 

L.H.S = Cos (360°-#) 

= Cos 360" Cos 0 + Sin 360° Sin 0 

- (1) (Cos# } + (0) Sin# 

- Cos # = R.H.S 
Find the values of 
Sin 15°= Sin (45° -30°) 

= Sin 45° Cos 30° - Cos 45° Sin 30° 

7 2 V2 2 2v7 2V2 2, VI 


1 


S-i 


CoslS 0 = Cos (45° - 30°) 

= Cos45° Cos 30° + Sin45° Sin30° 

,J_ W VI, ,1. ,1 VI 1 VI + 1 

~ V2 2 1 1 V2 1 ' 2 ’ ‘ 2V2 + ^75 ’ 13 T 


tan!5° = tan (45° -30°) 


tan 45” - tan 30" 


1- 


1 VI -1 
VI _ VI 


I + tan 45" tan 30" ^ j 1 


VI +1 
VI ' s 


- vi-i .. S_ = vi -1 

'$> *VI+r VI +1 


Sol. 
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TRIGONOMETRY IDENTITIES 


IV. 

Sol. 


v. 

Sol. 


VI. 

Sol. 

3. 

I. 

Sol. 


ii. 


Sol. 


4. 


Sol. 


SinlOS 0 - Sin (60° + 45°) 

= Sin60° Cos45° + Cos6Q° Sin4S° 


Multan 2008, Gujranawala 2009 

Vs +i 


= ( 72 H ^ ) + ( 'V2 M 2 I= 2^2 + 2-/2 2V2 

Cosl05° = Cos (60° + 45°) Faisalabad 2007 

= Cos60° Cos45 u - Sin60° Sin45° 

^ 1 W Vs V 1 1 1 V3 1-V3 


V 5 


\ * J 


V V2 J 2V2. 2V2 2V2 


tanl05° - tan (60° + 45°) 

tan 60" + tan 45" _ V3+1 l + VJ 

1 - tan 60" tan 45" “ 1 - ^3.1 “ 1 - >/3 

Prove that 

Sin (45° + a } = -L (Sin + Cos a ) Multan 2009 

v2 

L.H.S - Sin (45° + a ) = Sin 45° Cos a + Cos 45° Sin a 
= — L Cos a + {_ Sin a - - {Sin a + Cos a) 

V2 V2 V2 

1 


Cos { a + 45°) = ~ (Cos a - Sin a ) 

V 2 


Faisalabad 2007 

L.H.S = Cos (a + 4 S°)-Cos£i' Cos 45 ° -Sin a Sin 45 ° 


= Cos« — | — Sind— j==— 1 = (Cos a -Sina}=R.H,S 

V 2 V 2 V2 


Prove that 

tan (45“ + A) tan (45° - A) = 1 

L.H.S = tan (45° + A), tan (45° - A) 


Lahore 2009 


' tan45 ,J +tan^ ^ 

( tan 45"- tan A ^ 


r l + tan.4 '' 

' l-tan.4 ' 

^ 1-tan 45" tan. -4 j 

[ 1 + tan 45" tan A j 


, 1 - 1 , Ian A j 

^1 + 1. tan A j 


- f 

J I J 
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Sot. 


IN. 


Sol. 


tan 


n 


-# + tan 


3 n 


+ 9 


L.H.5 = tan 


n 


V 


0 > tan 


I 

= 0 

3;r 


i 


TRIGONOMETRY IDENTITIES 


+ 6 


7i 3/r 

tan - - tan 6 ■ tan + tan 0 
4 + _ 4 


1 - tan 9 


_ 1 + tan 9 

1 + tan — tail f) 1-fern £ lanfl ’ 1 + U “" £ ' + 1 - ( “ 1)tan<: ' 
4 4 

1 - tan 0 -I -Han# 

-+- 


1 + tan 9 1 + tan 9 

/ -JarfB -/ +J#rtl7 


0 


I + tan 0 


1 + tan 9 


--0 = R.II.S 


n 


Sin #H — + Cos 

l 6 J 


f 


L.H.S = Sin 


0 + 


n 


,T 


0+“ = Cos9 

3 J 


Lahore 2009 


6 J 


+ Cos- 9 + 


71 


iv. 


Sol. 


- Sin 0 Cos + Cos # Sin - — f C 'os 9 Cus -- - Sin 9 Sin — 

6 6 3 3 

- 5m#— ■ + Cos 0 — + Cos 0 — - Sin0^7- 
/ 2 2 2 2 

= Cos 9 [- + - I - Cos# (1) = Cos# = R.H.S 


SinO - Cos6 . tan # / 2 


= tan # / 2 


Cos 9 + Sin9 . tan # / 2 

Sin 0 CosB. tan#/2 


L.H.S 


Cos 9 + Sin 0 . tan.# / 2 
5m#/ 2 


Sin0 -Cos9 . 


Cos9 + Sin0 


' Cos 0 / 2 SinOC nsO/ 2-Cos 0 SinO/ 2 

CosB / 2 


5m#/ 2 

Cos 0/2 CosO Cos 0 + Sin 0 Sin 9 / 2 


Cos#/ 2 



- sxfi-ow . 

Cose ! 2 £&#rt cose 1 2 

Cos(e~e / 2) 

Cos# 1 2 

1-taag.taaff _ Cas(0+y) 

1 + tan Q . tan ^ Cos(9 — </>) 

^ _Sin& Stnf 
_ 1-tan#. tan(£ _ CosQ Costj> 
l+tan#.tan# | { SinQ Simj> 

Cos0 Sin $ 

_ CosQ Cos# -Sine Sin# _ Cos{9+#) _ Cos(0+<p) CfisQ€&sy 
Cos6Cosd Cos $ Cos 6 C$s&€6s<i> Cos{9 -tp) 

Cos 0 Cos# + Sin9 Sin# Cos(Q-f) 

CosBCos# CosBCos# 

^ Cos{6 + #) 

Cos (9 -#) 

Cos(a+/?) Cos(a -pfccasta -SW 1 /? *C o ?0 -Sin 2 a 

L.H.S = Cos («+/?), Cos (a - /?) Rawalpindi 2009, Sariodha 2009 

= (Cosa Cosy? -Sin a Sin/?). (Cos a Cos/? + Sin a Sin/?) 

= (Cos a Cos/?) 2 -(Sin a Sin /? ) 2 = Cos 2 a Cos 2 /? - Sin 2 a Sin 5 /? / 

= Cos 2 a (1-Sin 2 /?)-(l-Cos 2 a )Sin 2 /f 

= Cos 2 a - C(js^€tStn^ -Sin 2 /? + Csis^tSSrp 
= Cos 2 l-5in 2 /? Result I 

Again from / Cos {a + 0) . Cos (a-/?) 31 Cos 2 a Cos 1 0 - Sin 2 or Sin 3 0 
= (1-Sin 2 ar ) Cos 3 /? - Sin 2 a (1 -Cos 2 /?) 


= Cos 2 /? - Sj 


-Sin 2 or + 


= Cos 2 /? - Sin 2 a 


Result II 
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Sol. 


7. 


Sw(a +>ff) + Sin(a - P) 

— — = tana 

Cos (a + P)+C'os(a- p) 

Sin(a +p) + Sin(a - p) 


L.H.S = 


Cos (a +P)+ Cos (a - p) 

Sina Cosp + Cg&Htfnp + Sina CosP - Cgj&HSfnP 
Casa Cosp ~ Sipariitn/3 + Casa Cos P + Sip»Sti0 
£ Sina Qorffi 
, £ Cosa 


= tana = R.H.S 


Show that 


Cot { a + P ) = 


Cota Cot p 
Cot a + Cot P 


Sol. 


Sol. 


-1 


R.H.S = 


CotaCotp - I _ tan a tan p _ 1 - tan a tan p 


Cota J rCotp 


1 1 

- ■ -- + 

tan a tan p 


1 - tan a tan P ^ 
jajUHafiTf tan a + tan p 
I - tan a tan i 8 1 


tan a + tan p tan a + tan p 
1 - tan a tan p 

_ . . CotaCotp + 1 

Cot ( a - P)= 

Cot a- Cot p 


Let 


R.H.S = 


1 


CotaCo tp + \ 
Cot p -Cota 


+ 1 


tan a tan /? 
tan a + tan p 
tan a tan p 


I 


tan (a + p) 


- Cot {a +P) = L.H.S 


Multan 2008 


tan a tan p _ 1 + tan a tan P 1 + tan a tan p JajuHSfT^” 

} J tan a tan p _tajuHtfTf7? tan a- tan p 


tan p tana tan a -tan ff 
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1 


1 


111 . 


tana - tan ft tana-tan/? tan (a -0) 

1 + tan a tan 0 

tan oc + tan 0 _ Sin {a + P) 
tan a - tan P Sin (a — P) 


= cot(a-/?)=LH.S 


Sol. IMS 


Sin a 

tana + tan 0 Cos a 

Sifip 

Cosp 

SinaCos0 + CosaSinp 

lan a - tan 0 Sin a 

~~Sinp " 

CosaCos0 

Cos a 

C-QS0 

StndCos '0 - Cos aSinp 



CosaCos0 


Sin{a + P) Cgsst^o0 _ Sin(a +P)_ DUC 

^ l "“ — R.H.s 


CgsGCC&sjf Sin{a - P) Sin(a - P) 

4 ' 40 K TC 

8. IfSina — , Cos/? - — . 0< a < — , 0 </?<—, Show that sin^a: -/JM33/205 


5 ' 41 

Sol. Cos 2 a = 1-Sin 2 a=l- 


,5; 


2 ' ' 2 
16 25-16 


1 25 


25 


{Its mean a & p are in I quad) 


9 3 ‘3 

Cos 2 a - — -=> Cos a = + — =? Cos a = — (Because a is in I quad) 
25 ~ 5 5 


40 

Sin 2 // -1-Cos^ =1-1 — | = 1>- 

1 41 1 


1600 1681-1600 81 


1681 


1681 


1681 


9 9 

Sin //=+ — => Sin /? = — (Because 0 is in l quad) 
41 41 

Now Sin { a - 0 ) = sin 0 Cos 0 - Cos a Sin 0 


MW 40 
41 


15 A 41 


9 1 


160 27 160- 27 133 


205 205 


205 


205 


9 . 


4 ft \ ft 

IfSina = -~,$in0 * — & — «x<n (a in II),— <0<n {0 m II) then find 

5 13 2 2 


i. Sin (a t 0 ) 

iv. Sin (a — 0) 


if. Cos (a + 0 ) 

v. Cos (a. — 0 ) 


iii. tan {a + 0) 

vi. tan(a - 0 ) 
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Sol. 


0) 

Sol. 


Sol. 


in. 


Sol. 


Cos 2 a = 1 - Sin 2 a - l - 


= 1 - 


16 

25 


9_ 

25 


_ 3 3 

Cosor = + — => Cos a - - — (Because a is in 11} 


Cos 2 /? = 1 - Sin 2 fi - 1 - f ~ 
144 


= 1 - 


169 


-T 

13; 

169- 144 

169 


25 


169 


Cos /? = + 


Cos/? =- ^ (Because /? is in II quad} 


tan or = 


Sin a 4// 


Cos a -Vj!> 

tana - -4/3 

Un/J .»!£.J2Z4 

Cosfi -5/ yf> 

tan p = -12/5 

Sin ( a + /? ) = Sin a Cos p + Cos a Sin /? 

4 5 3 12 

- 20 36 - 20-36 _ -56 

65 65 ” 65 ” 65 ~ 

Cos {a + P ) = Cos a Cos p - Sin a Sin p 

. (=2, 

5 13 5 13 65 65 

t.n (a+P)- '™ a + '™P 
1 - tan a tan /? 


uj + i 

TJ 

44 

f -12'' 

Iff J 


-4 

3 


12 

_5_ _ 


1- 


48 

15 


-20-36 

15 

15-48 

15 


■56 


15 


Sargodha 2009 


_5_ 

13 


15-48 _ -33 
65 ” 65 


15 _ 56 
-33 “ 33 
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Iv. Sin (a ~ P) = S\na Cos/? -Cosar $In£ 


Tft|gp«W>METRY IPSNTme? 


Sol. 


v. 


Sal. 


vi. 


Sol. 


10 . 

( 1 ). 

Sol. 


V 13 5 13 65 65 65 

3 “5 4 12 

Cos (a -/?) = Cos a Cm p +$lna Sin/? = (— ) (~) - (-) (— ) 

_ 15 48 _ 63 

' 65 + 65 ” 65 

z! + H' 

. /_ tan a -tan/? Jlj l5j_3 5 

t,n(a 


1 + 


48 


15 


-20 + 36 
15 

15+48 

15 


X6_ >£ = 16 
>< * 63 63 


a +/? In III quad and a -§ Inlqaad 


Find sin (a + /?) andcos(a+/?) given that 

3-5 „ 

tana ■ — , Cos p = — , a In in Quad, p in IV Quad. 
4 13 

, 9 , 25 

1 + tan a = Sec a => 1 + — = Sec a = — 

16 16 

4 -4 

=> Cos a = + - => Cos a = (Because a In HI) 

5 5 


Sec a = + 


Sin 2 a = 1 - Cos 2 a =1- — - 

l 5 J 


, 16 9 3 

= 1 = — =>$ina=+ — 

25 25 "5 


Sina = - — (Becausea is in III) 


Sin 2 ^ = 1-Cos 2 /? 
-12 




25 169-25 144 


12 


169 


= Sin/? =± 
169 169 13 


5in/? = 


13 


(Became P is in IV) 
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TRIGONOMETRY IDENTITIES 


i. Sin (a + /?) = Sina Cos/? +Cosa Sin/? 


Sol. 


~3 y 
'5 ~j 


13 


f-4 V “12 ^ -15 48 -15+48 33 


5 


13 


65 65 


65 


65 


Cos ( a + p ) = eosa Cos p - Sina Sin ft 


Sol. 


t) 


J3 


''- 3 ''* 


-12 -20 36 -20-36 _ -56 

65 ~ ~65~ 


5 A 13 J 65 65 


10 (2) tan a = - ^ , Sin p = - — (a in II, pin III) 
8 25 


Sol. 


I. 

Sol. 


1 + tan 2 or = Sec 2 a => l + 


f-' 5 ]’=S.c’ a 

Given a not in 1 V anti tan a = -ve 

l 8 J 

so a in ll Similarly p in III 


, 225 _ , 289 _ ,■ 37 8 

1 + — — = Sec~a=$—— = Seca sec a - ± — =j> Casa = ± — 
16 64 8 17 


Cosa = -8/17 [ (Because a is in II) 

-8 


Sin a = 1 -Cos a = 1 - 


V 


sin a = 


15 

17 


.176. 

(Because a is in li) 


64 225 15 

= 1 — - — Sina = ± — 

289 289 1 7 


Cos 2 P ~ 1 - Sin 2 /? = 1- 




-7 


= 1- 


49 625 - 64 576 


r * 24 

COS P = + =3> 

25 


Now 


COS P = - 


25 ) 625 625 625 

(Because /? is in III) 


24 


25 


Sin (a + p ) s sina Cos p + Cosa Sin p 


f!5) 

f _24 l + 

'-8V-7' 

1 17 J 1 

l 25 J + 

L 17 j l 25 J 


J 425 425 


-360+56 -304 


425 


425 
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TRIGONOMETRY IDENTITIES 


* 

it. Cos( a -r fi ) - Cos (X Cos fi — Sin ct Sin fi 



192 105 192+105 297 

Sol. = + = — — 

425 425 425 425 

-OU C 

11 ~ = tan 37“ Multan 2008, Sargodha 2008, Lahore 2009 

CosW + Si* 8“ 


Sol. 


R.H.S = tan37° = tan (45° - 8°) - 


tan 45 ,J - tang" _ I -tan 8“ 

1 + tan 45 " tan 8" 1 + 1 .tan 8 ,J 


_ £/»8' J 

_ 1 - tan 8" _ c m s' - _ -SinS“ 

" 1 + lan8 ,J " SinS°_ ~ €’o.v8 u 

~ ( Os 8“ CosS" + Si 

- cosr 

Cos r -SinS" ptrff CosS" -SinS" 

U-rft CosS" + SinS" CosS “ + SinS" 

12. Cota /2 + Cot/? /2 + Cot^ /2 = Cota /2Cot/? flZoXy /2 Federal 

Sol. We know that a + fi + y - 180° => a + fi - 180°- y 


, , , a + fi 180" — ^ a + P nno y a fi nnu y 

Divide both side by 2 => =90 — =5 — +—=90 — 

j 2 2 2 2 2 2 2 

tan ( a H + fi /2) - tan {90° -yf 2) => a L 2 + tan P J_J_ = Cot / /2 

1 - tan a 1 2 tan fi / 2 

Cot a + Cot P 


! 


a fi 

Cota 12 Cut fi ! 2 „ ’ cut -Lot - 

= Cotv/2 => - -fi — = Cot — 

1 - . 1 


Cota / ICotfi 1 2 


Cot Cot — -l 
2 2 

„ a fi 
Cot - Cor - 
o ? 
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Cota / 2 + Cot B / 2 LotgMMtttfTi 

-£=- x = Cot v /2 

CotxU^etyrpll Cota / 2 Co/ /? / 2 ~ 1 

Cot a /2 + Cot /? /2 = Cot 7 /2 (Cot a / 2Cot /? /2 - 1) 

Cot or /2 + Cot /? /2 = Cota/ 2 Cot/?/ 2 Cot 7 / 2 -Cot //2 

Cot of /2 + Cot p /2 + Cot 7 /2 = Cot or /2Cot P /2Cot y /2 

13. Cot« Cot P + Cot P Cot y + Cotv Cot y =1 Faisalabad 2007, 08 Sargodha 2006,10 
Sol. a, p,y are angle of triangle then 

a + p + y = 180° => a + p = 180° - y => tan (or + p) = tan (180° - y ) 

_ 1 _ 1 

tan a + tan /?. = ^ Cota + Cotp \ 

1 -tan or tan p ' ^ ] Coty 

ColaCotp 

Cora + £ otp 

ColaCotp _ 1 Cota + Cot p CgiaCGf0 \ 

ColaCotp -1 ' Co /7 CjMJzeotf ColaCotp -\ ~ Coty 

ColaCotp 

( Cot a + Co/jff ) ( Coty } = - ( Cot a Cotp - 1) 

Cota Coty + CotpCoty --ColaCotp + 1 
Cota Cotp + Cotp Coty + Coty Cot a — 1 

14, Express the following In the form of r sin ( 8 + tp ) 
i. 12Sin 0 + 5Cos 0 

Sol. Put 12 - rCos <p & 5 = rSIn (p then 

12Sin6? + 5Cos£ = rCos^o Sin 0 + rSin <p Cos 0 
- r (Sin 0 Cos <p + Cos 0 Sin <p ) = 13 Sin ( 0 + (p } 

Where r= 13 and tan£? =. — 

12 
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ii. 3Sin 6 - 4Co 0 = 3Sin 9 + (- 4 Cos 9 ) Sargodha 2011 

Sot. Put 3 = r Cos (p & - 4 = r Sin (p 

Then 3Sin 6 - 4Cos 9 = rCos (p Sin 9 + rSin tp Cos 0 
r [Sin0 Cos#? +Cos 0 Sin#>] = rSin (0 + (p) = 5Sin( (9 + (p) 



iti. Sin# -Cos# = (l)Sin# + (-l)Cos# 

Sol. Put 1 = r Cos (p & - 1 = rSin#? 

= r Cos <p Sin 0 + rSin#? Cos# 

=r(Sin# Cos#? + Cos# Sin#?) 

= rSin ( 6 + (p ) = -J2 Sin (0 + <p) 
Where r= V3 $ndtan#? =-l 

iw. SSin 8 - 4Cos 0 - SSin 9 + {- 4) Cos 0 

Sol. Put S = rCos#? &-4 = rSin#> then 



= rCos#?Sin# + r$in#iCos# =r(sin#Cos#? +cos#sin#? )= rSin(# + <p) 
= -s/4 1 Sin ( 9 + (p ) 
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TRIGONOMETRY IDENTITIES 


V. 

Sol. 


vi. 

Sol. 


r 2 (Cos 2 0 +Sin 2 0)= (5) 2 + (-4) 2 

r 2 » 25 + 16 => r 2 = 41 r = yftT\ 

rSinO -4 „ 4 

rCos0 5 5 


Sin 6 +Cos0 = {l)Sin0 +(l)Cos# 

Put rCos^o = 1, rSin^ff = 1 
= rCos (p Sin 6 + rSin (p Cos 0 

= rSin ( 0 + <p ) = V2 Sin( 0 + 0) 

3Sin 0 - SCos 0 = 3Sin 0 + (- S) Cos 0 
Put3 = rCos^ & -5 = rSin#> 

= rCos <p Sin 0 + rSin (p Cos 0 ~ y Sin ( 0 + <p ) 

Where r = V34 and tan 0 = - 5/3 

As r 2 {Cos 5 0 + Sin 2 0) = (3) 2 + (-5) 2 

r 2 = 9 + 25 = 34 => r = ^34 

rSin0 -5 - 5 

= — => tanf? = — 

rCos0 3 3 


r 2 (Cos 2 0 + Sin 2 0) = (1) 2 + {1) 2 = 2 
=> r = V 2 

. rsina> 1 , 

ana — = - => tan <p = 1 

rcos^ 1 


Double Angle identities 


Therom i. Prove that Sin2a = 2Sin a Cos a 

Sol. Sin2a =Sin(ff + a ) 

= SinaCosa + CosorSina 
= Sin a Cos a + Sin a Cos a 
Sin2a = 2SinO' Cosa Hence proved 
Similarly sin a = 2Sina /2 Cos or /2 
Therom ii. Prove that Cos2 a ■ Cos 2 a - Sin 2 a 


Sol. Cos2 a = Cos { a + a ) 
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= Cos#Coscr -Sina Sinai 


- Cos 2 a -Sin^a 

Cos 2 or = Cos 2 « -Sin 2 a; Hence Proved 
Similarly Cos a - Cosher /2 - Singer /2 

2 tan a 

Therom iii. Prove that TanZ a = - -■ 

1 — tan a 


Sol. tan! a = tan(cr + a ) 
tan a + tan a 


2 tan a 


Similarly tan a = 


1- tana tan a ]-tan a 

2 Van a 


Hence Proved 


1 - tan 2 a / 2 

Example 3. Gujranwala 2009, Rawalpindi 2009, Federal 

Reduce Cos 4 0 to an expression involving only function of multiples of 0 raised to 
the first power. 


Sot. Cos 4 0 = {Cos 2 #) 2 


( \+Cos2d 


Cos 2 0 - 


1 + Cus26 


= ^ (1 + Cos2 6 ) 2 


1 


[1 + 2Cos2 0 + Cos : 2 0 } 


1 , „ 1 + 0*340 , „ 

= - 1 + 2Cos2 0 +- ] v Cos 2 2 0 = 

4 2 


1 f 2 + 4 CoslB + 1 + Cos 46 
~ 4 2 

- - [3 + 4Cos2 f? +Cos4 0] 

8 


1 + Cos40 


J 
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Double Angle Formulas 

i) Sin2# = 2Sint? Cos# 

ii) Cos2 0 = Cos J 0 - Sin 2 0 

Cos2 0 = 2Cos 2 t? — 1 

Cos2 6-1- 2Sin 2 # 

.... - 2 tan# 

m) tan2# z — : 

I - tan ' 0 

iv) 1 - Cos2t? = 25in 2 £? 

v) 1 + Cos2 0 = 2Cos 2 0 


K 

7 


Double Angle Formulas 

Sin 0 = 2Sln0/2Cos0/2 

> Cos 0 - Cos 2 (9/2- Sin 2 0 /2 

Cost? = 2 Cos 2 6>/2-1 

Cost? = 1 — 2Sin 2 6?/2 

. 2 tan 0/2 

tant? = — - - 

1-tair 0/2 

1-Cos 0 = 2Sin 2 (9 /2 

1 + Cost? = 2Cos 2 0/2 


EXERCISE. 10.3 



12 

1. i 

Sin a = — 


13 

Sol. 

Cos 2 a = 1 - 


Sargodha 2010 


.LlSl'.l-l" 

13 J 169 


169 144 
169 


25 

169 


Cos a - ± 


13 


Cosa = -p (Because a is in 1 quad) 


tana = 


Since 12/13 


Coxa 5/13 
Now Sin2 a = 2Sin a Cos a = 2 
Cos2 a = Cos 2 a - Sin 2 a 

■ ©' -@r 

2 


12 

5 


_25 
169 169 

f!2 


12 

— 7X 

5 

12 ' 

13. „ . 

Multan 2008 

144 25 -144 -119 


( 5 ) 120 

U3 J 169 


169 


169 


tan2a = 


2 tan a 

t-lan 2 a 


1 - 


'12' 

l5. 
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II. 

Sol. 


2 . 

Sol. 

3. 

Sol. 


24/5 24/5 24 25 -120 

144 _ 25 — 144 _ 5 * -119 ~ 119 


1 - 


25 


25 


Cos cr = 0< a n f 2 

5 


Sin 2 a = 1 - Cos 2 a = 1 - - = 1 - 


25 


25-9 _ 16 
25 " 25 


4 r 4 

Sin or = + — => Sin a - - (Because a is in I) 

5 5 

Sina 4/5 4 / 4 

tana = = = —j x — - — 

Cosa 3/5/3 3 


0 

ii) 


24 

Sin2 a = 2Sina Cosa - 2(4/5) (3/5) = — 


Cos2 a = Cos a - Sin a = - - — = - ■ 


16 9-16 -7 


25 25 


25 


25 


/4 


tan2 a = 


_ 2 tang [3j 8/3 8/3 8/3 8 9 -24 

2 - 1 _16-9-I6--7/9- 3 X -7- 7 


1 - tan ‘ a 


1 


Cota - tan a = 2Cot2 a Faisalabad 2007, Multan 2009 

Cosa Sina Cos 1 a - Sin z a 


L.H.S"Cota -tana - 


Sina Cosa 


SinaCosa 


2(Cas 2 a - Sin 2 a ) „ , _ , . 2Cos2a 

— - ( X' & + by 2) = = 2 Cot2a = R.H.S 

2 SinaCosa Sin2a 


Sin 2 a 
1 +Cos2a 


= tan a Multan 2007,09 Gujranwala 2009, Sargodha 2008 


„ Sin2a ISinaCosa Sina 

LH.S = = - = = tana = R.H.S 

l-tCos2a 2Cos^a Cosa 
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4. 


Sol. 


Sol. 


Sol. 


7. 


Sol. 


1 - Cosa a 

=tan — 

Sina 2 


Sargodha 2008, 09 


L.H.S = 


1 -Casa 


2 Sin I 2 — 


Sina 

Cosa - Sina 
Cosa + Sina 


2 Sin- Cos a Cos- 

2 2 2 


„ cx 
Sin — 

2 or 

— = tan — = R.H.S 

a 2 


= Sec2cr -tan2ar 


Cosa - Sina Cosa - Sina Cosa - Sina 

L.H.S = — = X 

Cosa + Sina Cosa + Sina Cosa - Sina 
_ (Cosa - Sin af _ Cos 2 a + Sin 2 a - ISinaCos a \-Sin2a 


Cos ‘a - Sin 2 a 
1 Sin2a 


Cos 2a 
* =Sec2a - tan 2 a - R.H.S 


Cosla 


Cosla Cos2a 

Sina / 2 + Cosa / 2 


1-h Sina 
\l-Sina 

L.H.S 


Sina / 2 - Cosa i 2 


1 + Sina _ j Sin 2 a / 2 4- Cosset / 2 + 2Sina / 2Co.va / 2 
1 - Sina \| Sin 2 at 2+ Cos 2 a / 2 - 2 Sin a / 2Cosa / 2 


I (Sina / 2 + Cos a ! 2) 2 _ Sina / 2 + Cosa 12 

V (Sinai 2 -Cosa! 2) 3 Sina /2-Cosa !2 R ' H ‘ S 


Cos0+2Cosec2$ 

Seed 


- Cos 6 /2 


1 2 l_ + / 


L.H.S = Co -gfl+2Cf>sec2ff = Smff + SinlG _ + YsinCosO 

SecO 1 1 

Cos 8 Cos& 


f Cos&i 1 




XCos 2 6 / 2 Cos& (2 


tSin& 1 ICosQ / 2 “ Si«0/2 


* Cot#/2 = R.H.S 



COLlEGEMATHEMATtCS-l 
8. l + tanatan2a >Sec2a 


Sol. 


9. 


Sol. 


11. 


Sol. 


ft 


TRIGONOMETRY IDENTITIES 


L.H.S = 1 + tan a tan2 a = 1 + 


Sin a Sinla CosaCosla + SinccSinla 


Casa Cos2a 


CosaCos2a 


Cos a (1 - 2Sin l d) + Sinct . ISinaCosu firfta [1 - ^Sbfa + JJiiffa ] 

CosaCos2a (Se$a Cos2a 


1 


= Sec2er = R.H.S 


Cosla 

2 SinO SinlO 
CosO + Cos 20 

ISinO Sin29 


L.H.S = 


CosO+CasW 
ISinO SinlO 


= tan2 6 tan 0 

(Cos3 0 = 4Cos 3 0 - 3 Cos 0 ) 


2SinO SinlO 


iSinO SinlO 


Cos0 + 4Cps i 0-3Cos0 ~ 4Cos 3 0-2Cos0 " /Cos0(2Cos 2 0-\) 
Sin 0. SinlO 


CosO. CoslO 


= tan#tan2# = tan2# .tan# = R.H.S 


10. 

Sin 20 


SinO 

Case =2 

Sol. 

L.H.S = 

Sin30 Cos20 


Faisalabad 2009 


SinO CosO 


Sin 0 Cos 0 


SinO CosO 


SinlO 2 Sip&effsO 

• = 2 “ R H S 

SinO CosO . SinOCUsO 


CasiO Cos 20 

+ — - = 4 Cos2 0 


CosO 


SinO 


Federal 


, Cos3& Cos30 SmOCosiO + CosO Sin30 
L.H.S - — ■ — : h 


Cos 9 
Sin (0 + 30) 


SinO 

ISinAO 


CosO SinO 
2Sin2{20) 


SinOCasO ISinO CosO SinlO 

2.2 SMfl" Cos20 

$»fZ6 


4Cos2# = R.H.S 
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12 . 


Sol. 


13. 


Sol. 


Sol. 


15. 

Sol. 


tan 9 / 2 + Cotd / 2 
Cot9 / 2 - tan 9/2 


- Sec 9 


LH.S* 


SinO/2 Cos 6/ 2 

tang/2 + CotOJJ. = c’wg/2 + Sinff/2 
Cord / 2 - tan (9/ 2 Cos9/2 _ Sin6 / 2 
SinQil Cos 9! 2 


S/w 3 fl/2+Ccw J g/2 

Sin9J2Cos9n _ 1 SinQX^rsBVl 

Cos 2 9 ! 2- Sin-912 ~ CosBMZrSmtiTl * Cos 2 6 / 2 - Sw 2 g / 2 
S/»0/2O>.s0/2 


1 


Cosg 

S/«3g Co.v3g 


= Secg = R.H.S 

= 2Cot2 9 


Cos9 Sin9 

„ Cat 30 Sin38 Sin 6 + Cos 30 Cos 9 

L.H.S = + = : 

Cos 9 Si n 9 Sin 6 Cos 9 

Cos 30Cos0 + Sin30 Sind 2Cos(W - 0) 2Cos29 


SiriB Cost) 


14. Sin 4 9 = (Sin z 0 ) z = 


\-Cos29 


\-2Cos20 + 


[3-4 Cos2 0 + Cos4 0] 


I 2Cos20 + Cos 2 29 _ 1 
4 ” ’ 4 

' 2-4Cos 2 9 + l + Cos40 

2 

_ 3-4Cos29 + Cos-W 
8 

When 0 = 18° Multiply by 5 

then 5 0 = 90° => 19 + 30 =90° => Id = 9Q°-3 6 
Sin {20) = Sin (90° - 3 0 ) => 2 Sin 0 Cos 0 - Cos3 0 


2 Sin 9 Cos 9 Sin29 

Faisalabad 2009, Federal 

l+Cos49 


= 2 Cot 2 9 


Sin 2 9 = 


1 - cos 20 


Cos' 20- 


1 4- COS 40 
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2Stn# = 4Cos 3 0 - 3Cos # = (4Cos 2 # - 3) 

2Sin # = 4(l-Sin z #)-3 => 2Sin# = 4-4Sin 2 # -3 
* 

4Sin z # + 2Sin £2 -1 = 0 a'=4,b = 2,c = -1 


Sin# - 


-b±4b 2 -4ttc -2± > /(2) i -4(4)(-I) 


2a 


2 ( 4 } 


Sirv# 


_ -2+V4+T6 _ -2 + V20 = -2+2>/5 ^ /(-l±V5) 


Sin# = 


8 

-l±Vs 


Put# = 18° then Sin 18° = 


8 

-i+V$ 


4 '4 

^-l + VS^ 


Because 18° is in I quadrant 


Cos 2 # = 1-Sin 2 # = 1- 


= 1 - 


Vs-i' 


= 1- 


5+1-2V5I 16-6+2V5 ■ 10+2V5 


re 


Cos 2 # = 


CoilS 0 = 


10+ 2 >/5 

16 

-^1 0 + 2 Vs 


=± 


16 


Dttl8"=± 


16 


V1O+2V5 


(Because 18° in I quad) 


11. When # = 36° 

Sol. then Cos2# = 2Cos 2 # -1 

. . Put # = 18° ^ Cos2 (18°) = 2Cos 2 (18°) - 1 


Cos36 - 2 


f yj\0 +2^5 ^ 

4 


— 1-2 


10+2V5 


Y 


16 


-1 


_ 10+2V5-8 _ 2+2V5 _ 2(1 + VS) 
= 8 8 8 

Cos3^= , Sin 1 9 . = V-Cg^ 9 


4 
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Sin 2 36° = 1 - Cos'36 


iacO 


Sm 2 36 D = 1- 


^ 1 + V5 V = 1 (\ + 5 + 2 ^ 5 ) 16-6-2 V? 


V 4 7 


16 


J 


16 


16 4 

iii. When 0 = 54° 

Sol. Cos54° = Sin (90° - 54°) * Sin36° = - ° "" 2 ^ 


Sin54 5 = Cos (90° - 54°) = Cos36 5 = 


4 

i+Vs 


iv. When 9 = 72° 


o _ V 


Sol. Sin72 = Sin (90° - IS ) = Cosl 8 ° = 


/lO + 2V2 


5^72" = Cos 72" = COS (90° - 18°) = Sin 18° = 


— I + V 5 


19. 


Cos36 0 Cos72 0 CoslOS 0 Cosl44° = 


16 


Sol. L.H.S - COS36 0 Cos72 0 C 0 SIO 8 0 Cosl44° 

= Cos35 a Cos72 0 Cos(180 0 - 72 J )Cos(180 D - 36 u ) 
= Cos36 0 Cos72 0 (- Cos72°) (- Cos36°) 


= Cos 2 36° Cos*72 0 


1 + VS V f -s/5 — 1 V ( 1 + 5 +2V5 ) f'5 + 1 -2V5 


16 


16 


(6+2\' , 5)(6-2V'5) (6)" -(2v'5) 2 


16 x 16 


16 x 16 


36-(4x5)_ 36-20 _ 16 _1 
16x16 ” 16x16 _ 16xl6 _ 16 
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EXERCISE. 10.4 


Formulas : Product To Sum 

i) 2Sin a Cos fi = Sin ( a + /? ) + Sin ( a - j3 ) 

ii) 2Co$cr Sin ft = Sin ( a + 0 ) - Sin j a -ft ) 

iii) 2CoscrCos/? = Cqs( a + /? } + Cos(# -/? } 
tv) - 2 Sin a Sin fi - tosj a + fi ) - Cos( a - ft ) 

Sum To Product 


v) 


VI 


vii) 


viii) 


_ P + Q P-Q 

SInP + Sin 0 = 2Sin - - Cos — — - 


P + Q p — Q 

SinP - Sin = 2Cos — ~ Sin — thena 

P + O 

CosP + Cos £7 - 2Cos — Cos 


CosP - Cost 


. P + Q 

=^Sin ~ Sin 


2 

P~Q 

2 

P - O 


Take a + p = P &a 
a + ft + a- p 

— >2a - P + Q=> a - 


Similarly 


P = 


-P = Q 

= P + Q 

P + Q 

2 

P-Q 


2 . 

Example - 1. Express 2 Sin 7 0 Cos3 6 as a sum or difference. 

Sol. 25107 000536! = Sin(7 0 + 30) + Sin(70 -30) 

= SinlO0 + Sin4 0 

Example - 2. Prove Sinl9°Cosll° + Sin71° Sinll° = 1/2 
Sol. L.H.S = Sinl9 c Cosll° + Sin71 c Sinll° 


= 1 [2Sinl9 c Cosll° + 2Sin71°Smll°] 

2 

- | [ZSinig'Cosll 0 - (-2Sin71 0 Sinll°)] 

- ~ [{Sin(19 u + 11"} + 5in(19 n - 11°) - {Cos(71° + 11°) - Cos(71 D -11°)}] 

= 1 I5in30° + Sins' 3 - COS82 13 + Cos60 L '] 

1 
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TRIGONOMETRY IDENTITIES 


]_ 

2 

2 

1 

2 


-+ SwS -Cos( 90" -8' ) + — 
2 2 


-+ + 


1 


1 1 

+ — 

2 2 


- (1)- - = R.H.S 

2 2 


Example - 3. Express sin5.v + sln7.v as a product 
Sol. 


Saigodha 2008,09 


SirtSx + Sinlx = 2 sin — - — cos — - 2 sin 6s: cos x 


2 2 

Example - 4. Express CosA + Cos3A + CosA + Cos7A as product. 
Sol. CosA + COS3A + CosSA + Cos7A 

= (Cos7A + CosA] + [CosSA + C0S3A] 


2 cos 


1 A + A 


cos 


7 A - A 


2 cos 


SA + A 


cos 


5 A 


= 2Cos4A Cos3A + 2 Cos 4A CosA 
= 2Cos 4A [Cos3A + CosA] 


=2C0S 4A 


2Cos 


3A ■+■ A 


Cos 


3A - A 


= 2 Cos 4A |2Cos 2A CosA] = 4cos4ACos 2A CosA 

Example - 5. Show that Cos20 l) Cos40° Cos80° = — 


8 


Multan 2007 


Sol. L.H.S = Cos20° Cos40 '‘CosSO 0 

_ 1 
~ 2 

1 


1 


Cos20° [2Cos80 u Cos40°] 

Cos20° [Cos (80° + 40°) + Cos (80 u - 40°)] 

1 


= - Cos20°[Cosl20° + Cos40°]= - Cos20° 
2 2 


— + Ow40'' 

7 
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TRIGONOMETRY IDENTITIES 


1 -\+2Cos40 1 

= - Cos20 ; - ~ 

2 2 4 


Cos20° [- 1 + 2Cos40°] 


= - [- Cos20 c ‘ + 2Cos40 l, Cos20 B ] 

4 

= - [- COS20° + Cos (40° + 20°) + Cos (40° - 20°}] 
4 


= i [- + Cos60°) + - -- [Cos60°] 

4 4 



- = R.H.S 
8 


1. 1. 2S1n3#Cos0 
Sol. = Sin(3 <9 + 6 ) + Sin{3 9 -0) 

= Sin4 0 + Sin2(? 
iii. Sin5 0Cos# 

Sol. - - (2Sin5 9 Cos2<9) 

2 

= ^ [Siri(5 9+29 }+Sin(5 # -20)1 

= ^ (Sin7 (9 -nSinB 6* ) 

v. Cos(x + y) Sin (x - y) Rawalpindi 2009 


ii. 2Cos5 0 Sin3 0 Faisalabad 2008 
Sol. = Sin{5 6 +3 0 ) - Sin^d? - 39 ) 

= Sin8i9 -Sin20 

iv. 2Sin7 0 Sin2 9 Multan 2007,Sgd 2011 
Sol. = - (- 2$in7 #Sin2 6 ) 

- - [Cos(7 0 + 29) — Cos(7 9 - 29 )] 

- -(Cos9f? -Cos5(? ) 

= Cos5 0 - Cos9 0 


Sol. 


= ~ ( 2 Cos (.v + y)Sin ( x - y)) 

= ~{Sw ((.v + y) + (x- y)) - Sin (x + y) - (x - v)) 
- + y + x- + y- / + v}) 

= ^(Sifi2x - Sin2y) 
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TRIGONOMETRY IDENTITIES 


VI. 


Sol. 


Cos {2x + 30°) Cos (2x - 30°) 

= - ( 2 Cos ( 2x + SO" ) Cos ( 2.x - SO " ) ) 


= - Cos(2x + 30" + 2x - 30" ) + Cos (2x + SO" ) - \2x - 30 " )" 
Cos ( 2.x + + 2.x - ) + Cos ( + 30" - X + 30 " ) 

- ^{Cos4x + Cos60° J 


1 

2 L 


vii. Sin 12° Sin46 c 


Sol. 


vlii. 

Sol. 


= -y {- 2Sinl2“Sin46°) = - ^ {Cos (12 e + 46°) - Cos(12 u - 46°}) 

= (Cos58° - Cos{ - 34°)) = -- (Cos58 s -Cos34°) 

2 2 

Sin (x + 45°) Sin (x - 45°) Multan 200S 

= - -j( - 2 Sin (.v + 45 " ) Sin (.r - 45 " )) 

= - j[Cos [( jc + 45" ) + ( jc - 45" )] - Cos [ (x + 45 " ) - (jc - 45" )' 


Cos [a- + 0^ + x - 0^^ - Cos ( / + 45" -/ + 45" ] 
- = - Ucos2x - Cos90" ] = y (- Coslx + Cos90 " ) 


= ^(Cos90" - Cos2x) 


2.1 

Sol. 

ii. 


Sin5 0+5in3 0 Faisalabad 2007 

.50 + 30 ,, 50 30 


= 2Sin ' 


-Cos 


- 2Sin 4 0 Cos 0 


Sol. = 2Cos 


2 2 

Sin80 -Sin40 Sargodha 2008 

80 + 40 80 - 40 


+ Sin ■ 


= 2Cos60Stn2 0 


2 
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TRIGONOMETRY IDENTITIES 


jjj. Cos6 0 + Cos3 0 

be + 36 

Sol. - 2Cos — 


tv. 


Sol. 


v. 


66 - 36 90 3 6 

Cos = 2 Cos Cos — 

2 2 2 


Cos7 6 - Cos 6 Multan 2008, Lahore 2009, Sargodha 2011 

16 + 6 16-6 


- ZSin — Sim 

2 

Cosl2° + Cos48° 

12" +48" 


- - 2 Sin 41? Sin3 0 


Sol. = 2Cos- 


Cos 


12" - 48" 


VI. 


Sol. 


3,i 


Sol. 


ii. 


60" „ (-36") 

- 2Cos Cos — 

2 2 

= 2Cos30°Cos(18°) 

Sin (at + 30°) + Sin (.v- 30°) 

( 

- 2Sin 


Cos(-0) = Cosd 


x + jY + x-yf 

Y 


Cos 


Multan 2008 

(x + 30")-(.x-30") 


='2 Sin 


_ f / + 30" -/ + 30" 


i 


Cos 




= 2SimCos30° 


Sinix - Sin . v 


= CotZ.v 


Lahore 2009 


Cosx — Cos 3 x 

Sin3x - Sinx 


L.H.S = 


Cosx - Co six 

3jc -+ a: 3x-x 

2Cos S/M 

2 2 


Co.v2.rS/nx 


Cos2xSinx 


_ 3x + x x 3 a - Sin2xSin(-x) -Sin2x( Sinx) 
-2S/m Sin 

2 2 

= Cot2*=R.H.S 
Sin%x + Sinix 


Cos 8 A' + Cos2.v 


= tan5.\ 


Cos 2 x fiiivc 
Sinix 
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TRIGONOMETRY IDENTITIES 


Sol. 


L.H.S = 


SinHx + Sin2x 


~ c . 8.v+2.\' 8 x~2.y 

25m Cos 

2 2 


Co.vS.t + C.Vj.t 2x 8x + 2x 8x-2x 

2Ces Gas 


4.i 

Sol. 


SinSx j2ar?x 
Cos5x jSxrflx 


= tanSjt = R.H.S 


Since ~ Sin B a - B „ a + B 

nt. — = tan — Cot — 

+ 57/1/? 2 2 

5m a - Sinfi 


Sargodha 2010 


Sol. L.H.S = 


Sin a + Sinfi 

X Cos( a + 2 P)Sin{ a “ 


- Cot 


a + P 


tan 


2 

a - V? 


Cos! 

( a + p 

L _ r 

Si>:| 

'a+p 

C 2 

tan 

a - p 

2 


57/v 


a - ft 


Cos 


a - p 


Cot 


a + P 


Cos20° + CoslOO 0 + Cosl40° = 0 

L.H.S = Cos20° + CoslOO 5 + Cosl40° 


= 2Cos 


20 " + 100 


•A 


\ 


Cos 


J 


20" - 100 u 1 


+ Cos (180° -40°} 


= 2C0S 60° Cos(- 40 s ) - Cos40° 


■*7 


COS40 - COS40 


= =0 = R.H.S 


Sin 


n _ | 

0 Sin 

4 I 


K \ 1 

— + 0 = — Cos 2 Q 

4 J 2 


Sol. 

L.H.S = Sin 

' n 

\ 

j Sin 

n X) 



J 

j 


l 4 ) 
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TRIGONOMETRY IDENTITIES 


=4‘- 2sin (f- fl ) sin (f +9 


Hi. 


Sol. 


t K 
■ -j + 

4 


1 f* 

= [Cos 

2 ' (4 


= - — [Cos f 2 x — 
2 1 4 


= -|[Cos ^ -Cos.(-20)] 

-- -[O-Cos20] = -Cos20 = R.H.S 
2 2 


\ 

-Cos 

1 

i-M 

J 

\4 J 

1 U JJ 


\ : 

f flr a 

:/ \ 

- Cos 


1-9 

/ ' 

\n A 

i 

' J 


Sind + Sw30 + Sin50 + 

Cos# + CoslG + CYu50 + CoslO 

SinO + Sin30 + SinSO + SinlB 


tan 49 Sargodha 2011 


L.H.S = 


CosB + Cos 30 + Cos59+ CoslO 

2S,n e - + W Co s C™ +2Sin SL+_™ Cos ^ie 

2 2 2 : 2 

,^„„0 + 3 9^ 0-3 0 ^ 50 * 70 50-70 

2C os Cos -T* 2 Cos Cos 


ISinlOCm (-0)+ 25m 60 Co(-O) 

2Cos29 Cos {-9) + 2Co.v 00 Co(-0) 

7 (Sin20+ Sin60) ' 

2 pLtsi^p) (Cos20 +Cos60) 

- c . 29+60 20-60 

2Sm 2 Cm 2 ~ ^SinAOCos^) 


2Cos 29+60 Cos W ~ 60 fcos49 CM*Z0) 
■ 2 2 


— tan 40= R.H.S 


5,i Cos20° Co$40° Cos 60° CosSO 0 = 


16 


Faisalabad 2008, Sargodha 2008 


Sol. 


L.H.S = Cos20° Cos40° Cos60 0 Cos80' 
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TRIGONOMETRY IDENTITIES 


= Cos20° Cos40 


1 


f 1 A 


J 


CosSO 


= - (Cos20“ Cos40°) CosSO 0 


(2Cos20° Cos40°) Cos80° (Y & ' ' by 2) 
(Cos (20 s + 40 s )+ Cos(20 0 -80° )] CosSO" 


= - [ (Cos (20° + 40°) ] CosSO 0 + (Cos (20° - 40°)) CosSO 0 

4 

= - (CosSO 0 CosSO 0 + Cos20° CosSO 0 (Cos(-20°)= Cos20°) 

4 

,i ( i CM 80 " + ^^“ s80 "| 

4 2 2 


(CosSO 0 + COS (20° + 80°) + COS (20° - 80°)) 


= - (Cos(180° - 100“} + Cos (100°) + Cos (- 60 u )] 

8 


1 


[- £**rT0{F-i- J2esHJ0 r + Cos60°j 


i rn i 


8 12 J 16 


= R.H.S 


Sol. 


9 2 3 9 16 


„ n 2 n n ... 4tt 
L.H.S = Sin — Sm — Sin — Sin — 
9 2 3 9 


Multan 2009 


= Sin20°Sin40 o Sin60 o SinS0‘ 
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TRIGONOMETRY IDENTiTIES 


= Sin20 Sin40°— — Sin80 




= ^ (Sin20°Sin40 D )Sm80° 

V3 

= (-2 Sin20°Sin40 o )Sin80° 

/ 3 

= - — [Cos (20° + 4Q°) - Cos (20° - 40°)] Sin 80° 


S 


~S( 1 


[Cos 60° - Cos (- 20°)] Sin80°= - - Cas20° 

4 4 U 

V3 1 

= [- Sin80° - Cos2Q°Sin80°J 

4 2 

5 Sin 80" -2Cos20" Sw80' 

4 2 1 


80' 


V3 


8 

"-^[.SiirtOl^- Sin (- 60 u ) 


{Sin (180° - 100°} - [Sin (20° + 80°) - Sin (20° - 80°)]} 


V 3 


(- Sin60°) = - —— 

8 8 


S( S' 


L 2 ; 


= — = R.H.S 

16 


fii. 

Sol. 


SinlG ,J Sin30 o Sin50 D Sln70° f — Multan 2007, Faisalabad 2008, Sargodha 2009 

1 6 

L.H.S - Sinl0°Sm30 D Sin5G“$ln70° 


- Sin 10° | - [ Sin50°Sin70° 

2 


- - (SinlQ° Sin50°]Sin70° 
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TRIGONOMETRY IDENTITIES 


(- 2 SinlQ 0 Sin50°)Sin70° 


= - [Cos (10° + 50°) - Cos (10° - 50'}] Sin70°} 

4 


= -i [Cos60° - Cos(~ 40°)] Sin70° 

4 

* - - [Cos60° Sin70°- Cos40°Sin70°] 

4 

= -- [ — Cos70° - Cos40°Sin70°] 

4 2 

I f Sm70° - 2Cos40" Sin 70" N 
= “ 4 l 2 


= - - [Sin (70°) - {(Sin (40° + 70°) - Sin (40° - 70°}>] 
8 ^ 

--- [Sin (180°- 110 u } - SinllO 0 + Sin ( - 30®)] 

8 

= - Sin30° J 


1 

8 


= — = R.H.S 
16 
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TEST YOUR SKILLS 


Marks: SO 


Q # 1. 


ill. 


IV. 


V. 


VI. 


VII. 


VIII. 


Select the Correct Option 

5m294' J - 
a) Sin24 u 

c) -Sinir 

Sin20 = 

2TcmG 


(10) 


a) 

c) 

Cos 


\-Tcm~0 
I - TarrO 
1 +Tan 7 6 


K 


+ J» = 


a ) Cos /? 

c) Sin/3 

Cos 0/2 is equal to: 


a) 


c) 


1 - Cos2£? 


1 +Cos20 


SinOj 2 is equal to: 
a) 


+ Sina 


c) 


I + Cos a 


Cos 1 9 is equal to: 
a} \±Cos20 

1+Cos20 

C) 

Tan{n — a) equals: 
a) Tan a 

c) Tana 

3 Sin a - 4SirT a is equal to: 
a) Cos-3 cr 

c) Cusla 


b) 

d} 

b) 

d) 


b) 

d) 


b) 

d) 

b} 

d) 

b) 

d) 


Cos24" 

-Cos24" 

2Tan8 

ur^Te 

l + 7a»^ 
1 - Tan' 9 


-Cos/3 

—Sin/3 


- CosO 


+ CosO 


I - Cosa 


- Sina 


\ -CaslO 
\ -CoslO 


b) Cot a 

d) -Cota 

b) Sin3a 

d} Sina 
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TRIGONOMETRY IDENTITIES 


ix. if a + (3 + y - 1 80" then Cos (a + (i) - 


a) Sin y b) 

c) -Cosy d) 

2Sin\2" SinW = 

a} Co.t34' j +Coi-58" b) 

c) Sin34“ +Sin5S" d) 


Cosy 

-Siny 

SM4*~Co55 8 u 
SinW - Coj'5 S ' 


Q # 2. Short Questions: (10 X 2 a 20) 

i. State the Distance Formula: 

ii. Express Cos 7 9 + Cos9 as product 

iii. Prove that Cos330" SintOO" + Coil 20" 5ml 50" = -l 


iv. 


v. 


Find the value of Sin2a and Cosla when Cosa - 3/5 where 0 <a < n/2 


Prove that 


Sma + Sinfl \ 2 j \ 2 J 


VI. 

vii. 

viii. 

ix. 


Prove that Swi(90" - a)£iw(l 80” +a)~ -SinaCosu 
Show that Cos {a + j3),Cos{a - jd) - Cos 1 [3 - Sin 2 a 
1 Cosa 


Prove that 


Sina 


■ = Tm«/ 2 


Without using tabie/calcuiator find values of Sw75"and Tan 75" 

D * h f Coil 1" + Sin] I" „« 

Prove that — = lan 56 

Cos] V -Sin) 1" 


Long Questions: (2 X 10 = 20) 

Q # 3. (a) Express 3Sin0 + 4 Cost? in the form of rSin(B + <p) 

(b) If a + (3 + y = I 80" show that CataCotp + Cot flCoty + CotyCota = 1 

Q# 4. (a) If Sina = 4/5 and Sin ft = 12/13 Find value of Cos {a -/?) 

Where jt/2 < a < n and 7tjl< (3 <n 
(b) Provethat Sin\Q“ SinW SinSO" Sin7Q a =1/16 
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TRIOUOMETRIC FUNC TI0H 5 AND THEiR GRAPHS 


TRIGONOMETRIC FUNCTIONS 
AND THEIR GRAPHS 



Domain & Range of Trigonometric Functions: 


Function 

Domain 

Range 

y = Sinx 

~oo < x < + CO Mult 2007,09 Fsd 2008 
Guj 2009 Sgd 2009 

— 1 < y <_1 

y = Cosx 

-x < x < + x Lhr 2009 

- 1 <y < 1 

V = tanx 

-X < X < + 00 , 1 — - — j!T,n€Z 

— X < y < X 

Fsd 2009, Sgd 2010, fiawal 2009 

y = Cotx 

-x<x<«,x^n/r,nfcz Mult 2009 

- x < y < x Sgd 2006, Oil 

y - Secx 

f 2n+l 'i 

-«><x<x,x?t| — — jx,ne.z Sgd 2011 

Y>lory<-l Fscfzo^ 

y = Cosex 

-co <x<+x-, x^nzrnez 

y > 1 or y <-l 


Period of Trigonometric function: 


The smallest + ve number which when added to the original circular measure of the 
angle gives same value of function is called period. 

Sine is a periodic function and its periods is 2 n . 


Proof: 


Suppose p is period of sine function such that Federal 

Sin [0 4 p) = Sin 0 , V 0 e R I 

Now Put 0-0 

Sin p - 0 => p = Sin' L 0 
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TRIOHOMETHIC FUNCTIONS AMD THEIR GRAPH S 


^ p = 0 + K , ±2 7t , ±3 7T , 


If P = n then form I 


Sin (/r + 0) = Sin 6 


False because 


sin (jr f 9) = -sin# 


if p = 2/r then from (1} 

Sin (In +0 ) = Sin 0 (Which true) As 2 n is smallest + ve number for which 

• *- 

Sin (2/r + 0} = Sin 8 
2 n is period of Sin 8 
Similarly we can prove that 

(i) . lit is period of Cos# 

(ii) . 2/r is period of Cosecf? 

(iii) . 2 n is period of Sec 8 

Theorem: Tangent is periodic function and its period is n : Federal 

Proof: Suppose p is period of tangent function such that 
Tan (8 + p) = Tan 0 , V 0 e R I 


Now put 0=0 

Tan (0 + p) = Tan 0 => p =Tan _1 (0} 
p = 0, ± /r , ±2n ±3n 


If p - n then from i 
Tan (d + n ) = Tan ( 8 ) Which is true 
As n is smallest +ve number for which Tan ( 0 + n ) = Tanf? 
n is period if Tan 0 
Example. Find the period. 


o>. 


Sin 2x 


(ii)- 


Tan 


x 

u 


Sol. (i). We known that the period of Sine is 2 /r 
Sin (2x + 2 n ) = Sin 2x 
=> Sin 2(x + 7r } = Sin 2x 


Sargodha 2007, Multan 2008, Faisalabad 2009 



COLLEGE MATHEMATICS-1 


irionometric functions and their graphs 


Hence n is period of Sin 2x 

(ti) We know that period of tagent is n 


Tan | ~ + n | - Tan f y 


Tan — (* + 3/T) - Tan 
3 13 


Hence period of Tan — is 3 n 

3 


EXERCISE 11.1 


l. 

Sol. 


2 . 

Sol. 


3. 

Sol. 


4. 

Sol. 


Find the periods of the following functions: 
Sin 3x 

We know that period of sine is 2 n 

( 2k 


Sin (3x + 2 K ) = Sin 3x => Sin 3 


.v + — - | = Sin 3x 

3 


2k 

Hence — is period of Sin 3x 

Cos 2x Multan 2009, Rawalpindi 2009 

We know that period of Cos is 2 n 

Cos (2x + 2 n ) = Cos 2x => Cos 2 (x + k ) = Cox 2x 
Hence period of Cos 2x is n 
Tan 4 7i Gujranwala 2009 

We know that period of Tan is n 

Tan (4x + K ) = tan 4x Tan 4(x + ^ ) = Tan 4x 

4 

7T 

Hence period of Tan 4x is - 

4 


Cot 


.r 


We know that period of Cot is n 


Note: 

1. Period of Sin x, Cos x 
Sec x, Cosec x is 2 k 

2. Period of tan x and 
Cot x is n 
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Cot ( — + n ) = Cot — Cot 

2 2 

1 X 
=> Cot - (x + 2?r} = Cot^ 

2 2 

x 

Period of Cot — is 2 /r 

2 


TRIONOMETRIC FUNCT ION S AND THEIR GRAPHS 


5. 

Sol 


x + 2n 


- Cot 


J 


Sin 


71 


Sargodha 2008, 2011 


We know that period of Sine is 2 n 


Sin 


— + 2 n 


u 


Sin 


x + 6/T 


= Sin 

' 3 


X 1 JC 

= Sin — =s> Sin — (x + 6?r) = Sin ■- 
3 3 . 3 


hence 6 n is period of Sin 


- * 

6, Cosec — 

4 

Sol. We know that period of Cosec is 2 n 

x 


Cosec 


^4> Cosec 


2 it 


J 


x + 8/t 


x 

= Cosec - 
4 


X \ X 

- Cosec => Cosec — . (x + 8 ?r ) = Cosec — 
■4 4 4 


Hence 8;r is period of Cosec 


Sin * Faisalabad 2007, Multan 2008, Sargodha 2009 

5 ‘ 

We know that period of Sine is 2 n 

{ ' Y 4 - 1 0 7T \ x 

- Sin — 


( x ^ 

x „ f x + 1 Ott ^ 


- Sin — => Sin 

U J 

5 ( 5 ) 


Sol. 



'J 
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TRIONOMETRIC F U NCTIONS AND TH EI R GRAPHS 


S. 

Sol 


9. 

Sol. 


10 . 

Sol. 


11 . 

Sol. 


1 x 

=> Sin - (x + ]0x) - Sin - 

5 5 

Hence 10 n is period of Sin — 


Cos - 

6 


Multan 2007, Faisalabad 2008, Sargodha 2008 

We know that period of Cos is In 


Cos I 4- 2tt = Cos * => Cos I — I *— ' 


x 

- Cos- 

6 


=> Cos (x + 12 ;r ) - Cos — 

6 6 


Hence 12 n is period of Cos 


Tan ^ Multan 2007, Faisalabad 2008, Sargodha 2009 

m 

We know that period of Tan is n 


X v 

Tan (- + k) = tan - => Tan 

7 7 


x + In 


= Tan - 

7 


^ Tan — jx + 7 n } - Tan ~ ; Hence 7 n is period. 

Cot 8x Faisalabad 2007, Sargodha 2010 

We know thal period of Cot is n 

Cot (Sx + n ) = Cot 8x => Cot sj * + ~ } = Cot 8x 

71 

Hence - is period of Cot 8 n 

8 

Sec 9x 

We know that period of Sec is 2 n 


4k 
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12 . 

Sol. 


13. 

Sol. 


14. 

Sol. 


15. 

Sol. 


Sec (9x + 2 7t ) = Sec 9 x => Sec 9 [ x + 
2n . 

Hence — is period of Sec 9x 
9 

Cosec 10 x 

We know that period of Cosec is 2 n 
. , Cosec (lOx + 2 n ) = Cosec lOx 


In 


Sec 9x 


Cosec 10 jc + 


2 K 

To 


= Cosec lOx 


= Cosec lOx 


7t 

Cosec 10 | x + — 

5 j 

Hence 71 is period of Cosec lOx 
5 

3 Sin x Faisalabad 2009 

We know that period of Sine is 2 n 
3 Sin (x + 2 n } = 3 Sin x 
Hence In is period of 3 Sin x 
2 Cos x 

We know that period of Cos is 2 n 
2 Cos {x + 2 n } = 2 Cos x 
Hence 2 n is period of 2 Cos x 

x 


3 COS 


Sargodha 2011 


What know that period of Cos is 2 n 


X } x 

3Cos i - + 2n = 3 Cos — 
.5 5 


3COS 


x + 10 n 1 x 1 , , t 

=3 Cos = 3 Cos — x + IOtt ) - 3 Cos — 

5 5 5 5 


x 

Hence 10 n is period of 3 Cos — 

5 
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1 . Draw the graph of each of the following function for the intervals mentioned against each 


i. y= Sinx xe [-2;r, 2;r] 

Sol. 


X 

-2 71 

- 3,172 

-n 

~ 7 Z j 2 

0 

i r/2 

71 

3 tt/2 

in 

Y 

0 

~1 

0 

1 

0 

-1 

0 

1 

0 


y 



y 


li. y = 2 Cos x x e [0, In ] 

Sol. y = 2 Cos x [0, In] 


X 

0 

njl 

7t 

'in jl 

In 

Y 

2 

0 

-2 

0 

2 


Y 
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TRIO NOMETRIC FUNCTIONS AND THEIR GRAPHS 


TEST YOUR SKILLS Marks: 15 


Q#l. Select the Correct Option 

i. Period of Cos x/6 is 


a) 12 x 

c) 2n 

it. Period of 3 Coaa is 


a) 3(2k) 


c) 2-T + 3 

iii. Period of Tanxj 3 is 

■ 2 K 

a) — 

c) 3 n 

iv. Period of 3 fo.v a/5 is: 

a) 4k 

c) 5k 

v. Period of Co sec 10 a- is: 


b) 

d) 

b) 

d} 

b} 

d) 

b) 

d} 

b) 

1 , 

d) 


Q # 2. Short Questions: 

Write the domain and range of y = Calx 

ii. Find the period of Sinxf 3 

iii. Write the domain and range of y - Tanx 

iv. Find the period of CW8 jt 
S tate the Domain and Range of Sine Function 


6tt 

n 

2 71 

3 

lit 

6/T 

j c/3 

1 0/T 

2 n 
2n 

T~ 

4 n 

T~ 


V. 
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APPLICATION OF TRIGONOMETRY 




Application of 
Trigonometry 


EXERICISE 12.1 

l. 

Find the values of: 



i. 

Sin 53° 40' 

ii. 

Cos 36° 20' 

Sol. 

Sin 53" 40° = 0,8056 

Sol. 

Cos 36° 20' = 0.8056 

ill. 

Tan 19° 30' 

?v. 

Cot 33° 50' 

Sol. 

Tan 19° 30' = 0.3541 

Sol. 

Cos 33° 50' = 1.4920 , 

V. 

Cos 42° 38' 

vi. 

Tan 25° 34' 

Sol. 

Cos42° 38' = 0.7357 

Sol. 

Tan 25° 34' =0.4784 

vii. 

Sin 18° 31' 

viii. 

Cos S2°13' 

Sol. 

Sin 18° 31' = 0.3176 

Sol. 

Cos 52° 13' = 0.6127 

ix. 

Cot 89° 9' 



Sol. 

Cot 89° 9' = 0.0149 



2. 

Find 6 , if; 



I- 

Sin 0 =0.5791 

ii. 

Cos 6 =0.9316 

Sol. 

O = Sin’ 1 (0.5791) 

Sol. 

0 = Cos 1 (0.9316) 


- 35° 23' 


= 21° 91' 

Hi. 

Cos 0 =0.5257 

iv. 

Tan f) = 1.705 


e = Cos 1 (0.5257) 

Sol. 

0 = Tan' 1 (1.705) 


= 58° 17' 


= 59° 36' 

v; 

Tan Q =21.943 

vi. 

Sin 0 =0.5186 

Sol. 

0 = Tan 1 (21.943) 

Sol. 

0 = Sin 1 (0.5186) 


= 87“ 23' 


= 31° 14' 
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Important Formulas in right angle 


3) . 

4) . 

5) . 
1. 

i. 

Sol. 


n. 

Sol. 


+ y = 180° 

+ 90° = ISO 0 
= 90“ 

= c 2 

... a O* -1 ' a 

Sin a ~ —==>a — Sm - 

c ycj 

b { h 

Cos a _ — =>a=Cai T-1 — 

c \c 

Tana = —=>a = Tan~' I — 
b [h 


Find the unknown angles and sides of the following triangles. 

a* 4, b« ?,<: = ?, a = 45°, y - 90°, p = ? 

P = 90“ - a 


fi =90° -45° = 45° => P = 45 


u c*' a 4 4 r — 

Sin a = - => Sm4y = — => c = ^ |c : 

c c 0.7071 


a 

tana - — 

b 


4 4 r i 

tan45" l = — => 1 - — \b — 4j 

b h 


P - 90° - 60° - 30° —> /?=30 


Sin a - — => Sin 60“ = — 

b 12 


a - 12 (0,866) 


a = 10.39 


Now a 5 + b' ~ =>(10.39)^ + = (12)^ b 1 - 144 - 108 b l - 36 => b - 6 


a . .a 
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Sm4Q" 0.6427 
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Solve the right triangle ABC, in which y = 90“ 

2. a = 37° 20' , a = 243 Faisalabad 2007, Multan 2008, Sgd 2009,10, 11 

Sol. or - 37°23' , p = ?, y = 90° , a = 243, b = ?, c= ? 


3. 


4. 

Sol. 


P - 90° —Of - 90° - 37° 20' =>^r=52 a 40 

a 


Sinor =- => Sin 37°20' = 

c c 


243 243 : 

=> c = 


0.6064 


a 3 + b 2 - c 1 ~ > (243} 3 +■ b 2 = (400.69) 7 
b 3 = 160552.48 - 59049 => b = 318.59 



a - 243, b - 318.59, c = 400.49 
a - 37 s 25'. 0 - 52°40', x - 90° 


a = 62°40', b = 796 , a - ? , c = ? , ft = ? , y = 90° 

Costt = - => Cos (62°40') = r=> C = => 

C c 0.4592 


c = 1733.57! 



B 


a = ? 


C 



B 


3.28 = a 
C 
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a = ?, b = 68.4, c = 96,2 , a = ?, /? ~ ?, y ■ 

a 2 + b 2 = c 2 => a 2 + (68.4) z = (96. 2) 2 

a z = 9370.24-4678.56= 6575.88 => a = 67.64 


a = 5429, c = 6294 


a 2 + b 2 = C 2 => (5429) 2 + b 2 = (6294) 2 
b 2 - 39614436-29474041 = 10140395 => 


a 5429 


a" + b = c => (0.5329) 2 + b = (0,832)' 
b 2 - 0.6922 - 0,2840 = 0,4082- - 4 > lb = 0.6389! 
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EXERCISE 12.3 


mmoi ffliwilhQr looking at B above the horizontal fine, we have i 

to raise our eyes then 


angle <AOB is called of angle of elevation, (see figurel) Fsd 2008, Multan 2009, Sgd 2009,10 
For looking at C below the horizontal line we have to lower our 
eyes, then angle <AOC is called angle of depression. 


Figure: 1 


1 . 


Sol. 


2 . 


Sol. 



A vertical pole is 8m high and the length of its shadow is 6m. what is the angle of 
elevation of the sun at that moment? Gujranwala 2009 

Let require angle is 6 then 

/> BC 
ta r\0 - 

AC 
8 

tan 0 = - tan 6 - 1.33 

6 


6 = tan 1 (1.33) - 53°7'48 



A man 18 dm tall observes that the angle of elevation of the top of a tree at a 
distance of 12m from him is 32°. What is the height of the tree? 

Let AE be height of man and h be the height of tree g 

Tk _ BC 

Then tan 9 - =■ 

AC 


Tan 32 - 


BC 


0,624 


12 

BC = 12(0.624} 

BC = 7.498 m = 7,5 m 
h =BC + CD 


BC 

12 



= 7.5m + 1.8m =? h = 9.3m 
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3. 

Sol. 


4. 

Sol. 


5. 

Sol. 


6 . 

Sol. 

ft 


At the top of a cliff 80m high, the angel of depression of a boat is 12°. How far is 
the boat from the cliff? Multan 2007, Faisalabad 2008 

Let A' be required distance 


Then tan 0 - 


BC 

AC 


80 


Tan 12°= — => 0.2125 = 


80 


80 


x = 


0.2125 


!v= 376,37mJ 



A ladder leaning against a vertical wall makes an angle of 24° with the wall, its 
foot is 5m from the wall. Find its length. 

Let / be length of ladder 

BC 5 

Then Cos 0 = = => Cos 24° - — 

ac e 


/= 5.47m 



Cos2r 0.9135 

A kite flying at a height of 67.2 m is attached to a fully stretched string inclined at 
an angle of 55° to the horizontal. Find the length of the string. 

Let / be length of string then Multan 2008, Fsd 2009 


„ BC 
Sin 0 = = : 

AB 


Sin 55“ = 


6. 72 

e 


/ - 


67.2 


Sin (55°) 


( ! = 82.03 m 



When the angle between the ground and the sun is 30°, flag pole casts a shadow 
of 40m long. Find the height of the top of the flag. 

Let h be the height of plane then 


tan£? = 


BC 


AC 

h = 4Q (tan IQ°) 


tan30 = 


40 


h = 40 (0.577) =$ h = 23.1m 
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7. 

Sol, 


8 . 


Sol, 



A plane flying directly above a post 6000 m away from a 1 anti-aircraft gum 
observes the gun at an angle of depression of 27°. Find the height of the plane. 

Let h be the height of plane then 


tan 8 = 


BC 

AC' 


h 

tan27° 

6000 


h = 6000 (tan 27 D ) => h = 600 (0.5095) = 3057.15 


A man on the top of a 100 m high iight-house is in line with two ships on the same 
side of it, whose angles of depression from the man are 17° and 19° respecting. 
Find the distance between the ships. 

Let distance between two shop is x then 


tan 6 = — 



tun! 9" 0.3443 


x AD - AC - CD = 327.08-290.42 


■ = 36.7 m 


9, 


Sol. 


P and Q are two points in line with a tree. If the distance between P and Q be 30m 
and the angles of elevation of the top of the tree at P and Q be 12° and 15° 


respectively, find the height of the tree. 


Multan 2007 


B 
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10 . 


Soi. 


X = ■ 


h 

0.2125 


-30 


Again tan 15° = 


AB 

~AQ 


x - 


X = 


urn 13" 

h 


x=- 


h 

x 

h 


0 . 2679 ' 


Comparing I & II 


0.2679 

II 


0.2125 0.2679 

h (4.7058-3.7327) = 30 


0.2679 0.2125 


= 30 


-30 


I 


0.2125 0.2679 


= 30 


0.9730 h = 30 => h = 


30 


h = 309 


m 


0.9 730 

* 

Two men are on the opposite sides of a 100m high tower. If the measure of the 
angles of elevation of the top of the tower are 18 u and Z2° respectively find the 
distance between them, (Federal Board) 

Let distance between A & is Xi & x 3 between D & C and h is height 


Tan# = 


BD 

13 


tan 18 " - 


100 



Reloaded distance = y , + .y, = 307.76m + 247.5m 555.26m 
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A man standing 60m away from a tower notices that the angles of elevation of the 
top and the bottom of a flag staff on the top of the tower are 64° and 62° 
respectively. Find the length of the flag staff. 


Sol. Let be the length of flag staff then tan 6 


12. The angle of elevation of the top of a 60m high tower from a point A, on the same 
level as the foot of the tower is 25°. Find the angle of elevation of the top of the 
tower from a point B, 20m nearer to A from the foot of the tower. 

Sol. Let a he the required angle Let x be distance from B to C d 


x + 20 = — - — - — - — 

tan 25“ 0.4663 

x + 20 = 1 28.67 =>* = 128.67 - 20 = 108.67 


Two buildings A and B are 100m apart. The angle of elevation from the top of the 
building A to the top of the building B is 20 u . the angle of elevation from the base of 
the building B to the top of the building A is 50°. find the height of the building B. 

Let h be the height of building B and x be the height of A then 
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Now tan 9 = = => tan 50" = — 
AB 100 

AC - 100(tan 50") ^ 100 (1.1917) 
AC = 119.17 


A window washer is working in a hotel building. An observer at a distance of 20m 
from the building finds the angle of elevation of the worker to be of 30°. The 
worker climbs up 12m and the observer moves 4m farther away from the building, 
Find the new angle of elevation of the worker. 

Let a be the new angle 


A man standing on the bank of canal observes that the measure of the angle of 
elevation of a tree on the other side of the canal, is 60°. On retreating 40 meters 
from the bank, he finds the measure of the angle of elevation of the tree as 30°. 
Find the height of the tree and the width of the canal. 

Let h be required height & x be required width so 


x 
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1.7320= ~^>h = 1.7320 X 

X 


Nowtan30° = 

AC 


0.5773 = 


X + 40 
h = (jc + 40) (0.5773} 

h = 0.5773 * + 23.0940 

Comparing i &. II 
1.7320 x = 0.5773 v + 23.0940 
1.1547 x = 23,0940 
23.0940 


-11 



x - 


1.1547 

Put in 1 


= 20m => Width = x = 20 mj 


h = 17.320 (20) => Height = h = 34.64 


Law of Sines; 


Faisalabad 2007, Rawalpindi 2009, Sgd 2006(oniy statement) 

In any triangle ABC draw a perpendicular form C to AB at 0 then. In right triangle CAD 

CD 1> , L „ C 

Sin a - — = ~ h - b Sin a — 

AC b 

In right triangle CBD 

CD h ' _ 

Sin p - = = — => h = a SinB — 

BC a 


II 



. 

Similarly if we draw a perpendicular from A to BCthen- 


Sinp i Siny 


IV 


Combining III & IV 



a h c 

Hence proved 

Sina Strip Siny 

Low of cosine: 

Faisalabad 2007, 08, 


In any triangle ABC, co-ordinates of points are A(0,0), C(b,0), B(c cosct , Csiner ) 

Then by distance formula 

(BC) 2 = (c Cos a - b) 2 + (c Sin a -Q) 1 


a = c' Cos a -2bcCosr* + b 2 + c 2 Sin 2 a 








Low of Tangent 
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Similarly b - a + c - 2ac Cos p 


Sargodha 2008, 2010 (only statement) 


Proof: We have 


Sin a Ship Sin y ~ D 

then a = D Sin a , b = D Sin/7 
ci-b D Sin a - D Ship 


a + b D Since + DSinfi 

a + p a 
a-b 2 Cos — Sin- 


Similar ly 
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APPLICATION OF TRIGONOMETRY 


EXERCISE 12.4 


1. 

Sol, 


2 . 

Sol. 


Falsalabad 2008, Multan 2009 


Solve the triangle ABC, if 

(3 = 60°, y = 15° , b = 4b 

a + (3 + y - 180° 

a = 180° - P - y = 180° - 60° - 15° = 105° 

a _ b a _ 4b 

Since ~ Sin/3 ~ 105 " ~ &« 60 " 

a = £ Sin, 05- ^6(0.96,9) j 4 - 
Sin 60" 0.8660 

c 2 = a 2 + b 2 - 2ab Cos/ 

c 2 = (2.7320) 2 + (4b / -2(2.7320) (-JEjcoslS 0 
=7.4641 +6-(13.38) (40) (0.9659) = 0.5358 => c = 0.7320= Vi-1 

a = 2.73=43-1, b = 46, c = 0.5358 = 4]+/ 

a = 105", (3= 60", y = 15" 


(3 = 52° , y = 89° 35', a = 89.35 

a + P + y = 180° => a = 180 f3-y 

a - 180° - 50° - 89°35' =38°25' 
a b 89.35 b 


Sina Sin (3 Sin38°25’ Sin(52" ) 

- U3.n =, F77IU 

Sin38 25 ' 0.6213 ^ 

c 2 = a 2 + b 2 - 2ab Cos?' 

c 2 = (89. 35) 2 + (113.32) 2 - 2(89.35) (113.32) Cos 89°35' 


= 7983.42 + 12841.4 - 147.26 = 20677.56 => c = 143.79 


a = 89.35, b = 113.32, c = 143.79 
a — 38“ 25', /3= 52", y= 89" 35' 





COLLEGE MATHEMATICS-1 


613 


APPLICATION OF TRIGONOMETRY 


3. 

Sol. 


4. 

Sol. 


b = 12S, y = 53°, a = 47° 


P = 180° -a - y = 180° - 47° - 53° = 80° => 1/? = 80 ( 

b 


Now 


Sin a Sin ft 
125 


Sin AT Sin 80“ 
125(0. 73! 3 ) 


=> a - 


125Sin4T_ 
Sin 80° 


a = 


0.9848 
a c 


= 92.82 « 93=> \a = 93 
92.82 c 


Sin a Siny Sin47° Sin 5 3° 

__<92.82)Sm53" (92.82 )(0.7986 ) 

c — stair inn — =IBU 6x101 


t = 101 


a = 93. b = 125, c = 101 
a = 47“ , p = 80“, y= 53“ 


c = 16.1, a = 42°45' , y = 74°32' 

a + p + y = 180° 


P = 180° -a - y = 180° - 42°45' - 74°32' =$\p =62=43' 

a .. c a 16.1 

Sina Siny Sin 42" 45' Sin74“32' 

16 J Sin42"45' ( 16.1 )(0. 6788 ) 


a- 


a=- 


Sin 74“ 32’ 

10.92 


0.9637 


0.9637 
a b 


a = 11.34 


Sin a Sin P 
11.34 b 


SiM42"45 r Sin62 0 43' 


_ (JU4)Sin6r^ 


Sin4T45’ 
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5. 

Sol. 


1 . 

Sol. 


, (1 1 .34X0.888) . 

h = ■ ^ - 14.83 => b = 14.83 

0.6788 


a = 11.34, h = 14.83, c = 16.1 
a= 42" 45, (3= 62" 43', y = ^4“ 32' 


a = 53, P = 88°36\ y = 31° 54' 

a =180 "-{3-y = 180°-88°36'-31°54' =» \g~= 59 c 36) 
b 53 b 


a 


Since Sin (3 Sin 59" 30' Sin 88" 36' 

53(Sin88"36' ) 53(0.9997) 


l j = 


Sm59"30‘ 
a c 


0.8616 


b = 61.49 


53 


Since Siny Sin5 9"30' 

C J^ ><0.5284) 

0.8616 

Stn3 T54 1 

c = 32.50 




a = 53, h = 61.49. c = 32.50 
a= 59 u 30\ (3 = 88" 36’, y= 31" 54' 


- => c = 


(53)^ , m31 ,J 54 t 
Sin 59" 30' 


EXERCISE 12.5 


Solve the triangle ABC in which: 
b = 95, c = 34 and a = 52° 

a 2 = b 2 + c 2 - 2bc Cos a 
= (95) 2 + C -2(95.) (34) Cos 52° 
= 9025 + 1156 - 6460 (0.6156) 

= 10181-3977.17 
= 6203.83 => a = 78,76 


Faisalabad 2008, Sargodha 2009, 2011 


cos /? _ (78. 76) 2 + ( 3 4) 2 - (95) 2 

2 ac 2(78.76) (34) ’ 

6203.83+1156-9025 -1665.17 


5355.68 


5355.68 
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2 , 

Sol. 


3. 

Sol. 


0 - Cos' 1 (-0.3109) = 108°6'48" 
y = 180° - a - 0 
= 180 s - 52° - 108° 6'48" 


Y = 19°53'12" 


a — 78. 76, b — 95, c — 34 

a Z lih P ^ l 0 '*" 6 ’ 48 "‘ ■ Y = 1 9" 53' 1 2” 

b=12.5, c = 23, a =38°20' 

a 2 = b s +c 2 -2bc cos or 
=(12.5) 2 +(23) 2 -2(12,5}(23)cos38°20' 

=156. 25+529-575(0, 7844)=685. 25-451, 03=234, 22 =>£=15.30 

cos. P = <L±lLz K = (15.30/ + (23 / -(12 .50/ 

2ac 2( 15.30)(23) 

_ 234. '09 + 529 - 156. 25 606. 84 

703.8 “ 703.8- S °' 862 

0 = cos' 1 (0.862) = 30° 25' 

y = 180° - a - 0 -- 180° - 38° 20' - 30° 25' = 1 ) J°J5‘ => ^uTlJ' 


a - 15. 30. b - 12.5, c = 23 
aj.srm , P - 30° 25' , y = 11 1°15' 


s=v3 - 1, b = V 3 +1 a nd ^ = 60° 
c J = a : ' + b' - 2ab Cos y 

= (V3 -l) 2 + (V3 +l) 2 -2^43 -1)(,V3 + 1) Cos60 n 
= 3 + 1-2-73 +3 + 1 + 2 V3 -2 (3 - 1) (1/2) 

= 8-2 (2) (0.5) = 8-2 = 6: 




Cos a = - + c * ~ c ‘ l - (45 + 1/ +( 46 / - (J3 - 1 / 
2 bc ~ 2(sl3 + JJiTf) 


3 + 1 + 2 v 1 +6-3-1 + 2-J1 12.928 


13.38 

a = Cos' 1 (0.9662) = 14 n 55'54” *15° 


13.38 


- 0.9662 


a 


= 15° 







APPLICATION OF TRIGONOMETRY 


P = 180° -a -y » 180° - 15° - 60°=105 a => I p = 105° 

■ a-JJ-l, b = \i3 + l, c = ^6 

a = P^10^\ y = 6Q^ 

a = 3, c = 6 and p = 36°26' 

b 2 = a 2 + c 2 - 2ac Cos/7 

- (3) 2 + <6) 2 - 2(3) (6} Cos 36°20' = 9 + 36-36 (0.8055) 

= 45- 29.0010 = 15.99 => b = 3.998 => |b = 4 

^ b 2 + c 2 - a 2 (4) 2 + (6) 2 - (3) 2 16 + 36-9 

2 be 2(4 )(6) 48 


Cos a = — => a = Cos 1 (0.8958) => a = 26°23'4" 

48 1 

r = 180 °-a - p = 180° - 26°23'4" - 36°20' y = 117° 16' 5 6" 


a - 3, b = 4, c = 6 


a^26^2W\ /? = j^26 f , y = 117°16'56' 

a=7 , b = 3 , y =38°13' 
c 2 = a 2 + b 2 -2ab cos^ 

c 2 = (7) 2 + (3) 2 - 2 (7) (3) cos 38°13' = 49+ 9 -42 (0,7856) 
c 2 = 58 - 32.9984 = 25.0016 « 25 => [c = 5 

b 2 +c 2 -a 2 (3f +(5) 2 ~(7) 2 ■ 9 + 25-49 -1 

2bc 2(3 )(5) 30 2 

a = cos~‘ ^yj = 120° => | g = 

= /W" -a-y - 180° -120° -38° 13' = 21° 47' 

a = 7 , b - 3 , c = 5 
a = 120°, p - 21 u 47‘ , y = 38 a 13’ 


cos a = 
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Solve the following triangle, using first law of tangents and then Law of sines: 
6. a = 36.21 , b = 42,09 and y = 44°29' 

a + p = 180" -44°29' = 135°31‘ 1 


a+B 135" 31' 

= — = 67 45' 31” 


2 

P-a 


l „ tan 
b-a _ 2 


42.09-36.21 


tan 


P-a 


b + a i an @_ v a 42.09 + 36.21 tan 67" 45' 30” 

2 

B — a 

5538 _ tan 2 


78.3 2.4453 

2.4453x5.88 B-a 

— = tan— 

78.3 2 

0.1836 = tan ~ g ) 


p - a 


= tan 1 (0,1836) = 10.4036 


P~ a - 20°45'26'' 
Solving I & II 

P + 4 - 135°31‘ 

P -4 = 20°48'26" 


II 


2 P = 156°19'26" => p = 78°9'43" 
Put value of P in I 
a + 7S s 9'43" = 135°31' 
a = 135°31' - 78°9'43'' = 57°21'17" 


Now — — - — s 

Sinp Siny 

(J209)JV70072 

0.9787 


4209 _ c - 

Sin78°9'43'’ ~ Sin44 v 29' 


=5 


= 30.13=$ c= 30.13 


a - 36.21, b = 42.09, c = 30.13 
a = 57^2flT\ p= 78°9 , 43", y= 44"29' 


(42.09) (i?/ff44 tl 29 l ) 
S/n78"9'43" 
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7. a = 93, c = 101 and /? = 80° 

Sol. a + ji + y - 180“ a + y - 18° -/? 

a + y = 180° -80°= 100° 1 

y + a n 
L = 50° 


, y - a 

tan — 

c - a 2 


c+a ,an r+a 


y-a x r -a 

101- 93 tan “ 2 _ tan 2 


101 + 93 tan 50" 194 1.1917 


tan ^ G = 0.04914 y-a = 5°37'37' 

2 

Solving I & il 
y - 4 = 5 n 37'37" 
y + 4 ~ 100° 


-// 


2y = 105° 37'37" y - 52°48'4S" s: 53°=>j/ -53 
Put in f 

a + 52 t3 48'48" = 100“ => a =100°- 52°48'48" = 47°ll'll" ^ 48° 
^ a b 93 b 

Now 


a -48 


a 


Smor Sm/? Sin47°/I'12* SinSO" 

b - 124.86 * 125 =3> [b=125l 


i - - 



Sin47"irir 

a 7 jjj 


a = 93, € = 101 , 

5^ 

II 

Oi 


a - 4<T\ p~ 80 ‘ 

If 
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8 . 

Sol. 


b = 14.8, c = 16.1 and a = 42°45' 

« + P + y = 180° => [i + y = 180° -a 
P + Y = 180 0 ~42 o 45' => y + p = 137°15' 7 

y - P 


Now 


„ , tan 

c-b 2 


c+b . y + p 

tan — 


16.1 - 14.8 


tan 


7 ~ P 


Tan - — — 

hi 2 


16.1 + 14.8 tan 68"37'30" 30,9 2.5549 

_ y - p 1.3x 2.5549 
Tan ^— ^ “ = 0.1074 


r-P 


30.9 


= Tan'' (0.1074) = 6.1350 


Y -P =. 12°16 , 12" - 
Solving 1 & II 

Y ~ p = 12 fl 16'12" 

Y + ft - 137°15' 


-II 


2 y - 149°31'21" 

Put value in I 
P + 74°45'36'' = 137°15' 
/? = 137 u 15'-74°45'36" = 

b 


Y = 74°45'36" 


P - 62°29'24' 


Now 


Sin a Sinp 
a 14.8 


SinATAS $in6V29'2A' 


a - 


14.8(0 .6788) 

0.8869 


la = 11.32 
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| b = 14.8, a = 1 1.3 2 , c = 16.1 

n- 42° 45', p = 62° 29' 24" , y = 74° 45' 36 " 

9. a = 319, b = 168, y = 110°22' 

Sol. a + fi + y = 180° =$ a + 0= 180° - / 

a + {3 = 180° - 110°22‘ =? a + P = 69°38' -- -7 


We know that 


a -6 
a + 6 


a - B 

tan 

2 


to/? 


a + p 


319-168 _ 2 

319 + 168 

tow ' - - - — 

l * J 


a - P a - p 

151 _ _ 757 _ tan 2 _ 151x0.6954 a - p 

48" tan 34“ 49' ^ 487 ~ 0.6954 ^ . -757 ^ 2 

tan - - = 0.2156 =s — ~ ^ =tan ! (0.2156 ) = 12.1684 

2 2 

to/?— ^ ^ = (7.2756 = tan 1 (0.2 156 ) = 12. 1 684 

=> a- p = 24.3369 = 24 n 2Q'13" II 

Solving I & II 

a - 0 = 69°3S' 


a + p - 24 3 20'13" 


2 a - 93 J 58'13' 


a - 46 u 59l 


Put in I 46“59'+ p = 69°38'=> P = 69°3S'-46°59'-22 H 39' =>[ /?^22°39', 


Also 


> v - 


b sin y 


sin p siny sin p 

< 168 ) sin II 0 U 22' _ 7 765776 . 93 74 } 157. 4832 

sin 22° 39' 


0.3851 


0.3851 


= 4t)9=s\c = 409 



I 


a = 319. b = 168 . c = 409 
a = 46" 59', p = 22“ 39'. y= 110“ 22' 
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APPLICATION OF TRIGONOMETRY 


10 . 

Sol. 


b = 61, c = 32 and a * 59°30' 

a + P + y = 180° => 0 + y = 180° -a 
P + y = 380° - 59"3G' => y + ft = 120°30' 


Now 


b-c 
b f c 


tan 


§~Y 


t + y 

tan -■ — — 


6? - 32 


tan 


P ~r 


61+32 tan 60"! 5 ' 


29 

93 


Tan 


P 7. 


1.7496 


T p -y 1 .7496 x 29 

Tan y f ~ 0.5456 

2 93 


p -y 


~ Tan _l (0.5456) = 28.6162 


P -y - 57°14' 11 

Solving I & II 

P ~ / = S7°14' 

P + / = 120°30' 


20 = 177°44' => p[ 

= 88°52'j 

Put value in 1 


y + 88°52' = 120°30 J 


y = 120°30' - 88°52' = 

y = 31 q 38' 


5m/? 

g 61 61(0.8616) 

iSifl59 H 30' Sm88°52' ^ ° 0.9998 ^ 

b - 6i a = JJ , c = J2 1 ' 

a ~ 59° JO', 0 = 88° 52', y= 31° 38', 


|a = 53 
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Faisaiabad 2009 


Tan' (0.3683) 


40"26'34' 


Solving I& II 
r - / = 40‘'26'34‘ 
y + / = 123 “ 


Two forces of 40N and 30 N are represented by and ^5 which are inclined at 


an angle of 147° 25'. Find A B , the resultant A B and AB 


(Federal Board} 
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b* = a J + c ! - 2a(cos /? 

( /4C ) J = {bC ) J + ( AB) 2 - 2(ab)( BC)C osp 


APPLICATION OF TRIGONOMETRY 


m- 


= (30) 2 + (40) z - 2{40) (30) Cos 147°25 
= 1600 + 900 - 2400 (-0.8426) 

= 2500 + 2022.26 

2 


4522.26 


AC = 67.29 



40 = c B 


Theorem I sin 


f-i 


(S -bXS-c) 

be 


Sargoftha 2008, 2010 


Prof: We known that 


a 


2sin* — = 1 - Cosa 


Cos a 


I i 2 7 

b~ + c -a~ 


2bc 


. , a , 

2 Sin 3 — = 1 - 


b 2 + c 2 - a 1 


2 2 be 

2 bc~b 2 -c 2 +a' _ a 1 -(-2bc + b 2 +c 2 ) 

2 be 2 be 

a 2 ~(b-c) 2 [(u~ (b-c)l l(u ¥(b-c)J (ct-b + c)(a + b~c) 


2bc 2bc 

(a + c + b-b -b)(a + 6 + c-c-c) 

2 be 

(25 - 26X25 - 2c) _ 4(5 - A)(5 - c) 


2bc 


26c 


26c 


a 4(S-b)(S~c) .j>a /(S-b)(S-c) a l(S-b)(S-c) 

-nr- 2 — ^2? SIfl — “ ^ — 4 I 

2Sm 2 2bc 2 /be 2 V be 


, p (5 -o)(5 -c) 

Simiary Sin — = 

2 V ac 




{S -aXS-b) 

ab 
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APPLICATION OF TRIGONOMETRY 


Theorem II Cos — - ^ 


a jS(S - a) 
2 ~ V be 


Sargodha 2008 


Proof: we know that 2 Cos ; — — 1 + Coxa 

2 

.2 '.2 


a b 2 + c 2 - a 2 2M +b 2 + c 2 -a 2 (b + cf-a 2 


2Cos — — 1 + 


2 2bc 2bc 2bc 

{b + c~a)(b + c + a) ( b+c + a-a - a)(a + b + c) 


2bc 

(25 - 2a)(2S) 45(5" - a) 


2bc 


2bc 


2bc 


CoS 


/b. 


c 


he 


Similarly „ M 

2 \ ac 2 M ab 


a _ [{S b)(S - c) 

Theorem III tan 7 ^ 


Proof: tan “ = » - ^ ^ 

2 




a 


6c 


(S-b)(S~c) 


I— - I 

S(S-a) \ 




(S-6;(S -cj 
S(S-a) 


Similarly tan — - 

2 V 5(5 - A) 


/? _ l(S - a)(S - c) & tan / = l (S-aX S-b) 


S(S - c) 
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APPLICATION OF TRIGONOMETRY 


EXERCISE 12.6 


Formulas for this exercise when three sides are given. 


1. 

Sol. 


2 . 

sol. 


b 2 + c 2 - a 2 a [S(S-a) 
cos a , cos— = J-—- — — 

2bc 2 1 


be 


cos 


a : + c l -h 2 p fsfs^Fj 
2ac ' COi 2 


where S- 


a + b + c 


ac 


o' + b* — c y 

cosy ~ cos— = . 

2ab 2 \ 

Solve the following triangles, in which 


S(S-c) 


ab 


a = 7 , b = 7 , c = 9 

a + b + c 7 + 7 + 9 

S - 1 - T 


- 1 1.5 


a 

cos — = 

2 


S(S-a) 


be 


Note : 

Just for practice one 
question is solve by 
half angle formula 



_ \U1.5)(U.5-7) \(ll.5)(4.5) \5L75 


(7) (9) 


63 


63 


= 4o82N 


cos “ = 0. 9063 = cos '(0. 9063 ) - 25° 


a = 50 c 


P S(S-b) 

COS — - . — L 

2 \ ac 


1(11.5) (11.3-7) _ \(11.5 ) ( 4,5) 151.75 


(7) (9) 


63 


■v= 


63 


= 408214 


.13 


cos — = 0. 9063 = cos~'(0. 9063 ) = 25° => \jT~ 50° 

Z J — ■ 


y - 180 ° -a - /? = 180° - 50° - 50°= 80° => y = 80° 

a = 32, b = 40, c = 66 


cos a 


cos a = 


L 2 J 

b + c~ 


a' 


, (-/Or + (66 f (32/ 


2bc 

1600 + 4356 - 1024 

5280 


2(40)(66) 


0.9340 => a =Cos' 1 (0.9340) => [a = 20°S6'6 


cos p _ +c ' = ( J±L +f66/ -N O /_ _ 1024 + 4356-1600 


2ac 


2(32 J(66 ) 


4224 


=0.8948 
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P = Cos 1 (0.8948) => p 1_z_2_§“30'22 


4. 


y =180 °-a- P = 18Q°-Z0°59'6"-26°30'22"=> | y = 132°3Q'31 " ! 

a = 28.3, b * 31.7, c = 42.8 


ms a “ 


b I +c 1 -a 1 _ (31.7) 2 +(42.8/ -(28.3/ 
2bc ~ 2(31.7 )(42.8) 

_ 1004.89 + 1831 .84 - 800.89 _ 2035.84 _ Q ^ 5Qn 
2713.52 ~ 271 3.52 ~ 

a = cos' 1 (0.7502) = 41° 23' 

„ a 2 +/-b 2 (28.3/ +(42.8/ -(31.7/ 

COS P — = 

2ac 2( 28.3 )( 42.8) 

800.89 + 1831.84-1004.89 


2422.48 

2422.48 

p = cos~' (0.6719 ) = 47° 46' 
y = 180° - a~P - 180 ° - 41 u 23' - 47° 46' = 90 u 50' 

a = 28.3, b = 31.7, c = 42.8 

b 2 + c 2 -a 2 (56.31/ +(40.27/ -(31.9/ 

cos a = = - — - — 

2bc 2 ( 56.31 )( 40.27) 

3170.81 + 1621.67-1017.61 3774.87 


= 0.8323 


4535.2 4535.2 

a = cos'' ( 0.8323 ) - 33° 39' 

CQ S 0 = ^JtsLz^L (31.9/ +(40.27/ -(56.31/ 
P 2ac 2(31.9)(40.27) 

_ 1017.61 + 1621.67 - 3170.81 _ -531.53 
2596.66 ~ 2596.66 

P = -0. 2046 =?p = cos-' (-0. 2046 ) 

P = 101 u 48' 

y = 180 ° -a- p = 180° - 3 3° 39' -101° 48' 
y = 44° 33' 
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APPLICATION OF TRIGONOMETRY 


6 . 

Sol. 


7. 

Sol. 


8 . 

Sol. 


a * 4584, b = 5140 , c = 3624 

co* b 1 +c i ~a 1 _ ( 5 140 ) J +(3624/ -(4584 )* 
2bc 2( 5140 )( 3624) 


_ 26419600+13133376-210130 56 _ 18539920 
37254720 37254720 

a = cos~‘(0. 4976) = 60° 9' 

p _ + c J -b 1 _ (4584) 1 +(3624 / -(5140 f_ 

2( 4584 )( 3624) 


= 0.4976 


cos 


lac 


= 0.2325 


_ 21013056 + 13133376 - 26419600 7726832 

33224832 ~ 13224832 

f3 = cos' '(0.2325 ) = 76° 3 3' 

y = 180° -a- (3 = 180° - 60° 9' - 76° 33' = 43° 18' 

Find the smallest angle of the triangle ABC, 

when a = 37.34, b = 3.24, c = 35.06 Federal 

a - 37.34, b = 3.24, c = 35.06. b < c < a so smallest angle is P 

CosP= — 


• z + c 2 - b* 

lac 


C 0s p - (1 7 J±y±i 35. 06 ) 2 -( 3.24 ) [ _ 1394.27 + 1229.20 -10.49 


2(37.34 )( 35.06) 


2618.28 


Cos p = 0.9979 => p = Cos' 1 (0.9979) /? - 3 {> 38 l 46 l, | 

Find the measure of the greatest angle, If sides of the triangle are 16 , 20 , 33. 


a = 16, b = 20, c = 33 
c > b > a So y is greatest 


Sargodha 2007, Faisalabad 2007, Federal 


cos y - 


= (16/ +(20/ -(33 p _ 256 + 400 -1089 


lab 


2 ( 16 )( 20 ) 


640 


= ~0.6765 


y = Cos 1 (-0,6765) => y = 132°34' 


The sides of triangle are V +x+l,2x + l andx 1 - 1. Prove that the greatest angle 
of the triangle is 120 a . Faisalabad 2007, Multan 2007, 2009 

a = x 2 f x + 1, b - 2x + /, c = x 2 - 1 Clearly a > b > c so a = ? 

Cos a - - + — ~ a ~ + 1/ + ( x - // - ( x J + x + 1/ 


2bc 2(2x + l)(x 2 - 1) 

_ 4xr + 4*+/ +x 4 -2jr J +/ -(V + x 2 +l + 2x* + 2r + 2x 3 ) 
2( 2x 3 - 2x + x 2 - 1 ) 
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The measure of side of a triangular plot are 413, 214 and 375 meters. Find the 
measures of the corner angles of the plot. 

a = 413, b = 214, c = 375 

b 1 + c 2 -a 

Cos a -■ 


15852 


2(214 )( 375) 


160500 


lac 2 (4 13) (3 75) 

170569 + 140625 - 45796 265398 


309750 


309750 


Three villages A, B and C are connected by straight roads 6km, 9km and 13km 
What angles these roads make with each other? 


2(9)(13) 


2 ( 6 )( 13 ) 156 

(3 = Cos 5 (0.7948) => \j3 = 37°21'2? 

y = 180° - a - ji - 180 Q -23°15'39 
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EXERCISE 12.7 


Area of Triangle when one side is given. 

1 a 2 Sin ft Siny 

A = 

2 Sina 

^ lb 2 Sina Siny 
2 Sin ft 

1 c 2 Sina SinB 

A- — 

2 Siny 

Three sides are given 


Two sides are given 

A = —ab Siny 
2 

A — -j ac Sinp 

A ~ —be Sina 

2 


A - yJS(S-a) ( S -b)(S - c) Where S = 


a + b + c 


Two sides are given then Area of Triangle 
Theorem 1. Area of triangle = A--^ ab Siny rgodha 
Proof: A 


2008 



In fig (i) 
In fig (ii) 
In fig (iii) 



AD 


~ = Siny 


AC 
4 D 

^ = Sin( 180" -y )= Siny II 

4 n 

— = I=Sin90" = Siny III 

AC 

» * 

From I, II, & III it is clear that 
AD 


AC 


- Siny ~=> AD - AC Siny = b Siny 



Now Area of triangle = A - — (base) (attitude) 

2 
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APPLICATION OF TRIGONOMETRY 


= - (BC) (AD) — — ab Sin r 

2 2 


1 1 

Similarly A — be Sin a & A = — ac SinB 

2 2 

__ , 1 c 1 SincxSinB 

Theorem II A — 

2 Siny 


Proof: We know that 


Sin a Sin 8 Siny 


cSina 0 , cSinB 
a = & b = — 


Siny 


Siny 


Now 


1 


(Pw/ values of a&b ) 


A = — ab Siny 

2 

1 cSina cSinp 

2 Siny Siny 

1 c 1 SinaSinft 

2 Siny 

simply A =— & a = — *! s <» aSI ”r 

2 Sina 2 Sin [3 

Theorem III Heroes formula A = fS(S-a)(S-b)(S-c) 

Sol. We know that A — — be Sina 

2 

Since Sint, 2 Sin — Cos — 

2 2 

A=— bc2 Sin — cos — 

2 2 2 


Sgd2008,09, Rawalpindi 09 


= be 


( S-b)(S-c ) S(S-a) 


be 


be 


= be 


j S(S - a)(S - b)(S - c) 
I b 2 c 2 


_tf ^s-aj(s--b)<s-c) 

J? 

A =ylS(S-a)(S-b)(S-c) 
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Find the area of the triangle ABC, given two sides and their included angle; 
a = 200, b = 120, y - 150° Multan 2007, 2009 


Sol. 


ii. 

Sol 

iii. 


Sol. 


2 . 

i. 


Ii. 


in. 


A = — ah Siny 

- — (200) (120) SinlSO" = — (24000) (0.5)= 6000 sg unit 


b * 37, c = 45, a = 30 e 50' 

A = ^ be Since “ J (37) (45) Sin(30°50' ) = 426.69 sq unit 

a= 4.33 , b a 9,25, y * 56°44' 


A = ~ a b Siny = l -(433)(9.25 )Sin(56 a 44' ) = (20.02)(0.8361) = 16.73squnit 

Find the area of the triangle ABC, given one side and two angles; 
b = 25.4, y = 36°41' , a - 45°17' 

P * 180 9 -a - y 
= 180° - 45°17' - 36°41* = 98°2' 


1 b 2 Sina Siny __ 1_ (25,4/ Sin45“J 7 Sin 3 6" 41‘ 

2 Sinp 2 Sin98°T 


1 (645,16) (0 . 7105) (0.5973) 

2 0,99018 


= 138.25 sq unit 


c = 32, a * 47°24', p = 70°16' 

y = 180° -a - p 
= 180° - 47°24' - 70°16'= 62°20' 


A = 


1 c 2 Sina Sinp 


1 ( 32 ) J Sin47"24' Sin70 u 16' 

2 


2 Siny 2 Sin62°20’ 

1 (1024) (0,7360) (0.9412) _ l 801.09 

2 0.8856 '7 2 


= 400.49 sq units 


a = 4.8 , a = 83 u 42' , y - 37°12' 

P = 180°- a - J 
= 180° - 83°42' - 37°12'= 59°6' 
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3. 

I. 

Sol. 


Sol. 


A - 


1 a 2 Sin/3 Siny _ 1 (4.8? Sin59"6 ' Sin37‘‘12' 

2 Shier “■ 2 - Sm83°42' 

] (23.04) (0.8580) (0.6045) 


= 6.0116 sq unit 

2 0.9939 

Find the area of the triangle ABC, given three sides; 
a = 18 , b = 24 , c = 30 Fsd 2007, 2008, Multan 2008, Lahore 2009 

a + b + c 18+24 + 30 

8 — — _ — — — ■ — — jo 

2 2 

A = ^jS(S-ti)(S-b)(S-c) = 

- ^/36(18)(12)(6) - V46656 ~ 216 sq unit 

a= 524, b = 276, c = 315 

524 + 276 + 315 1115 


S = 


= 557.5 


A = ?S(S -a)(S-b)(S-c) = JS57. 5(557. ~5 - 524 ) (557. 5-276 )(557. ~5 - JIT) 


= -Jf 557.5 )( 33.5 J( 281. 5)( 242.5) = ?1 27 49 10861 = 35705.89squ mt 

tii. a= 32.65 , b = 42.81 , c = 64,92 

„ ct + b + c 32.65 + 42,81 + 64.92 140.38 ^ 

Sol. S — - = — ■ — — -70.19 

2 2 2 

A = ?S(S-a)(S-b)(S-c) = -JvO. 1 9( 7(1 1 9 - 32. 65) ( 70. 1 9 - 42. 81) (70, 1 9 - 64. 92) 

= ^(70.19 )( 37.54 )( 27.38 )( 5.27) = -J380201.27 = 616 squ in! 

4. The area of triangle is 2437. If a = 79, and c = 97, then find angle /? 

Sol. A = 2437, = 79 c = 97, /3 = 1 Sargodha 2006, Raiwalpindi 2009 

A — ac Sin/3 ~^> 2437 = ^ (79) (97) Sin/3 


2437 - 3831.5 Sin ft => sin (3 = 


243 7 
3813.5 


~ 0.6360 


p - 39 ° 29 ' 5 " 
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The area of triangle is 121.34, If a 


^ ' (0. 5299 ) (0. 91 08 ) ' 0. 4826 4 % 434 ^ ^~ ^ 22 ' 24 

One side of a triangle garden is 30m. If it two corner angles are 22° Vt and 112° Vi 
find the cost of planting the grass at the rate of Rs. 5 per square meter. 

Given a = 30, R = 22“30' v = 112°3n' 


O' Sin 11 


Sin 4 5 


224.43 squint / per rupees 


Total Cost - 244.43 x 5 = 1125 squint 
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Theorem I 


2 Sin a 


Sol. In fig (i) In right triangle A 8CD 


— -v Sina If a = m < BDC ) 

mBD 

In fig (ii) m Z BDC + m Z BAC = 180° (Sum of opposite angle of cyclical quadrilateral = 180°) 
=> ZBDC - 180" - m Z A = 180° - a 
In right triangle BCD 


In fig (iii) clearly 


2Sirta 


Similarly R 


Theorem II R 


Fsd Z007, Multan 2007, Sgd 20X0, Federal Board 


Sol. we know that R 
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Theorem III r 


Faisalabad 2007, 08, Federal 


Proof 


OE, OF are perpendicular to BC, AC and AB respectively 
Area of A OBC + area of A OCA + area of A OAB. 


Theorem IV 


Faisalabad 2008 


Proof 


Let "o" be the centre of escribed circle Draw 

A ABC= A OAB + A OAC - A OBC 


( AB )( OF) + 


(AC HOE) 


( fiC)(OD) 


Similarly 


Federal 
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. ; 

. 

EXERCISE 12.8 $ J 

« : 

Important formulas about 12.8 



A 

r = -- 

S 


r, - 


r-, = 


r 3 = 


R = 
S = 


5 - a 
A 

S~^h 
A 

S-c 

abc 

4 A 

a + b + c 


A = iJS(S-a)(S-b)(S-c) 
2Sina 2Sinp 2Sin}' 


/- a 
Cos — 

2 

CoS — 
2 


15(5 - a) 


/>c 


Cos^ 


5(5-5) 


ac 


5(5 -e) 


5('n — 
2 


2 \ ab 

i 


(5 - b) (S-c) 


be 


Sin — = 

2 

Sin— = 


a 

tan — - 
2 

P 

tan — = 
2 

y 

tan— - 
2 


(S~a) (S-c) 


uc 


j (S-a) ( 5 - 5 ) 

ab 

l (S~b) (S-c) 

1 S(S-a) 
j (S-a)fS-c) 
I S(S~bj 
j (S - a) (S-b) 

I 5(5 -c) 


1. Show that: 

a 8 y 

1. r = 4RSin Sin Sin — Sargodha 2010 

2 2 2 

a 4R j (S-b)(S-c) \ (S-a)(S-c) l (S-a)(S-b) 

\ be \ ac V ctb 
ate l (S-a ) 1 (S^byjS^ c) 

4 A V o 2 5 V 

q 6 c j s 2 (S-a ) 2 (S-b ) 2 (S-c ) 2 
= A V S 2 a 2 b 2 c 2 

ahe S(S-a)(S -b)(S-c) 

A 5(«5c?) 
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APPLICATION OF TRIGONOMETRY 


2 . 

Sol. 


I A 2 A 

= L.H.S 

'AS S 

S = 4R Cos— Cos Cos — 

2 2 2 


4 abc IS (S -a) S(S-b) \S{S-c) 


4A V be 


ac 


ab 


abc jS\S(S-a)(S-a)(S-a) 

“ A V «W 

A 

= -yS, ^ * S = 

Show that: r = a Sin ^ Sin - Sec — * b Sin - Sin — Sec — = c Sin — Sin 

2 2 2 2 2 2 2 

Now Considers 

a Sin ~ Sin — Sec— =aSin — Sin — * 

2 2 2 “ 


2 2 Cos* 


_ « 


_ a. 


a. 


_ a. 


Its -a) ( s-e ) 

-Ci 

\ 

co 

s — * 
1 

to 

i 

1 ac 

V ab 

IS(S-a) 



be 

l(S-a) (S-c) 

t(S-a){S-b) j 

1 be 

ac 

v oa ]j 

sis -a) 


(S-ay (S - b)(S - c)hc 
j S(S -a)a 1 bc 

j(' s - a ) ( S - b )( S ~ c ) 

I Sa' 


S(S~a ) (.S' -bMS-c) 

- c , , -(V & n +"byS) 

Via 

a sJS( S - a )(S- b)(S - c) A 


io|ta 
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APPLICATION OF TRIGONOMETRY 


y a B y ct 1 

Again b Sin — Sin— Sec — = b Sin — Sin — 

2 ? 7 


2 Cos ^ 


h [IK ~ a) Hz b) l (S-b)(S-c) 1 

V ah \ he jS(S-b) 


ac 


b (S-a)iS- h) i (S-h)(S-c) I ac 
= V ah V be \ S(S ~ b) 

h IKK S-a ) (S-bY (S- 

V S( )ab J c 

u IW-«)(S-b)(S-V 

* V FP . 

= 1 ' FF 

g 2! d 

oc 0 y 
Again c Sin — Sin — Sec ' 

2 _ 2 2 

= r j (S-bJ(S -cj j(S - a)(S - C ) 

1 


ab 


he 


ac 


S(S-c) 


__ „ \ tiht S - a) ( S ~b)(S - c / 


i 


adc'Sf ) 


— c 


, \S( S-a)(S-b)(S-c) 


_ ^ A A _ ^ 


c'S" " /s A 1 

Hence proved that 

. 0. 7 CC Y CL B 

r = a Sin — Sin-'-- Sec-- = b Sin ~ Sin — Sec— - c 

3, Show that: 


_ . - c Sin a Sin 

2 2 2 2 2 


a B v 

ri = 4RSin- Cos— Cos- 

2 2 2 


Multan 2007, Faisalabad 2007, Sargodha 2008 


i-J |T=a 
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APPLICATION OF TRIGQNOmftpv 


_ tibc [S ' ( 5 — b )' ( .S’ - c / _ abc 

A V a 2 b 2 c 2 A 

_ J&c 5(5-fl;/5-6;f5-oj 
A fltie(S-a) 


j S7 5 - a) : (S-bf(S-c) : 
crb\-(S~a) : 


A / 1 


-7 7i — - = n = L.II.S 

A s~a S -a 1 


a B y 

t 2 - 4R Cos - Sin — Cos ' 

2 2 2 


R.H.S = 4R Cos a Sin— Cos- = ^ abc lY S ~ a > If 5 - a Jf S - c j \S< S - c 
9 7 y , V A/ " — J — 


in. 


Sol, 


4. 

i. 

Sol. 


6c \ 


£/C 




= I ~S-(S -a) 2 (S-cf 

4 V a 2 b : c 2 

S(S-a)(S~b)(S-c) 1 a/ 

A fidc(S-b) A Y-b ~Y^b 

_ « /? y 

fj = 4R Cos — Cos— Sin — 

2 2 2 


\ ab 


A 


- r, = R.H.S 


/A 


1 SfS-er ) 

jsrs-b) It 

1 be 

V ac v 


ab 


abc IS J (S-a/ (S~b ) 2 
A \ ' a : b 2 c : 


. abc j S-'fS-a/ (S ~bf (S-cf 
A , v a 1 b 2 c 2 (s~c ) 2 
. /Me SiS-u)(S-b)(S-c) 

A pffc(S-c) 

1 a/ a 


A (S-c) S~c 

Show that: 
r, = Stan aj 2 


= r. 


Multan 2008, Sargodha 2009 


R.H.S = S tan — = S 

2 ' 


1 (5 -b)(S- c)_ 
I 5(5-«) 
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APPLICATION OF TRIGONOMETRY 


it. 


Sol. 


in. 


Sol. 


it. 

Sol. 


c S(S-a)(S-b)($-c) 0 A 

S , 7 — — — = 5 ■ 

\ 5 3 (5-o) J 


-r. - L.H.S 


r 3 = S tan — 


5(5 - a) 

Sargodha 2010 


P \{S~a)(S~c) 

R.H.S - S tan — - S — ■ 

2 y S(S-b) 


s f y (S-a) (S-b)(S-c) = s 


s (S -by 


=r 2 = L.H.S 


y 

r 3 = S tan — 

2 


5(5-6) S-b 

Multan 2008, Sargodha 2010 


r^Stan^S^^ 
2 1 


5(5 - c) 


S I W-*) 1 S-&)(5^c) s 


5. 

Prove that: 

I, 

rir z + r ; r 3 + r 3 ri = s 3 

Sol. 

L.H.S = rir 2 + r 2 r 5 + 


_ A A . 

5 2 (5-c) 3 " * 5(5 — c) ~~ S-c 

Lahore 2009, Sargodha 2011 


=r 3 - L.H.S 


A A A A A A 
x- +■ x - + X- 


5-o S-b S-b S-c S-c S-a 
S A 2 A 2 


~ (S-a)(S-b) (S -b)(S -c) ( S -c )( S - a ) 

= A' 

_ A 2 5 


1 I 1 

— — ) I 

- A 1 

S —c + S - a + S b 

(5 -oX5-6) ' {S-b)(S c ) (S-.eyS-a) 

— LA 

{S-a){S-b){S-c) 


35 - {a + b'+c) 


a + b + c 

S(S-a)(S-b)(S-c) 


- j P wro + C- iO 

2 


= jfs 


3S-2S 


= S(S) - 5 2 = R.S.II 


rr 3 r, r 3 = A 2 
L.H.S = rr a r 2 r 3 


Multan 2007, Faisaiabad 2009, Sargodha 2008, 10 
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APPLICATION OF TRIGONOMETRY 


A A _A A_ 

S S-a S-b S-c 


m. 

Sol. 


!v. 

Sol. 


Sol. 


_ = 7 = A : = R.H.S 

- S(S-a)(S -b)(S-c) A 2 

ri + r 2 + rj - r = 4R Multan ZOOS, Faisalabad 2008, Sargodha 2008 

L.H.S = h + r 2 + r 3 - r 

A + _A A_ _A . 

= S-a 'S-b S-c S 

I 3 11 


* A 
. A 
_ cA 
_ cA 


LS-a S-b S-c SJ 
S-b+S-a J[-/ + e 


(S-a)(S-b) S(S-c) 

4 + / + c-/-/ + c 

(S-a)(S-b) S(S-c) 

3 


- A 


2S -a -b 


(S-aJ(S-b) S(S-c) 

- 

A 


+ ■ 


(S-aXS-b) S(S-c) 
S^'-cS-S'-bS-aS + ab 


= A 


l(S-a)(S-b) S(S-c)} 
S{S - c) -h(S - a)(S - b) 

L S , (S-fl)(S-6)(S-0’ 

2 S ~ — S{ci + h + f ) 4 tub 


-CA 


2S- -S(2S) + ab 


-c 


+ ub 


A 

a be 


= 4— = 4R = R.H.S 
A 4A 


ti r 2 r 3 = rs 
L.H.S = r 2 r 2 Tj 

A A 


S-a S-b S-c 

A y 


(S -a)(S -b)(S -c) 
SA* 


r = — => A- rs 

S 


SA s 

. — — - = SA-S( rs ) = rs : = R.H.S 

~ S(S-aJ(S-b)(S -c) A 2 

Find R, r, ri, r 2 and r J( if measures of the sides of triangle ABC are 
a = 13 , b = 14 , c = 15 

„ a + b + c 13 + 14 + 15 „ t 

S= = 21 

2 2 

A= JS{S-a){S-b)(S-c) 
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APPLICATION OF TRIGONOMETRY 


Now 


Si. 

Sol. 


7. 

I. 

Sol. 

5 


= 'j'21(21-13)(2J-14)(21-15) = j2lf8j(7jf6j = yf?056 = 84 

Gujranwala 2009 

Mul tan 2009 


r = — - ■ B - 4 

' ~ S ~ 21 ~ 


n = 


S-a 21-13 8 


= 


A 84 _ 84 

S-b 21-14 7 ' 

A 84 


84 

r 3 = — = 14 

S-c 21-15 6 

P .^_ (13X14X15) 2730 

H'~ “ = ^ =8125 


4(84) 

a = 34 , b = 20 , c = 42 


336 


Lahore 2009 


__a + b + c 34 + 20 + 42 96 

S - - — — — - ~ — = 48 

2 2 2 


A= jS(S-a%S-b)(S-c) = ^48(48^ 34 J( l8^20j(48^42) 
^jj48)(J4)r28)(6) = ^Ti2896 = 336 


_ A _ 336 _ _ 

r ~ S _ 48 ~ 


fi = 

r? = 
r 3 = 


A 

336 

336 _ 

S-a 

48-34 ~ 

14 ~ 

A 

336 

336 _ 

S-b 

!t 

fN 

t 

1 

28 ~ 

A 

336 

336 _ 

S -c 

~ 48-42 ~ 

6 " 

1 g 
1 ^ 

l 

(34 )( 20 )( 42) 2 

4A ' 

4(336) 



Faisalabad 2008, 09 Sargodha 2009, 2010 


1344 

Prove that in an equilateral triangle, 

r : R : rj = 1 ; 2 : 3 

In equilateral triangle a = b = c 
So 

a+b+c a+a+a 3a , t—— — 

2 ~ 7 ~ 2 ^ “ yjSfS —ctJ(S —b )( 6 —c) = >]S( S ~&)(S — ci )( S^ o ) 


A = > /sfS- fl /= 


y 

/ 


1 3a f 3a- 2a 


2 V 


\3a (a 
— xl — 

2 
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APPLICATION OF TRIGONOMETRY 


(i) 


ii. 

Sol. 


= jlfl 


16 


VIo J 


r _ J _ 4 VI a' * -2- VIo / _ a 

S £ a . 4 2 3-a- 2 Vi. VI ~ iVI 

2 

\/3o' VIo 4 VIo 2 

_ A _ " 4 " _ "4 ~T" yia J * Via 

o 
2 


fl_ 5-o 3a 3o-2o 

~~a — — 

2 2 


4 * -a- 2 


r i - r 2 - r 3 = — j— (because a = b = cso r, — r, = r, ^ 

06c _ 0.0.0 o 
R = 


4.4 4-VIo 2 VI 

4 

r : R : r t = 1 ; 2 : 3 

L.H.S = r : R : rj = ; ~ ■ 2^ 

2 VI VI ' 2 


Multiplying by 


2 V 3 


X ^ ^4 


= 1:2:3: = R.H.S 
r : R : rj : r 2 : r 5 = 1 : 2 : 3 : 3 : 3 

L.H.S ■ rsRrriirjifj 

, Via V?o VIo 

= 2vi'vi' 2 

2 VI 


Multiplying by 


o 


4)/ 441 43/ /VJ 

^ /'/ / ' / 4 '~r x ~r : ~T x ~r 
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APPLICATION OF TRIGONOMETRY 


- 1:2:33:3 - R.H S 

„ ... . 2 , or , P y 

8, (i) A ~ r cot — cot — cot — 

2 2 2 

R.H.S - r 2 Cot-- Cot-^ Cot ; = r 2 


1 


1 




1 


1 


a' /? y 
tan-- tan— tan — 
2 2 2 

1 


= r J ~[ 


1 


\(S ~b)(S~c) |(5-g)( 5-c) (S-aXS-b) 

\ 5(5 -a) ]j S(S-b) y 5(5 -c) 


= r 


= r 


5(5 - a) 


S(S-h) 


5(5 - c)’ 


v (S - b)(S - c) \ (5 - a)(S - c) V (5 - fl )(5 - b ) 

| 5-5(5 -fl j(5- 5)(5 c) ■ 
hs-a)\S-b)\S-c) 2 


= r 


(5-a)(5-i)(5-c) 


5 V 


- r 


5( 5 - a>(5 —6^(5 ~c ) 
r 2 S 2 a/ 


( Multiply and divided by 5 ) 


W'~7 


= A = L.H.S 


any 

8. (ii) r = s tan tan— tan — 

2 2 2 

(1 Q y 

Sol. R-H.S. = s tan — tan — tan — 

2 2 2 

= S l (S-bXS ') l (S-a)(S-cj l (S-a)fS-b) _ s I ( S -a) 2 (S -b) T (S -c ) 2 

‘ y S(S-ej V 5(5-5; V Sf5-c; \l5 2 J 

5 ( 5 5 - b)( S-c) 21 

_ — = ~-r - L.H.S 

“ SyjS( S — a )( S ~b)(S -c) StA 5 

8(iii). A - 4 RrCos— Cos — Cos — 

2 2 2 

Sol. R.H.S = ARrCos — Cos — Cos — 

2 2 2 



COLLEGE MATHEMATICS-1 


645 


APPLICATION OF TRIGONOMETRY 


9(1). 

Sol, 

9 (ii). 

Sol. 


10 (i) 


A \ (bc)(ac)(ab) 

abc \S 2 S(S-a)S(S-b)(S~c) 

- A 1 aVc 1 

#&£ rS-JSf S -aJ(S -b)(S -c) rS^ 


A J3&C ^ 

1 1 J_ J_ 

2rR ' ab + be + ca Gujranwala 2009 

L.H.S = -L = l . 1 _ 2S 

2rR -A cibc_ abc a bc 

S ^-4-A 2S 

a + b + c -a- ir ■& 111 

- ■ — 1 1 = — + — -i 

abc -abc abc abc- be ac ab 

1111 


r r, + #v + rj 

R.H.S= -+— + 

r, r 2 


r 3 


Sargodha 2006 

S-a S-b S-c 

I \ 

AAA 


rS-jj 


A = L.H.S 


1 1 1 

— + 1- — = R.H.S 

ab be ca 


'« 


. -fS-a+S-b+S-cJ 
~ A J 

B — [3S -( a + b+c )j 
A 


1 c / 

- -J3S-2S)]=-=A 
A A r 

. P . y 

asm sm 
2 2 



Since — 

S 


S 

=r=> — = 

A 


— = L.H.S 


a A 

,_v 

\(S-a)(S 

ac 

--i 

-o 

1 

Is 

1 

00 

f S-a)(S-c).(S-a)(S-b) 

ah 

a 2 be- 

Tl 

\S(S- 

he 


S(S-a) 

be ' 
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APPLICATION OF TRIGONOMETRY 


I S(S-af(S~ b) (S-c) j(S ~a)(S - b)(S-b) 

I a 1 S( S — a) o V S' 


IS(S-a)(S-b)fS-e) _ A ? 

S 


10(ii). r * 


S 

r 

? ' 2 


, . a . y 

osin sin 


P 

cos 

2 




b sin a sin ^ 
2 2 

0 

cos 

2 


Sol. R.H.S = 


b jfS-buS-cJ j(S-_ajfS-bJ 


he 


ab 


S(S-bj 

ac 


-=b. 


: '(S-ai(S-b) I ~c 

v — ■ — - 


be 


ab 


S(S b) 


_ u \ac(S-a)(S-bf(S-c) t fSfS^JfS^JiJ^T) j A A 

V aeb’S/S-bJ =b i W ‘*J§ = S =r = LHS 


10 {Hi) r = 


acb 2 S(S-b) 

cSin a Sin - 
_ 2 2 


Cos 


r 


Sol. R.H.S = 


cSin a Sin — 

l L 

" is - 

2 


f S-bj(S-c) IfS-aifS-cj 


* ' ' V" ' 

\(S-b)(S-c) 

\( S-a)(S-c) i 

\ ab 

jSfS-c ) 'V 

V ah 

be V 

« i 

SfS-c ) 

a 


= c. 


! ub(S - aj(S-b)(S - c / _ jS(S-a)(S-b j(S - c j 
abc'SfS ~c) 1 c'S 2 


/ A A 

- / —7— = — = /■ = L.H.S 

/s s 

Hence Proved 
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APPLICATION OF TRIGONOMETRY 


11 . 

Sot. 


Sol. 


Sol. 


Prove that: abc (Sin a + Sin (} + Sin y ) * 4 A S 

L.H.S = abc (Sin a + Sin j3 + S\ny) 


- abc 


= Jib C 


( a b 

jr + Tr"Jr) 
r \ 

/s 


- ahc 


a +b + c 

Jr 


> Jibe 
4 A ) 


— = 4 AS = R.H.S 
4A 


AsR =- 


a 


2Sina 2Sin/3 2Siny 

i a . _ b c 

\=>sma =~,smS = — . siny = — 
2R y 2R r 2R\ 


12. Prove that: 


+ r 2 } tan — - c 

2 


Faisalabad 2008, Multan 2009 


.... . 4 A ) l(S -aJfS-bj 

L.H.S = (r. ♦ r 2 ) tan j s 


= A 


I 1 
- + ■ 


r rs-a/fs- 6/ 

fsrs-fl^s-^s-c; 




5-cr 5-6 

( S-h + S-a IjXTjXJ 






= 25-0 b = d + tf+e-J-/f=c - R.H.S 


(r 3 -r) Cot — - e 

2 

L.H.S = (r 3 - r) Cot 


s-c s j, r 

tor? - 

5 


/ 


1 M SiS-c) 


S-c S J\(S-a)(S-b) 

^s-(s-c)) r 


S (S - c y 


-A 


S(S - c) 5(5 - a)(S - b)(S - c) 


/ 


= f 
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APPLICATION OF TRIGONOMETRY 


TEST YOUR SKILLS 


Marks: 50 


Q # 1. Select the Correct Option 

i. Sin/ = 

a) Area of triangle 


( 10 ) 


ii. 


m. 


Iv. 


V. 


VI. 


VII. 


■c) 


(Area of triangle) 


2rR 


3) 


c) 




a) 


2abc 

2bc 


2A 

s — c 

A 


s-b 

2s = a + b + c then Sina/2 = 


a) 


c) 


I 


(5 - b)(s - c) 

be 

j(s-b)(s-a) 


V be 
( os djl is equal to: 


a) 

c) 

R = 

a) 

c) 


1 + Sina 


1 + (. 'os a 


4A 

A 


Cqscc/2 -equals: 

a) 


s(s - a) 


be 


b) 

d) 


b) 

d) 

b) 

d) 

b) 

d) 

b) 

d) 

b) 

d) 

b) 


2(Area of triangle) 
3(Area of Triangle) 

abc 

U 

25 

ubv 

2A 

5-6 

A 

s-b 

{s-a){s-c) 

be 


s(s - a) 


be 


+ 


1 - Cos or 


1 .S'/flO! 


abc 

~4A 

A 

5-a 


5(5 - 6 ) 


OC 
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APPLICATION OF TRIGONOMETRY 


viii 


IX. 


C) 


ab 


In any triangle 


l (s-t>)(s-cj 
v s(s-a) 


a) Tana/2 

c) Tany/2 

If a = 3, h = 4, c = 5 then .S’ = 

a) 9 

c} 12 

A triangle which is not right is called 
a) Isosceles 

c) Oblique 


d) 


(s-b)(s~c) 

be 


b) Tan p/2 

d) Cota/2 

b) 6 

d) 7 

b) Equilateral 

d) Quadrilateral 


Q#2. Short Questions: 

i. In right trianglea = 37"20', a = 243, y = 90", c = ? 

ii. Prove that r.r r r-,r } = A 3 

ili. Prove that R = 

4A 

iv. Write any two law of Tangents 

v. Solve right triangle if a = 58"13', b = 125.7, y = 90" 

vi. Prove that A = -Js{s -a)(s -b)(s~c) 

vii. Prove that r t = i’tana/2 

v jjj Define angle of Elevation and Depression: 

} x Find Area of Triangle if 6-21,6, c = 30.2, a = 52‘ J 40' 

x. Prove that Cos p/2 = 



(10X2 = 20) 


Long Questions: (2 X 10 = 20) 

Q # 3. (a) Prove that r\r, + r 3 r„ + r,r, = s 2 

(b) Prove that r = 4R Sin a/2 Sin p/2 Siny/2 

Q#4. (a) Prove that in equilateral triangle r\R\r x = 1:2:3 

(b) Solve triangle if b = 95, c = 34 . a - 52" 
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INV ERSE TRIGONOMETRIC FUNCTIONS 


Inverse Trigonometric 
Functions 



1. Evaluate without using tables/calculator 
i. Sin -1 (l) 

Soi. Let y= Sin' 1 )!} 1 


EXERCISE 13.1 


x 


=>Siny-l=>y = 

2 

1 become Sin “’(!)= ^ 

ii. Sin-,-1) 

Sol. Let y= Sin' 1 (-1) -1 





x 


iii. Cos 


=> Sin y = -l - — — 


1 become sin 1 (-1) = - 

r VT 


X 


L J 


4 3 

Sol. Let y- cos" 1 i ] 

s 

=> Cosy = 9 => y = — 

Z 6 

■S , 

i become Cos 1 1 - — 


iv. Tan' 1 




41 . 




Sol. 


J-l' 


Sol. 


Let y = tan — pr 

l Vi 


> tan y = 


f z£ 

<43 J 



x 

6 

x 


Cos 1 — 


Lety^Cos' 1 - — 1 

2 


. r * x 

2 6 

J yg 

I become Cos' 1 = - 

2 6 
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INVERSE TRIGONOMETRIC FUNCTIONS 


VI. 

Sol. 


vii. 

Sol. 


2 . 


Sol. 


Tan" 


VJ 


Let y=Tan _1 -= 

l Vi. 


—I 


1 


= tan y 


n 

V= ~6 


S 

I becomes Tan -1 

Cot" 1 (-1) 

Let y=Cot _1 {— 1) - 
Cot y- -1 


1 

■tan y = — y-- 1 


-7T 

=> y= or y = — 

4 ' 4 

. n 3n 
(*-—= — 

4 4 


vlii. 


Sol. 


Cosec 




-2 


Vi 

Let y=Cosec -1 


~2_ 


— / 


=> Cosec y= -L =p siny = — — ^ y = — 

Vi 2 3 


1— ' 

7C 

f _j \ 

kS) 

~ 6 

i become Cosee 1 — 

l ViJ 


- 7 T 


IX. 


Sol. 


because Domain of cot is [0 , n ] ) 
l become Cot" 1 (-1)= ~ n 


Sin 


-i 


Vi. 


-i 


L,,y=sl " b ir' 


Sin y= 


(zL 

,Vi 


— 7T 

=> v= — 

4 


I become Sin 1 


(~l 

■, Vi j 


~7Z 

T 


Without using table/ calculator show that: 

tan 1 ~ = Sin - 
12 13 


Let Sin | — \ = a- 

.13 


-1 =>Sin a = — 
13 


w'- m** 

x 2 = 169 25=144 

x -12 





COLLEGE MATHEMATIC: 


By Pythagoras 


By Pythagoras 


Find the value of each expression 
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INVERSE TRIGONOMETRIC FUNCTIONS 


If. 


111 . 


n -1 1 It 

=>Y= — => Sin -== — use I 

4 V2 4 


( 


Now Cos 

( 


Sin-' 1 ‘ 


V2 


~ x 1 

= LOS — = ~y= 

4 V2 


Sec 


Cm i ) 


Sol. Let y=Cos 


a 1 


-1 Cos y = ■“ 
2 


71 ^ \ n 

= — =>Cos 1 
3 


ufl (use,) 


Now Sec 


Cos ' - |- W-=- 


n 

T 


1 


=~ - 2 


Cos 


K 1 


tan 


.,43' 


sol. Let Cos 


Cos 

'£} 

2 


3 2 

Sargodha 2008 


= v / _ VI n , 

=> Cos y = — => y = — (use I) 

2 


Now Tan 


2 > 


n 1 

- tan - - — 

6 VI 


iv. Cosee (tan 1 (— 1)) 

Sol. Let y=tan _1 (-l> I^>tany=-1 


TT , — 7T 

' y = =>tan (-1) = — (use 1) 

.4 4 


Now cosec (tan 1 (-l)) = Cosec 


-re 


f ) 


1 

l 

V2 


= -42 
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fNVERSE TRIGONOMETRIC FUNCTIONS 


V* 

Sol. 

vr. 

Sol, 

vri. 

Sol. 

Now 

viii. 

KX. 

5oL 


r 

( iY\ 

1 Sin 1 1 

\-~ 

1 1 

K 2 )) 


Let 


y=$in 


. i r-i 



~X O. - 

= - — => Sin 
6 


Multan 2007, 2008 


1 =>Siny= — - 

2 

-1 1 -x 


Now Sec 


f 


Sin 1 [ Zi 
? 


-Sec 


f - 




■x 


tan ( tan 1 (— 1)> 

Let y-tan -1 (-1) 


, -n 

L OX 

6 


Cot- H ^ 
6 


1 . = 2 

2 


- K 


=> tan y = -1 => y = 

4 


'Now tan(tan“'(-l)) = tanf ~~ j 


Sin 


Let 



X 

- - tan — = - 1 
4 


I =>siny=^=>>=— => Sin' 1 \ - 


K 

6 


tan 


Let 


Sin 



-i 

2 


y-Sin 1 

f 



-1 => Sin y = — - =>y = --^Sin" 1 ^ 1 
2 6 


-71 


| = — (use I) 
6 




Now tan Sin 

Sin(tan _ 1 (-l)) 

Let y-tan _I (-1) 





= tan — = 


-1 

7T 


— 7t 


=>t3ny =-i => y = -=>ran *(-1) = 

4 4 


Now Sin ( tan 1 ( -1} } = Sin 



= ~Sin*=- f I 
4 4l 
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EXERCtSE 13. 2 


INVERSE TRIGONOMETRIC FUNCTIONS 


In whole exercise 13.2 take values of cos and sin £7 positive 
because cos 0 Is positive in domain of sin# and sin <9 is positive in domain of cos 0. 

Theorem 1 Sin -1 A + Sin' 1 B = Sin 1 (A /l-B 2 + B Jl^A 2 ) 


Lahore 2009 



Cos y = ^\~B : 

Now Sin (x + y ) = Sin x Cos y + Cos x Sin y 
Sin(x + y) = A fi-B 2 + BtJ\-A 2 

x+y=Sin ' (A^T-B 2 +Byfl^A Y ) 

(use I) Sin -1 A + Sin 2 B = Srn'^A B~ + B^\~aF) 

Theorem II Sin^A - Sin' 1 B = Sin' 1 7 A 2 ) 

Proof: Let Sin' 1 A = x and Sin' 1 B = y 



B 


r- A B 

Sin x = — and Sin y~— 


a 2 + A 2 = 1 


a - - 1 - A 2 ^ a = y 

(Ts 


Cos x 


_ 


Cos x = & Cos y = <jl-B 2 


Now Sin (x - y} = Sin x Cos y - Cos x Sin y 
Sin (x — y> = A fi^B* - B<j\^A 2 

x - y = Sin' 1 ( A V'l -B 2 - B ^jl-A 2 ) 

Sin' 1 A —SinR= Sin~ l (A yj\- B 2 - bJ\~-A 2 ) 
Hense proved 





Wl - B 2 


b 2 + B 2 = 1 

b 2 = 1 B 2 
b =*yjl -R 2 





COLLEGE MATHEMATICS-! 


Theorem 111 Cos 1 A + Cos B = Cos 


and Cos y 


=> Cos 1 A+Cos _1 B = Cos _1 (AB - JO - A * >0- B '~ )) 


Hense proved 


Theorem IV 
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INVERSE TRIGONOMETRIC FUNCTIONS 




Theorem V tan* 1 A + tan -1 8 = tan 


-i 


1 -AB 


Sargodha 2008, 2011 


Sol. Let tan -1 A = x and tan " 1 B = y => tan x = A & tan y = B 

.. , , tan .v + tan y A + B 

Now tan { x + y) = —= 


I-tan.Ttany 1-AB 


> x + y = tan' 


( a+b) _ _,l 

=> tan /1 + tan 5 = tan 

( A + B ' 

1 

^\-ab) 


Similarly 


tan 1 A - tan 1 B = tan 1 


A-ji 

l + AS J 


Federal 


Exercise 13.2 


Prove the following: 


1 . 


Sol. 


,5 .7 .253 

Sin' 1 — + Sin -1 — = Cos' 1 Sargodha 20M 

13 25 325 

. 5 5 * 7 7 

Let sin — = x => Sin x = — and Sin — = y => Sin y = — 

13 13 25 25 









INVERSE TRIGONOMETRIC FUNCTIONS 


COLLEGE MATHEMATICS-! 


Fsd 2008, Multan 2007,08, 09, Rawalpindi 2009 


Sol. We know that tan 1 A + tan " 1 B = tan -1 


Hence proved 


Federal Board 


( put valueof x) 




COLLEGE MATHEMATICS, 


INVERSE TRIGONOMETRIC EUNCT1QMR 


{Sin is + ve in Domain of Cos x } 


Sargodha 2011 


By Pythagoras 
a" + b : =c 2 
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INVERSE TRIGONOMETRIC FUNCTIONS 


6 . 


Now Tan (x + y) - 


1 1 

f 

2 3 


tan .v + tan y _ 

1 tan x tan y j f 1 Y 1 
2 1 3 


Tan (x + y) = 


5 

6 


'-6 7 


I 

- ]=>X + 


K 


Hence Sin 1 -7 + Cot 1 3 = — 

V5 4 

Sin' 1 - + 5/>t = Sin ' — 

5 17 85 


y = tan” 1 (1) = — 

4 


(Put values of x & y) 

Multan 2008, 2009 Sargodha 2011 


Sol. we know that 

Sin" 1 A + Sin _1 B = Sin* 1 (.Wl-S 2 + i*V \~A 2 ) 


Put A=3/5 and B = 8/17 

Sin' 1 - + Sin”' — = ShC' 
5 17 




V 5 \ 


I 289 17 V 25 




- Sin 




3 289-64 t 8 16 

5\ 289 + 17 V 25 


A 


e . 3 15 8 4 

= Sin — . — h — 

5 17 17 5 




17 { 85 


■ 3 8 77 

Hencd Sin' 1 - + Sin 1 — = Sin ' ~ 
5 17 85 


-a,-|£ 

85 


7. 


, -i 77 _i 3 _[ 15 

Sin 1 Sin — - Cos — 


85 


17 


Faisalabad 2008, Multan 2009, Lahore 2009 


77 


Sol. Take Sin — = a , Sin — = 
85 5 

77 3 

Sina = — , SinB - — 

85 5 
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INVERSE TRIGONOMETRIC FUNCTIONS 


8. 


Sol.. 


Cos 2 a = 1-Sin 2 a 


Cos' 1 a = 1- j ~ j , Cos' p-\- Sin 2 p 

85 

5929 


Cos a - 1 - 


7225 


, Cos-p = \-\~ 


7225-5929 4 

Cos a = ,CosB = - (Cos in +ve be in Domain of Sin) 

7225 5 


1296 


36 


Cos or = => Cos or = — (Cos is +ve in Domain of Sine) 

7225 85 

Now Cos (of - p ) = Cos a Cos p + Sin or Sin p 


( 35 
85 


77 
85 ) 


144 231 _ 375 _ J_5 

5 1 425 + 425 ~ 425 ~ 17 




-i 77 


15 


a - P = Cos" 1 — | ^Sin" 1 — - Sin - = Cos' 1 —[Put values of a&p) 


85 


17 


Hence proved. 


Cos -1 +2 tan"' — = Sin~ l — 
65 5 5 


Faisalabad 2008, Sgd 2009 


„ *i 63 
Cos — + tan 

65 


5 


p y 

UJ 


= Sin 


-i 3 


|Use 2tan _1 A = tan 


.-i 2 A 


1 -A 2 


„ -i 63 
Cos — + tan 1 

65 


f 2 \ 


1 - 1 
v 25; 


t 3 


= Sin } - 

5 


Cos" 1 — + tan 1 ttt = Sin _i — 


65 


24 

25 
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INVERSE TRIGONOMETRIC FUNCTIONS 


Cos or 


Multan 08, Fsd 09, Guj 09, Sgd 2010 
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INVERSE TRIGONOMETRIC FUNCTIONS 


10 . 


Sol. 


Sm l ^ +Sin ^+ Sin ^ = — 


13 


65 12 


Federal Board 


4 _| 5 | 16 

L.H.S = 5in 1 J + 5 '” + 


= Sin 


i (a Jl — B~ + By] - A " )+ Sin A — 
V '65 


- Sin" 


- Sin' 


fMn 


144 



4 12 5 3 | „ i 

~ Sm l 5 13 13 5 


16 

65 


'48 151 0 ,16 

--ii — H — - | + 5/fl 

65 


= Sin \65 ' 65 

>(a-J\-B 2 +B-Jl - A 2 ) 


= Sin 




'63^ 

65 


+ Sin 


-.16 

65 


= Sin 


= Sin" 


/ 


63 | f 16 Y 16 L (63 
65 f S + « J ’ 


65 


= Sin’ 2 


= Sin 


- Sin" 




/ 

L 

\ 

f 

f< 

1 " 

y 

r 


65 V 4225 65 V 4225 


63 1 4225-256 | 16 (4225-3969 
65 V 4225 + 65 V 4225 


13969 

16 

[256 1 

H225 

65 1 

1 4225 j 


= Sin -1 


3969 256 

+ 


4225 4225 


- S/>r 


, f 4225 
4225 


- Sin ! (1) = 


fe I c-t 
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INVERSE TRIGONOMETRIC FUNCTIONS 


11 . 

Sol. 


Now 


12 . 

Sol. 


-i 1 * 6 ' 1 , ,1 

tan h tan — = tan — + tan — 


11 

5 

3 

2 

-1 t -1 

L.H.S - tan — + tan 
11 

5 

6 

f 



= tan _l 

1 

= tan" 1 

A-ab) 

H 


' 6 + 55 ^ 


61 

J 

66 

= tan 

i 66 

- tan 1 

i- 5 - 
l 66 j 

61 



66 


Multan 2008, Fsd 2009, Sgd 2010 


1 5 

+ 





n 


- tan (1) =— 
4 


_j 1 1 

R.H.S = tan - + tan - 
3 7 


= tan" 


( AH 

1 - AB 


fill 

L. 


' 5 > 


rs> 

T 

3 2 
3 2) 

- tan 1 

6 

1 - - 
^ 6 J 

= tan" 1 

6 

5 



v 6 ; 


-tan" 1 (1)- 


Hence L.H.S = R.H.S 

I .,1 i: 
2tan — + tan — = — 
3 7 7 


L.H.S = 2tan *- + tan 1 — 


Sargodha 2008 , Faisalabad 2008 


i £ 

!Use 2 tan" 1 A = tan" 1 - ~- 


1 -A 2 


- tan 


-i 


V' 

3 


+ lan 1 — =lan 


9) 

9 
3 8 


f 2l 

3. 

8 

V9) 


i 1 

+ tan - 
7 


( 2 93 1 „j 3 1 

= tan —x— + tan — = tan — + tan — 
7 4 7 


= tan 


f 3 r 


21+4> 


6 25 '' 

+ 

4 7 

= tan' 1 

28 

-tan" 1 

28 


o 

i 25 

UA 7JJ 


\ 28 j 


V2&J 


= tan" 1 (l)=~ = M^ 


-t* | ^ 
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INVERSE TRIGONOMETRIC FUNCTIONS 


13. 

Sol. 


14. 

Sol. 


IS. 

Sol. 


16. 

Sol. 


17. 

Sol. 


Cos (Sin _1 x) = ! - x 1 

Let Sin _1 x = a => Sin a = x 
Cos 3 a = 1 -Sin 2 a - 1 -x 1 

Cos a - VI - x 2 (Cos or is +ve in Domain of Sin or ) 

Cos (Sin _1 x) = \!}-x 2 (Put values of a) 

Sin (2COS" 1 *) = 2x %/l-jr 1 


Take Cos 1 x = or => Cos a - x 

=> Sin 2 a - 1 - Cos 2 or Sin or = -J] - Cos 2 a 

Sin or = slT-x 2 
Now Sin2or -2Sina Coscr 

Sin2 (Cos" 1 *) = 2 VI ~x 2 x = 2x^\-x 2 (Put values of or) 

Faisalabad 2007, 09 , Federal 


Cos(2Sin'*x) = 1 - 2x 2 
Take Sin -1 x = or => Sin a - x 
Cos 2 or =1-2 Sin 1 or 
Cos (2Sin“ 1 x) = 1 - 2x 2 
tan -1 (— x) = -tan _1 x 
or tan -1 (-x) + tan -1 x = 0 


(Put values of a) 


L.H.S - tan" 


-x + x 


=tan 


-i 


l-(-x)U) 

^ tan' 1 (— x) + tan" 1 x = 0 

=> tan' 1 (-x) = - tan' 1 x 

Sln -i (— x) = -Sin' 1 x 

Let Sin -1 (-x) = or => - x = Sin or 

X by - 1 so x = - Sin or or x = Sin (-or ) 

=> Sin' 1 x = - or ^-Sin^xsa 
or Sin -1 (-x) = -Sin -1 (x) Outvalues of a) 


( r +?)' ta "' 1|0|=0 


Multan 2008, Sargodha 2008 
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INVERSE TRIGONOMETRIC FUNCTIONS 


IS. 

Sol. 


19. 


Sol. 


20 . 

Sol. 


Cos -1 (~x) - n - Cos -1 x 

or Cos" 1 { — x) + Cos" 1 x = n 

Cos ‘‘a + Cos" 1 /? = Cos" 1 (a p - ^(1 - a 2 )0 - /? 2 ) ) 

Put a = -X & P -x 

Cos" 1 (-x) + Cos' 1 * = Cos" 1 ((-x)(x)- 4i\ - Ht)-(1 - x 2 ) ) 


= Cos" 1 (-x 2 - Vd-x 2 Xl-JC J ) ) 

- Cos' 1 {-x J - ) 

- Cos _1 (-x 2 - (1 -x 2 )) 

-Cos ( 1 + X^j = Cos _l (-1) 

Cos 1 {-x} + Cos -1 x = n => Cos" 1 (— x) - n - Cos -1 x 
x 

tan (Sin ' 1 x) - = 

VI -X 1 


take Sin 1 x = a Sin a ~ x 
Cos 3 a = 1 - Sin 2 a = 1 - x 2 


Cos a 


- Vl - x 2 , tan a = 


Sin a 
Cos a 


Tan a - 


s/l-x 2 


tan (Sin _1 x) v 


VI - x 2 


1 


1 


x = Sin" — => Sin x = — 


Now Sin x = , Cosec x =2 

2 

r V3 12 

Cos x = — , Sec x = — ==■ - — pr- 

2 S V3 


I 1 nr 

tan x = — — , Cot x - ~—~P3 

V3 1 



a 2 + b 2 =c 2 =>b 2 =c 2 -a 2 
b 2 =2 2 -l 2 =4-l = 3=*A = >/3 
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INVERSE TRIGONOMETRIC FUNCTIONS 



Q # 1. Select the Correct Option 

For-?r/2 <B< nl2 f Sin-\-\(l) = 0 = is 



a) 

-Ttjl 

b) 

nj 3 


c) 

ftj 6 - 

d) 

-x/6 

fi. * 

Range of the function y = CW’x is 




a) 

0 <y<;r 

b) 

O ' <y <n 


cl 

-1 <><1 

d) , 

-1 <y< 1 

iii. 

Cos~' 





a) 

Cos’' x 

b} 

-Cos’'x 


c) 

.7 - Cos’' X 

d) 

n + Cos’'. x 

tv- 

Tan’ 

’rv?)- 




a). 

n r/3 

b) 

-Jtf 3 


c) 

jt/6 

d) 

— jt/6 

Q# 2. 

Short Questions; 

* < » 



i. 

Prove that Tan’'x = --Cot \x 

2 



ii. 

iii. 

Prove that/Vm 1 1/4 + Tan’ 1 1/5 = Tan 
Find the Value of Sec(Sin~'{~ 1/2)) 

'9/19 


Long Questions; 



Q # 3. 

(a) 

Without using Calculator prove that Sin’' ~ + Cot 

V5 


(b) 

Prove that tan' 1 — + tan -1 - = tan 

116 3 

1 

+ tan - 
2 

Q#4. 

(a) 

% 7 

Prove that Sin’ 1 ~ + Si if' — - 
13 25 

= Cos' 

.,253 

325 


(b) 

Prove that Cos 1 — + 2Tan' - 
65 5 

- Sin 

>3 * 
5 


1 -i 
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SOLUTION OF TRIGONOMETRIC EQUATIONS 


Solution of Trigonometric 
Equations 



Trigonometric equations: 


Sargodha 2009, Multan 2009, Lahore 2009 


The equations, containing at (east one trigonometric function, are called 
trigonometric equations, e.g. 


Sin.v = — , Sec* = tarnr, Sin 2 - Sec* + 1 = — 

5 4 

Example 1: Solve siru-=l/2 Sgd 2006,09, Multan 2008,09, Fsd 2008 

Sol. Sinx is positive in 1 & II quadrant 

Reference angle = x = sin' 1 1/2 = jt/6 in I quad 

x- k -k /6 = 5 n /6 in II quad 


S.£ = + ju j“~ + 2/wr j,neZ 

Example 2: Solve 1 + cos.v=0 Sargodha 2009,10, Fsd 2009, Gujranwala 2009 

Sol. 1 + Cos x = 0 :=> Cos x = -1 

There is only one solution, x- tz in [0,2 n ]. Since 2 n is period of Cos.* 

General value of* is k + 2n n , n e Z. 

S.S = | n + 2nn j,neZ 

Example l(of general solution): Solve Sin jc + Cos x = 0 Sargodha 2008 

Sol. Siruc + Cosy = 0 

Sinx Cosx 

=> + — 0 Tan.v+ 1 = 0 => tan jt = — 1 

C osx Cosx 


Tan ,y is -ve in II and iV Quadrant with the reference angle - 

4 
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SOLUTION OF TRIGONOMETRIC EQUATIONS 


n 3?r , , 

x - n — - - — ml quad 

4 4 

x = In - /r/4 =7^/4 but notin [0, n } so it is not solution 

General value of x is — T + nzr 

4 

Solution set = { — + n <= Z 

4 


Example3. Solve the equation Sin2x = Cos x 
Sol. Sin2x ~ Cos x => 2Sin x Cos x = Cos x 

=> 2Sin >< Cos x - Cos x = 0 => Cos x {2Sinx - 1) = 0 
Either Cos x = 0 or 2Sinx -1 = 0 

(i). lfCosx = 0 


Sgd 07, Multan 07, Rwl 09, Federal 


. rr 

x- ^ and — where x e [0,2 tt] As2tt is period of Cos x 

General value of x are — + 2n ,t & - — + 2n k , n e z 
2 2 


(ti). If 2Sinx -1 = 0 => Sinx = 


1 


Since Sinx is +ve in I and II quadrant with reference angle = — 

6 

. n . jt 5 n 

• ■ x ~ ~ an d x - n — — = — where x = e (0, 2/r 1 

6 6 6 

. . General values of x are — + 2n n and — — + 2 n k , n e Z 

6 6 


Hence 


Solution set = { ^ + 2n7r}U{^ + Inn) U{- + 2n/r} U {— + 2n;r} 
1 2 6 6 
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SOLUTION OF TRIGONOMETRIC EQUATIONS 


mm 


EXERCISE 14 


1. Find the solution of the following equations which lie in (0, 2 n ] 


i. 


Sin x = — Multan 2009 


Sol. Sinx is -ve in 111 & IV quadrant 

*& S 


and x = Sin ' 1 




T 


Therefore 

n 4 n . 

x = n + — = — in III 

3 3 

, k Sk . 

x = 2n — in IV 

3 3 


iii. Secx = -2 


Multan 08, 


Sol. => Cosx = — Guj 09, Rwl 09 
2 

Cos x is -ve in II & 111 quadrant 


Reference angle= x = Cos" 


71 


2 3 


k 2k , 

x = k = — in II 

3 3 

k 4 n 

-— = — in III 
3 3 


n. 


Cosec 6=2 


Sol. Sin 6= - 

2 

Sin 6 is +ve in 1 & II 
Reference angle= Q = Sin _1 (l/2)= 


a 71 ■ rt 

6 = K - — = — in II 
6 6 


iv. Cot0*-L Sargodha 2008 

V3 

Sol. ==> tan £? = V3 

tan 6 is +ve in I & 111 quadrant 

j — 

and 0 - tan" 1 y3 = - in 1 
3 

f\ ft . 

0 =s 7 T 4 — - — in III 
3 3 


x = n 


Os | ^ 
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SOLUT ION OF TRIGONOMETRIC EQUATIONS 


Sol. 


ill. 


Sol. 


Solve the following trigonometric equations. 


tan 9 = — Fsd 08, 09, Sgd 09 


J_ 

VI 

J_ 

VI 

6 is +ve in 1 & III quadrant 
9 = tan" 1 


=> tan 0 - ± 
When tan 9 = 


Federal 


1 x . . 
-7=r=— in I 

VI 6 

# = x + — = — in III 
6 6 


When tan 6 = 


VI 


Tan 0 is -ve in II & IV quad 

a X 5ff , „ 

6 6 

/i _ «■ lbr , 

6-7.71 = in IV 

6 6 

- a 7r 5x In \\n 

6 6 6 6 

4 1 


Sec 2 6 = 

3 

=> Sec 9 - + 
=> Cos 0 = + 


Multan 08, Fsd 09 

_ 2 _ 

VI 

VI 

2 


When Cost? = 


VI 


Cos# is +ve in f & TV quadrant 

9 = Cos -1 — » — in I 
2 6 


Sol. 


IV. 


Sol. 


Cosec 2 0 - — Sgd 2011, Federal 

2 R 

Cosec #=+ ~j= or Sin ^ = + — 

“VI “2 

When Sin 6 - -VV 
2 

Sin is +ve in I & II and 

'VI' 


0 = Sin# 1 


0= - ini 
3 

a _ _ ff 2?r 
v = x - — = — m 

3 3 

When Sin# is -ve in III & IV 

fVIW 

2 3 


0 = Sin' 1 


a X 4x 

G = n + — = — in III 


9 = 2 - ~ = — ,in IV 

3 3 

- jr 2/r 4;r 5;r 

T’T’T'T 


Cot 2 # = 


Lahore 2009 


Cot# = +■ 


'VI 

Or tan 9 ~ + VI 
When tan # = VI 
9 is in I & II|quadrant 
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SOLUTION OF TRIGONOMETRIC EQUATIONS 


_ n 1 Ijt . 

0 - 2 n = m IV 

6 6 


When Cos 9 = - 


41 


Co s# is -ve in II & III quadrant 

0 = n = — m III 

6 6 

n In . 

0 ~ n + — = — in IV 
6 6 

* n 5n 7n \\n 

50 * = t’T'T'T 


0 = tan 1 4l = — in I 
3 

4n 

0 - n + n / 3 = in TI| 

3 

When tan 0 -- 4l> 

tan# is-ve - in 11 & IV 

/i n 2n . 

0 - ft — — = — in II 

3 3 

„ n Sn . 

0 - In - ~ — in IV 

3 3 

„ n In 4n 5 n 
So 6 - — , — — , — 

3 3 3 3 


Find the values of 0 satisfying the following equations: 

3. 3tan 2 #+2V3tan#+l = 0 

Sol. (4$ tan 0) 1 + 2 4$ tan# + (l) 2 = 0 

(V3 tan# +1) ; = 0 

4l tan # + 1 = 0 => tan 0 = —X 

V3 

1 n 

Reference Angle =# = tan — — = — 

V 3 6 

0 - n - 7 ^- in II and # = 2n - — - in IV 
6 6 6 6 

4. Tan 1 # -Sec# - 1 = 0 Federal 

Sol. or Sec 2 # - 1 - Sec# - 1 = 0 

(Sec# -1) (Sec# + 1) - (Sec# + 1) = 0 
(Sec # + 1) (Sec # - 1 - 1] =0=> (Sec # + 1) [Sec # - 2] -0 
Sec# +1 = 0 or Sec# -2 = 0 

Sec# = - 1 or Sec# = 2 
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Cos (9 = - 1 Cos# * — 

2 

0 - ft Cos# is +ve in I & IV quadrant 

# = Cos' 1 — = — in I 

2 3 

0 - In = — in IV 

3 3 

5. 2 Sin # + Cos 2 #-1 = 0 
Sol. 2Sin # + / - Sin 2 # - / = 0 

2Sin 0 - Sin 2 # = 0 
Sin# (2 -Sin#) = 0 

Sin# = 0 or 2-Sin# =0 

0 - ft Sin # = 2 Not possible 

6. 25in # - Sin# = 0 => Sin# (2Sin# -1) = 0 Multan 2007, Sargodha 2010 

Sin# =0 or 2Sin# - 1 = o 

0 = 0, n Sin 0 = - 

2 

Sin # is +ve in I & II quadrant 
< , 

# - Sin' 1 — = - in 1 

2 2 

- n 5n 

# = ft - — = — in II 

6 6 

Hence # = 0, n , — , — 

6 6 

7. 3Cos 2 # -2 VI Sin# Cos# -3Sin 2 # = 0 

Sol. 3Cos 2 # -2 VI 5in# Cos# - 3Sin 2 # = Q{' + ' by Sin 2 # we get) 

3COt 2 Q -2 VI Cot# -3 = 0 
Subtract and add VI Cot# 
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Hence 

8 . 

Sol. 


3Cot 2 # - 2 VI Cot# - VI Cot# + a/I Cot# -3 = 0 
3 Cot 2 # -3V3 Cot# + a/I Cot# - a/I a/I =0 
3 Cot# (Cot# - a/I) + VI (Cot# - a/I ) = 0 
(Cot# - Vo } (3Cot# + a/ 3 ) = 0 
Cot# - a/I - 0 


or 


3Cot# + a/I =0 


Cot# = v'l 


tan# = — ^ 

VI 

tan # is +ve in 1 & III 

„ -1 1 ff . , 

# - tan - 7 = = — ml 

VI 6 

„ n 7n , 

# = tt + — = — = in III 


7T In n 5n 

" "tf If ' i' T 

4Sin 2 # -8 Cos# +1 = 0 


or 


-] - Vf 

Cot# = -^=- = 


V3 vVf 

tan# = - a/3 

tan# is -ve in II & IV 

# = tan -1 VI - — 

. 3 

o 71 2k ■ II 

8 = n - - — in 11 

3 3 

0 „ n 5n . 

8 ~2n = — in IV 


4(1- Cos 2 # ) - 8 Cos# +1 = 0 
4 - 4Cos : # - 8 Cos# +1 = 0 
-4Cos 2 # - 8 Cos# +5 = 0 
4Cos 2 # + 8Cos#**5 = 0 (Multiplying by "- 1 " ) 
4Cos 2 # + lOCos # - 2Cos #-5 = 0 
2Cos# (2Cos# + 5) - 1 (2Cos# + 5) = 0 
(2Cos # + 5) (2Cos# - 1) = 0 
2Cos# +5 = 0 or 2Cos#-l = 0 


Cos# = Impassible or 


Cos# = — 
? 


# = Cos " 1 — — — in I 

2 3 



COLLEGE MATHEMATICS-! 


SO 


0 = 2 n 

3 

e 

3 3 


SOLUTION OF TRIGONOMETRIC EQUATIONS 

5^ ■ m 
= — in IV 


9. 

Sol 


Find the solution set of the following equations. 

yfS tanx - Secx -1 = 0 Note: A dd 2njr in Cosx & Sinx a n d n n in tanx. For sol 
V3 tanx -Secx - 1 = 0 1 

s tanx = Secx + 1 

Squaring both sides 
3tan 2 x = Sec 2 x + 2$ecx + 1 
3(Sec 2 x - 1) = Sec 2 x + 2Secx + 1 
3Sec 2 x - 3 - Sec 2 x - 2Secx -1 = 0 
2Sec ? x - 2Secx - 4 = 0 => Sec 2 x - Secx - 2 = 0 ( + by 2) 

Sec 2 x - 2Secx + Secx -2 = 0 
Secx (Secx - 2) + 1 (Secx - 2) = 0 
(Secx - 2) (Secx + 1) = 0 
Secx -2 = 0 or 

Secx = 2 or 

1 

Cosx = — or 

2 

Cosx is +ve I & IV 

1 k , , 

X = Cos 1 — = — in I 


Secx + 1 = 0 
Secx = -1 

Cosx = -1 


- n 

X = 2jt - = — in IV 

3 3 




5/r/3 Does not satisfies 1 equation 


x = Cos” 1 (-1} 


x = n 


S.S 


■{t 


+ 2 nn} u {# +2x\k } ,ne 2 
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SOLUTION OF TRIGONOMETRIC EQUA TIONS 


3Sinx -4Sirt x 


3Sinx+l = (Stnx - 1) (4Sin 2 x + 2Sinx - 1) = 0 
3r 4Sin 2 x + 2Sinx- 1=0 
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SOLUTION OF TRIGONOMETRIC EQUATIONS 


11 . 

Sof. 


12 . 


13. 

Sol. 


Sec30 = Sec0 

Sec3 0 ~ Sec 9 Cos3 9 - Cos 9 

or Cos3 0 -Cos0 =0 

„ r . 3 9 + 9 r . 3 9-9 „ 

-2Sm Sin =0 

2 2 

=> Sin2 9 Sin0 =0 
=> Sin2 0=0 or 
29 = nTT or 

^> 0 =™ 


Sin 0 =0 
0 = r\a 


S,S = {n /r > U n e Z 

tan2 0 +Cot0 =0 

tan20 + Cot0 - 0 

Sin29 Cos9 _ 

+ = 0 

Cos20 Sin 6 

Sin29 Sin9 + Cos 20 Cos9 


= 0 


Multan 2008, Federal 


SinO Cos 20 
=> Cos2 0 Cos 9 + Sin20 Sin0 =0 

71 

=5 Cos(2 0 - 0) = O => Cos0 =0 => 0 = — 

2 2 

S.S = |^- + 2rm | U + 2n;rj, n € Z 

Sin 2x + Sinx = 0 Sargodha 2011, Federal 

or 25inx Cosx + Sinx = 0 

Sinx (2Cosx + 1) = 0 => Sinx = 0 or 2Cosx + 1 = 0; 


x = n;r or Cosx = -1/2 
Cosx is - ve in II & III 




COLLEGE MATHEMATICS-! 


SQEUTiON OF TRI GONOMET RIC EQUATIONS 


14. 

Sol. 


15. 

Sol. 


x - Cos 


_j 1 n 


7t 2 n . k An 

x = ;r ~ — = — ■ -in II, x = ;r + — = — in III 
3 3 3 3 


i 2n 


S.S = {n n } U < — — + 2nn > U •{ + 2 nn \ n e 2 


ft 


rn 


j 


Sin 4* - Sin 2x - Cos 3x 

Ax + 2x 4,v - 2x 

2Cos Sm = Cos 3x 

2 2 

2Cos 3x Sinx - Cos 3x = 0 => Cos 3x (2Sinx — 1) = 0 


Cos 3x = 0 
3 n ' 3tt 

2 2 

, n 2n 

3x = — + 2n n , 3x = — + 2n n 
2 2 - 

k 2/7 n n 2nn 

x = — + , x = — + 

6 3 2 3 


or 


or 


or 


or 


or 


2Sinx -1 = 0 

Sinx = - 

2 

Sinx is + ve in I & II 


x = Sin -1 — = — in I 


1 7t 


n 5 n 

x = 7T = — -in II 

6 6 


SS + ^T L \ { ^ \~y + 2nn }lj j— + 2nn\ n e Z 


6 3 

Sinx + Cos3x - CosSx 

or CosSx -Co;3x“ Sinx = 0 


3 j 


Multan 2007 


3 C . 5x + 3x 5x - 3x 
-2Sin— — Sin — Sinx = 0 

-2Sin 4x Sinx - Sinx = 0 => -1 [2sin4x sin x + Sinx] = 0 

Sinx (2Sin4x + 1) = 0 

Sinx = Oor 2Sin 4x + 1 = 0 

x = 0, n or 2Sin 4x = -1 


Sin 4x 


= — - ^ Sin 1 — = — 



cougar rt*miii*TKSs^ 


Sinx is - ve in III & IV quadrant 

, ' ft In , In In nn 

66 6 24 2 

n Ha 1 11# nn . 

4x = 2 n = — - + 2n# => x = + — in IV 

6 6 24 2 

SS= {0 + 2n?r}U {n + 2nn\ U +yj 

16. sin 3x + sin 2x + sin xx D Faisalabad 2008 , 

SoJ. Sin 3x + Sin 2x + Sinx = 0 or Sin 3x + Sinx + Sin2x = 0 

3jc 4" 3jC jc 

2$in - — r — Cos — - — 4 Sin 2x = 0 =o 2Sin 2xCos x + 5in2x * 0 

2 2 . 

Sin 2x {2€osx + 1) ■ 0 => 2 Cosx + 1 = 0 or Sin 2x = 0 
If Sin 2x =0 =>2x = 0, n => 2x-Q + 2n# & 2x= n + 2n# =>x = nn & x = 


If 2Cosx +1=0 ; Cosx =-1/2 


Cos x is — ve in II & HI x = Cos 


.-i 1 £ 


2 3 


n ' 2n , ^ n 4 n 

x = n — - tn II St x * ft 4 — = — in III 

3 3.. 3 3 

S.S * {ns 1 } U |y + n# j U -i + 2nnJ U |~ + 2«# j n e‘Z 

17. Sin 7x- Sinx » Sin 3x 

, 7x + x . lx — x 

Sol. 2Cos — Stn -Sin 3x = 0 

3 3 

2Cos 4xSirr3x-Sin 3x = 0 => Sin 3x (2Cos 4x-l} = 0 
Sin3x = 0 or.2Cos 4x- 1=0 

ifSin3x = 0’ => 3x*=0, n =>3x = 04 2n#,3x = #2n# 

2rin n 2nn 

x = — - or x = — + 

3 3 3 


K> j 
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SOLUTION OF TRIGO NO METRIC EQUATIONS 


19, Sin 0 + Sin 30 + Sin 50 + Sin 7 0 = 0 

Sol. Sin 7 0 + Sin 0 + Sin5 0 + Sin3 0 = 0 


25 in 


70 + 0 
\ 2 


Cos 


70-0 


+ 2Sin 


5 0 + 30 


Cos 


(50-30 


) 


2Sin 40 Cos 3 0 + 2Sin 40 Cos 0 = 0 => 2Sin 40 (Cos 30 + Cos0)= 0 


2S!n 40 


2Cas 


3 0 + 0 


Cox 


30-0 


Sin 4 0=0, Cos2 0=0, 


2 J 
Cos 0=0 


= 0 => 4Sin 4 0 Cos 2 0 Cos 0=0 


If Sin 40 = 0=3 40=0, n => 40 = 2nn & 40 = K+2nx => 0 = — 7 &0 = — + — 

2 4 2 

If Cos 2 0 = 0=> 20 = ~ +2n n & 20 = — + 2n/r => 0 = — + n?r & 0 = — + n^ 
2 2 4 -4 

If Cos0 = Q => 0 = — + 2nff & 0 = — +2n/T 
2 7 


S.S = 

20 . 

Sol. 


n;r 

1" 


LK- + — 

4 2 


uj“ + rat |u|~ + wrjuj-^ + 2rm juj-r + 


2nx >,neZ 


Cos 0 + Cos 30 + Cos 50 + Cos 70=0 

Cos7 0 + Cos 0 + Cos5 0 + Cos 30=0 


2Cos 


( 10 + 0 \ 

l 2 J 


Cos 


70 - 0\ 


J 


50 + 30 


Cos 


( 50 -30 


+ 2 Cos 

2Cos 4 0 Cos 3 0 + 2Cos40Cos0 =0 => 2Cos40 (Cos30 +Cos0) 

2Cos 2 0 Cos 0=0 


= 0 


*a n ^ 30 + 0 30 -0 

2Cos 4 0 = 0 or 2Cos ■ — Cos = 0 

2 2 

Cos 40=0 


If Cos4 0 = 0 =4* 4 0 = — + 2n ,t &4 0 = — +2n n => 0 = — + — ' n & 0 = 


Cos 2 0 = 0 
3/r 


Cos0 = 0 


n nn 


8 


If Cos 2 0=0 =>2 0 = — +2n/r & 20 = — + 2n/r^0 = — + n Jr &0 = 


3k 


3k 


nn 


+ n k 


If Cos0 = 0 => 0 = — + 2n;r & 0= + 2n n 

2 2 

S.S={| + 2m|u|| + 2 «t}u|^ +^}u{j f}u|| +y}^2 
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SOLUTION QF TRIGONOMETRIC EQUATIONS 


■ 

Q # 1. 


V * TEST YOUR SKILLS 


Select tbs Correct Option 

Solution Set of 1 + Cosx — 0 is 


a) 

c) 


-~ + 2 nn >,ne z 
2 


n 


+ 2 nx 


|*« 


G Z 


II. 


III. 


Sinx = ~.x is equal to 


a) 


x 


b) 


b} 

d) 


n i 

7 c) 


[x + 2 nx},n e z 
None of these 


x 

4 


IV. 


Number of solutions of trigonometric function is; 
a) Finite b) Infinite 

c) Only one d) None 

Number of solution of l +Cosx = 0 are in [0,2;r]: 

* a) I b) 2 

c) Infinite d) 3 

Q # 2, Short Questions: 

* 

Solve $m 2 x ± ^ in [0, 2/r ] 

Solve 1 + Coi'x = 0 

Find solution set of 2 Sin 1 6 - SinO - 0 
Define trigonometric equations 


n. 

v. 

V. 

vi. 

viu 

viii. 

ix. 
x* 


Solve Sinx = — 

2 

Solve tan x = — U 

s 


Solve Cotx - 


~=-&<£[oax] 


Solve Sinx + Cosx = 0 

Solve Sin2x+ Sinx = 0 

Find solution set of Sin 2x - Cosx 


d) 


x 

*3 




